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MATHEMATICAL CHARACTERIZATION
OF FUNCTIONS UNDERLYING
THE PRINCIPLE OF RELATIVITY

SEBASTIANO PENNISI (Catania) - MASSIMO TROVATO (Catania) (*) (**)

In a Minkowsky space V, complete representation formulae are
derived for scalar-valued, vector-valued and tensor-valued functions
subjected to the principle of relativity with an arbitrary number
of scalars, vectors and tensors (of the second order symmetric and
skewsymmetric) as variables.

1. Introduction.

The principle of relativity states that the laws of physics assume
the same form in all inertial frames. This imposes conditions on the
functions appearing in these laws.

Here attention is focused on those functions depending on
z® through a time-like 4-vector V%, P other 4-vectors Ve, VS,
N second order symmetric tensors A?ﬂ . ,A;’\‘,’B and M second
order skew-symmetric tensors W ,...,Wff . (For applications, see
for example [1-3] where V¢ is the 4-velocity of the fluid, A*? is the
stress-energy-momentum tensor 7% and W# is the electro-magnetic

(*) Entrato in Redazione i1 13 luglio 1989 ‘
(**) The present work was partially supported by the contract M.P.I.
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tensor F*P. In the case of mixtures we have as much of these -
variables as the number of costituents).

These functions satisfy the principle of relativity if for every
automorphism P of V we have |

(LD FPRVY, PV, PEPE A, PEPPW) = (Ve V2, ASP, WP
PENPEV, PRV, PRPE A, PEPEWM) =
= f Ve,V AP, W)
PERLF(BEV, PRV, PRPPAYH, PRPEWM) = fR (Ve v, AT, WiP)

where f, f¢, f*# are the components in a given basis of the function
we are considering if it is scalar-valued, vector-valued or second order
tensor-valued respectively; 1 =1,...,P; j=1,...,N; k=1,..., M. If
among the variables there are also some scalars, they will appear
as independent variables only in the scalar-valued functions; this
statement will be implicitly evident in our treatment.

Functions satisfying (1.1) will be briefly called isotropic.

The corresponding propositions in the case of a 3-dimensional
euclidean vector space have been object of many papers such as [4-8].

The 4-dimensional case has been considered only by Wang [9],
but only with a skew-symmetric second order tensor as variable, and
by Pennisi [10] but only in the case N =1, M =0 and moreover P =0
in the part treating the problem of irreducibﬂity. |

However [10] can not be considered a particular case of the
present paper; for example, the sets of generators { 2 f:} for
vector-valued and second order tensor-valued isotropic functions found
in [10] are irreducible in the sense that they are linearly independent,

i.e.
(1.2) Lfi+...+Lfr=0
holds if {; = ... =1, =0, while the corresponding sets of generators

in this paper are expected irreducible in the sense that from (1.2)
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it follows that each of I;,...,l, must be zero for some value of the
variables; this does not permit to obtain one of the ﬁ ey f: as a
linear combination of the remainder because this linear combination
would not be defined for all the values of the variables. This fact is
similar to the equivalent prposition in the 3-dimensional case [4-8].

In section 2 we find a complete functions basis for scalar-valued
isotropic functions, i.e. a set of scalars such that every other scalar-
valued isotropic function can be written as a function of them. In
sections 3,4 and 5 the case is considered of vector-valued, second order
symmetric and second order skew-symmetric tensor-valued isotropic
functions respectively.

If the reader is interested only in the results, he can find them
in (2.1) and (2.2), (8.1), (4.1), (4.2), (5.1), (5.2) respectively.

2. Complete function basis for scalar-valued isotropic functions.

We prove now that every scalar-valued isotropic function fof Ve,
Ve, A%, WP (p=1,...,Pin=1,... N;m=1,..., M) can be written
as a function of the following scalars (The notation 7 - ¢ = x“go,gyﬂ;
T AT = 39908 AP 0,61%; & WT = 0%90gWP 0,510, trA = A%gs, with

gap = diag(—1,1,1,1) the metric tensor, will be used).

—t —

f/’ . Wm4An1 Wmﬂ?, vp1 : Am v;:m I’ Am Am An& V’ V ‘ Wm4Aﬂ1 Wm5f/:,

—

V-;)] 'Anl V-;)Z, VAm A'ﬂl Wm“ff*, VAm Anl v’pl, I7'Wm4Anl Vb], V-Am Anl Am V,
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TV W A A WiV Vpr + Ay A Voo, V' Ay Ay Ay Ang V,

V- Wong Ay Ay Wons V', Vo - Ay Ay Vi V- Ay Ay Ay WiV, V- Ay Ay Ay Vi,
V- Wiy Ar Vs V- Aoy A Ay A V', VW Ay Aoy WiV s Vo Ay Ay Vo
V- Apy (A Ay — Ay A )An V',V - A, (A Am, = Ar A Won, ¥V,

T - Avy (Am Ay — Ay A Wor, V' - WAy Ay — Ay A Wins ¥V,

V - Winy(Am Any — Any An Wn, Vir + (Ary Ay — Ay Ay Yo, V - Ay Wiy As V,
V- Ag W Wons7', V- Ag W Vo, V- Wona W Wns V', V- W Woa Vo
Vor WonaVins V - Aue Wores Won, Ans V, V - Wore Wi Wona Wend V., Vs - Wy Wy Vo
V - Ay Wona Wons s Vs V - Wond W Wona Wens V' Vos + W Wny Vi,

V - A W Waa WeniV, V - Ag W Wona Vi, V - W W Wy Vi
V - Ay Wons Wons A V', V - W Won Werns Wi V', Vo = W, Wny Vo
Vo WonaWons Won W, Wen V., V - WmeleszZWmﬁ ,

T - A W Wiy — WossWon) A Vs 7 - Ay W W, — Wona Won YWV,
V- Ay Wi Wy = Wena W Vo, Vo Wone Woa W, — W, W ) Wons V
V - Wine W, Wy = Wons W) Vor, Vo - (W Wy — Wong Wen W,

‘7 ’ Am Am meAm V’ V ) Wm4Am W, Wmﬂ;:; vpl ’ Am Wmlv;?n

I;: ¢ Wm4Anl Anl Wml Wm“f}, V M Am (Anl Wm1 - WmlAnl )Ans V,
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V' Ay Ay Wy = Wiy A WiV, Voy - (A Wy — W Ay )An V,
Vo (A Wy =Wy A WV, Vi (A, Wm —Wony Ay W t7 At A A
7 Ay Ar 07 Ay Ay A 7 Ay Ay A, 87 Ay Ay Ay 7 Ay Ay Am .
Wy Wy, 0r Wy Wy e W WinysWns , 87 Ay W Wy, 27 Apy W, W,

t7 Ay Ay Wenis V- Wna(Amy W, — Wy A YWns V,
t7 Ay Wons Wony Ay Weny — (V- VYNV - W, W, Ay Winy A, V4
AV - Won, A W A Won, V4V -+ Ay Wy Ay W Wi, V +
+V. WmlAn; W WA V +V + Ay W, W, Ay W V),

(2.2) V : Am Wm1Wm1 szAm ‘7, vpx ’ WmIWml szva
V’ ‘ Am Wm1Wm2Wm2Aﬂ4 f/"

V - Ay Won, Ay W, Wy A, V —
(V- DY T+ Ay VT + Ay Wy Ay W WV
AT - Wiy A W;,WmlAm ), Vs WonWona WV,
T - WonaWons A Wons Wors Wni V', Vo - W, A Wy W, Vo —
—(V -V NV - Vo))V, - W Ay Woy Went V + V- Wy Ay Wy W, Vi),
TV Ay Ay Amy Wi Arg V, Vo + Apy Ay W, Vi 87 Ay Ay Ary Ay,
1 Ay Ay W Wy 6 Ay Wos Wona Wy £ Ao, W W W,

t’f‘Am Anz Anz Wml) tTA'nl Am Aﬂz W’f.nl?
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ternl Anl Wm1 WmlAnl Wml-—‘
- ({7 . K}’)—I(Y—/ﬁ . Wm1Wm1A‘m W'mlA’ﬂl Anl X7+
+ {7" * WmlA'nl Wm1A‘n1 An; Wml V‘+
2.2) } .
+ V * Anl WmlAm ATLI Wm1Wm1V+
+V - Wiy Ay Ay W, W A, V4
+V - Apy Any Won W, Ay Wi, V).

with p1,p2 =1,..., P and p; < ps,
n,m,m,m,ns=1,... N and mn <b'n2<'n3,’n4<n5,

mi,m2,m3, ma,ms=1,..., M and m; < my < m3, ms < ms,

To prove this representation let us take V - (—17 . 17)“% as 0-axis
(this is possible because V is timelike) and complete it to an
orthonormal base of the vector space.

Let us consider the restriction of condition (1.1); to the auto-
morphisms P of V that leave V unchanged, i.e. to the transformations
of reference frame involving only the 1,2,3 axis; in terms of the
components of P this means

10
(2.3) Py < )
0 P!

(Obviously the greek indices run from 0 to 3, while the latin ones
run from 1 to 3).

In every of these frames we can use the decompositions

V= (=\=V -V, 0% Ve = -V,/\/-V -V, Vi)
A =1 V.V > owE=l
AiO AV W;;? W,:,{
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with A = A% and W = WY, AY = AIY, Wi = —wJi.

Moreover, the transformations (2.3) trasform V!, A?, W2 as
vectors and A}/, W)/ as second order symmetric and skew-symmetric
tensors respectively, in the 3-dimensional euclidean vector. space
orthogonal to K7; in this way the condition (1.1); restricted to
the automorbhisms (2.3) becomes the condition for a scalar-valued
isotropic function f of the scalar

(2.4) V.V,V.-V,, V- A,V

(that are already listed in (21)), the vectors V!, AP, Wi, the
symmetric tensors AY and the skew-symmetric tensors WY, in the
framework of a 3-dimensional euclidean vector space. So we can use
the results found in [4, 6, 8] and say that f is a function of (2.4) and of
the set S of 3-dimensional scalars obtained applying to the variables
V;, A;O, W,ﬁ?, AY, W the table for scalar-valued isotropic functions
given in [4, 6, 8]. In these elements of set S we write explicitly the
indices of the variables (in order not to confuse the scalar product in
V with that of its 3-dimensional subspace orthogonal to V) and to the
contractions of the type A*B* we substitute A*B’'g;; and so on.

If we define V3 = (0, V;)); A2 = (0, A7); W = (0, W0);

0 o 0 o
A28 = ( | ) ;WP = ( ) ,
0F A% 0F Wi

we can substitute in the elements of S
Vy = Vi A = AT W) = Wil AT = A wi] = Wil

then we may substitute greek indices to the latin ones, because the
additional terms that we introduce in this way are all null.

Lastly we may substitute from the following identities
Ve = he Vs AL = (V- V) ThS AP Vg W = (- - ) 2 he W BV

AP = hyhE AR WP = K hBWrY,;
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where h% = g% — (V- V)‘lV“V# is the projector.

Whit this procedure we obtain that the elements of S become
functions of the 4-dimensional scalars in (2.1) and of those in table
1; but in the appendix we prove that if T, § are two 3-dimensional
vectors, A; and A, two 3-dimensional symmetric tensors, W, and W,
two 3-dimeﬂsional skew-symmetric tensors we have that

T - A= (T 5,2-§,§- 7,8 A1Z, T A7, 7 A7, £ - AoF,

T Aog, 7 A25, 5 A2, Aod,
T A1A2T, T - (A14s — A2 ADD
f-A1W1g=fz(f-f,f-g',g'.g’,f.Alf,f-Aly,g'-Alg;f.Alx,m.A% ,
T Wiy, T AWVNZ, T - (AW — Wi ADD)
TWiWa =@ 8,2 9,7 7,8 W\, & Wai, 2 WiE, & - Wi,
z - WIWLZ, & - WiWa — WoaW)T, trWiWs)

If we apply these relations to. V, AR, Wi AY. Wi and we
follow for both sides of them the procedure applied to the elements
of set S, we find that the elements in table 1 becomes functions of
(2.1) and (2.2). This proves that f can be written as a function of the
scalars in (2.1), (2.2), i.e. these elements form a complete function
basis for scalar-valued isotropic functions.

Table 1

V - A W Wons W, A V — (V- V)NV - A VYT - W o, Won Wy A V),
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Voo - WenaWons W Vor = (V- V)™ Ve, - VIV - W, Wiy Won Vi),
V - A Wons WensWony AV — (V- VYUV Ay, ff' WV - Ay Wi Wong W, V),
V- A W, A W, W Ay V= (VT V- Ay VIV - Ay Wy Ay Wna Wy V+
AT Wy Ay W Wy A V)= (F TV NV Wy Ay VIV - Ay Wy Ay W, V),
Vo Wona Wy Weny Vi — (i7 VYNV Vo)V, - W WengWora V), V-
VW one Wt Ao Wns W WiV = (T YNV - W W VIV W Wy Ay W, V),
oy - Wy Ay W Wi Vor — (7 - VYNV Vo )Ty - Wy Ay Wy W,V +
+V - Win, Am Wena W Vo) = (V - VYNV - Won Vi) Vs - Wy Ay Wi, V),
V- Ang A Ay Wi A, V = (V- VYUV - Ang VIV - Apy Ay Win, A V),
Vor - Ay Am Wini Vi, = (V - VY (V- VIV Any Ay Wi, Vi),
t1An, A Am Amy — 20V - V)XV - Ay Ay Any A, V),
t7An An WmIW@.—l 2T YT - W WA Ay V),
1 W W= (T 0T ey W Wona Wi V4T W W W V3,
£ Ay W Wons Weng— (F VYNV W, Wy W Ay VAV W Ay W W V),
tr A An An Wi — - i?’)*l(x? Ay Ay Wen, Ay V4V - Won Ay Ay Ay V),
b1 Ay An, Amg Wy — (F - YNV Ay Wy Ay Ay V + TV - Ay Ay Ay W V),

trAn Ay Wy W Ay Wen, — V- VYV - Wony Wy Amy WmlAnx An v+
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AV Wiy Ay Wy Ay Ay Wora V4V + Ay Wy vy A W, Wi, Vo
+V Wy Any Ay Wy W A V +V - Ar Ar W oss W, Ay W V )+

(V- VY2V - Any Wen, VIV -+ Any Ay W, Wi, 7).

3. Complete function basis for vector-valued isotropic functions.

We prove now that every vector-valued isotropic function fe of
Ve, v, A% WeB (p = L,...,Pin=1,...,N;m =1,..., M) can be
expressed as a linear combination through scalar coefficients of the

vectors in the following set

3.1)
V, Vi, A Vs Wiy V') A Vo, Ay A V, Ay Wi, V', Ay Ay Vip, Ay Ay AV,

—

An Ay Wons V' W, Vo, W Ay Vs Wy Wons Vs W W, Vi,
Wons Wi A V', Wy W, Wi V', (A Ary — Ay A )W,
(A An, — Ay A AV, (Apy Ay — Ay A WiV,
(Wons Weny = Weny W )Vipy Wons Wy — W, W) Ay V,
W Wony = WnsWen )Wy V , (A W, — W, A W,
(Ars Wy = Wony A YAy V , Ay Wy = Wy A YWon V.
with p=1,..., P

n,m,m=1,...,N and n < ny,
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ml,mz,m3=1,...,M and my < my.

To this end let us consider the scalar function f*V, and the
vector-valued function f* = h;f*; we have then

(3.2) ' o=+ (V- V)NV

if we find the representation for f, substituting it and that for
f* V, (obtained in the previous section), in (3.2) we obtain the
representation for f<.

Let us take (—V - 17)“%{7 as 0O-axis and complete it to an
orthonormal base of the vector space. In this reference frame we have

f'=0; f =7

If we consider the restriction of condition (1.1); to the auto-
morphisms P of V that leave V unchanged, i.e. to the transformations
of the reference frame involving only the 1,2,3 axis, we obtain that
they leave f° unchanged while transform f* =f' as a 3-dimensional
euclidean vector. So, as we have done for the scalar-valued functions
in these particular reference frames, we can use the results found
in [4,6,8] and say that f* is a linear combination of the set of
3-dimensional vectors obtained applying to the variables V;j, AN, W,ﬁ? ,
AY WY the table for vector-valued isotropic functions given in [4,6,8].
Proceeding as in section 2, we find the representation of f* and then,
by (3.2), the abovementioned expression for f¢.

4. Complete representation for second order symmetric tensor-
valued isotropic functions.

Evey second order symmetric tensor-valued isotropic function f~#
of Ve, V2, A,‘;‘ﬁ, wWeb (p=1,...,P;n=1,... N;m=1,..., M) can be
expressed as a linear combination through scalar coefficients of the
tensors in (4.1) and (4.2)
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(41) I, A’ﬂl ’ Am Am ’Am Anz + A‘nz Anl 3
V;Jl ® I_/;)l) Am ‘7 ® Am V’) Wmlv‘ ® W’mlv)
AV @ AV + AV @ Ay V, Wi,V @ Wiy V + Wi,V @ Wi, V', W, Wi,

—

Vo, ® 17;,2 + Vo ® Vy Voy @ Weny Vot W, V @ Vi, Vo, @ Ay V + A V @ T,
A V @ WiV + WiV ® A, V', Wois Wi, + Wi, W,
Vor ® Wony Vo, + Wn, Viy @ Vo, Vg @ Ay Voy + Ay Vi, @ Vo,
Ay V@ Ap, Ay V4 Ay, Ay V& Ay V' Wi, V& Ay Wy Vot Ay Wi, V@ Wi, 7,
| Ay Wing = Wy Ay, W, V @ Apy Ay WenyV + Apy Ay WnsV @ WiV,
T @ Ty 4 Ty o T — (g T T + T © A T,
Ay Ay V@ A VA A, V@ Ay Ay V= (Ay Ay V& Ay V4 Ay V' Ary Ay V),
Ay Win V ®Wm217 + szv ® Am Wi,V —
A, Wi,V ® Wmlt? + Wi,V ® Apy Wi, V),
»Am Vo ® A, Vot AV ® Am Vo — (Ang A V @ Uy + Vil ® Ay, A V),
A Vo ® Wmt’/‘ + WiV ® Ap, Vy, ~ (4n, WV @ Vi, + Vi, @ Ay Wi, V),
Ay, Am V@ Wi,V + Won,V @ Apy Ay V —

~An WV @ Ay V + Ay V @ Ay, Wi, V),
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Wy Ay Wons Won, = W, Wy Ay Wy — (V- V)XWV ® Won W An, V +
W s Wiy Ay VWi V=W, V@ W Ay Wy V= Wy Ay W, V @ Wi, V4
WA V @ Wy Wi,V + W Wen, V @ Wi, A, V), |
Wi WinsV & Wy Wens V', Am V @ Weny Ay + Win  An, ® An V,
WinsV @ W, Wiy V + Wm;WmV’ ® Wi, V,
Wiy Vs @ Vigy + Vigy @ WinyVioy — Wina Vi, @ Viyy — Vot @ Wi, Vi,
WinsAm V @ A V + A, V @ Win, A V —
WonsAm V @ AV — Ay V @ Wiy A, V,
WesWen V@ Wen,V A+ Winy V& Wy W, V —
—WinsWeny,V & WiV — WiV @ Wi, Wi, V,
Wons Vs @ Am V + An, V @ Wins Vo, — Winy A V @ Vo, — Vo, @ Wina An V,
Wony Vi, @ WiVt Won, V& Wiy Vpy — Wns Wen, V@ Vo — Vg @ Wiy Wi, V,
Wy A, 17 ® W, V A+ Wi V@ Wi, A, V—
Wons Wit V@ A V — An V @ Wen, Wi, V,
Vef+foV.
(4.2) Am AnyAmy + Ay Ay Ap Ay Ay Ay + Ap An A

)

W’fm sz sz - sz sz Wm1 ’



186 SEBASTIANO PENNISI - MASSIMO TROVATO

WonaWona Weny — Wy W, Wy, Viyy @ Ay Ay Viy + Ay Ay Vo @ Vo,
W, Voy © W Wiy Vi + W, W, Vit @ W, Vi —
—(V - V)" (V- Vpl.)(wmﬁ ® Wiy Wiy Vi + Wy Wiy Viyy @ W, V4
AW, Vo, ® Won, Wy V o+ Wona W, V @ W, Vo),
AV @ Ap A Ary V + Ap A Ay V @ AV,
Wi Am Wony, Any Ay Wy — Wy Ay Any,
W, Vo, ® Wmﬁpl, WiniAm V @ Wen, An, V,
Wi A V & Wi, Winy Ay V4 W W Ay V @ Wy Ay V—
—(V - VYNV - Ay VYWV @ Wy Wy Ay V + W Wy A V @ Wi, T+
AW A V @ Wiy Winy V o+ Wy W, V @ Wi, A, V),
Wi WiV & W, Wy Wing V + W W Wy V & W W V,

where f is the generic element of set (3.1),
P, P = I,...,P and P < B,

n,m,m=1,...,.N and n < ny,
ml,mz,m3=l,...,M and m; < my.

Infact, if we define

T 1 T
@.3)  fU=fPVWV VYT = SV VAV VYR8 = e hang,
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we have fof = {8 4.2 fleyh,

Then we can use for f* the representation found in section 3
and it remains to find only that for f*%. Let us take, as before,
(—V . V)~2V as 0-axis and complete it to an orthonormal base of the
vector space. In this reference frame we have

fa() — O, f” — f’l,]

If we consider the restriction of condition (1.1); to the tran-
sformations of the reference frame involving only the 1,2,3 axis,
we obtain that they leave f®® = 0 while transform f¥ = fi/ ag
a 3-dimensional euclidean symmetric second order tensor of the
variables V;f, A W,’;? ,AY WY applying the corresponding table found
in [4,6,8] and proceeding as in section 2 we find the expression for
f* and than, from (4.3) that f*% is a linear combination through
scalar coefficients of the elements in (4.1) and table 2; but in the
appendix, proposition 4, we prove that if %, are two 3-dimensional
vectors, A and W are two 3-dimensional tensors, symmetric the first

and skew-symmetric the other, we have
TR AT+AJR®T=a1T® T+ (@@ 7+ 7R 7) + a3y ® J+
+a4(T Q@ AT + AT Q@ )+
+as(T@ AY+ATR® T~ §® AT - AT ® 7)),
FTQWI+WI®I=bI@T+hE® §+7® D +bi® i+
+u(@TRWI+WIQ D)+
+hs(TQWy+WyizZ—§JWI—-Wi-WIij).

with a;, b; scalar coefficients.

If we apply these relations to Vi, AY, W, AY, W and follow
for both sides of them the abovementioned procedure, we find that
the tensors in table 2 are linear combinations of those in (4.1) and
(4.2); then' they constitute a complete set of generators for second
order tensor-valued symmetric isotropic functions.
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Table 2

Any Amy Amy + Ay Ay Ay —(V -V N A V ® Ay Ay V + Ay A V @ A V),

- Ary Ay An + Ay Ay Ay — V-V i4, V ® Ap Ay V+ Ay A V@ A, V),
Wi Wons Wy =W oy Wong W, = (V -V ) ™ (W V QW oy Wy VAW iy Wy V @ W, V),
W s Wons Wy = W W W, — (V- V)"l(szV' ® Won, Wi,V +
AW, Woni V@ Winy V), Vi, @ Ay Ay Vo, + Ay Ay Vo, @ V,;-
—(V - VYNV Vo)V, @ A A V + Ap An V @ V),
AV & A A A T 4 A, A AnV @ A V—
—(V - 17)*107 Ay VYAV @ Apy Ay V + Ap An V ® A V),
WAy Wy + (V- VY (Wi A V @ Wmﬁ + W,V @ Win, An, V),

A Ay W, =Wy Ay Ar, + (V- V) (Wi, V@ Ay Ay V+ Ay, Any VR Wi V),
Wi, Vs ® Wi, Uiy — (7 - VY UF - VoY WiV @ Wi, Ty + W, T @ W, ),
WA V & Weny Ay V. — (V- VYUV - Ay, V)-

WiV @ Wiy Ay V + Wn A T @ Win, V),

Wy Vior ® W Winy Viy + Wa Wy Vit @ Wy, Vg —

~(V - D) T - W, Vo)W, Vo, ® W,V + Wi, V @ Wi, Vi)
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T TYNT T\ Wi T @ Wi W T + Wi W T @ Wi Tt
W Voy @ Wy Wen V o+ Wiy W, V- @ Win, Vi),
W Am V & WmlelAnl V + W Wy Ay V @ W, Ay V—
—(V - VYV - Wy Ay VYW, A V @ W, V + Wi,V @ Wi An, V)+
+(V - Ay VYW, V@ Wi, Wi A, V' + W Wi A, V @ W V +
+ Wiy A V @ Wiy Wi,V + Won Wi, V @ Won, An, V)],
W WensV @ Wy Wy Wns V + W W Wona V- & W, W V —

(T V)NV - W Wana V) W, WonsV @ Wi V + Wi,V @ Wi, Wi, V).

5. Complete representation for second order skew-symmetric
tensor-valued isotropic functions.

If %% is a second order skew-symmetric tensor-valued isotropic
function of V*, V& AP W2 (p=1,...,Pin=1,...,Nim=1,..., M)
we can use the same considerations of section 4, but with (5.1), (5.2)
instead of (4.1), (4.2), f*f = f# +2fleyBl instead of (4.3), table 3
instead of table 2, proposition 5 of the appendix instead of proposition
4 and with the word «skew-symmetricrinstead of «symmetric»; in this
way we obtain that f* can be expressed as a linear combination,
through scalar coefﬁciehts, of the tensors in (5.1), (5.2).

5.1) W, Wons Wiy = WngWons, Ay Ay — Ay Any
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-

V;?I ® I7292 - I7232 ® vpl ’ Am Wm1 + WmlAm ’
A’nl v ® Anz v - A'n,z K_/‘ ® Anl V; Wmlv ® szv — szﬁ ® Wmlv,

T

Voo ® An, V — A V @ Vo, Vo @ WinV = Wi V @ U,

A'nl Y7® Wmlv' - Wm1v®An1 f}; [—/’Pl ®Anl Y7;31 - Anl I7;)1 & I7;31!

Any V& Ay Ay V— Ay Ay VO Ay V', Wi V& Ay Wi,V — A WonVOWim,V,

Wmlﬁ ® Anl Anl Wmlt—/’ - Anl Anl Wmlv ® Wmlv,

—

Anl%1®@2_%z®Amv‘p1—Anlxéz@%

—

1 + {71-31 ® ‘4711 %2;
Ay Ay VO A V= Ay V @ Ang Ay V — Ay Ay V@ Ay V + Ay V ® An, An V,
Ay Wons VOW s Ve Win, V& Ay WiV — An, WiV @Win, VA Won VR Ay Wi,V

A Vo, ® An V — An, V ® Ay Voy — Ay Any V @ Vo + Vo @ A, An, V

— —p -

Ay Vo, @ Win V= Win,V ® Aw Vi, — A Win,V @ Vo, + Vo, @ Ay Wi, V

-t

Ay Ay V @ Wen, V = Wi,V @ Ap, A, V —

WinsV & Wona Wena V= W, WiV @ Wi, V,

WinsV @ Wona Wons Wiy V- = W W W,V @ Win, 7,

— — —

Wmlvm ® sz - sz & Wmﬂ-/;n - Wm1vpz ® Vp, + Vo, @ WiV,

D2s
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Wini A V ® AV — AV @ Wi Ay V = Wi A V @ Ay V4
+An V & Wi Ay, V,
Wons WV QO Wy V — W,V @ W W, V —
Wi WiV & WVt W, V & Wi, W, V,
Wi Vor @ An V — A V ® Wiy Vo = Woni Ao V @ Vi +
+Vp, ® Wiy An V,
Wi Vo, ® Wi, V' = Wins V' @ W Voy — W WV @ Vi
Vo, @ Win Wi, 7,
WoniAm V & WinsV — Wi,V @ Winy A, V = W WinaV @ An, V+
+hn V' @ Wi, Wi 7,
Ay Wi, V-® Apy Win V- = Ay Wen, V @ Ay WiV +

+ Wi, V ® Ay Ay Win, V —

191

— Ay Ay Wi, VO Wi,V = Wi V @ Ary Ay Won, V + Anyy Ay Wi V @ W, V,

Any AnV @ Ay AnV ~ Ay An, V @ Ay A,V + A0,V @ Ay Ary A, V—

— Ay Ay An V @ AV — AnV ® Ay Ay Ap, V + Any A AnV ® An, V,

—

Am I—/;?l 0 Am vpl - Anz V;n 02 Am VPI + vpl & Am Anz Y—/;91 — Am Anz f;z-n & Vp1 -

—t

: —Vpl ® AmAm Vpx +AnzAm X;;l ® VPU
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Ay A Ay + Ay Ay Ay + Ay A Ay —Ary Ay Ay — Any Ay A — Ay Ay A,
Vef-foV.
(5.2) A Ay Ay — Ay Ay Ay Ay Ay Ay — A A Ary

vpl ® Anl A/nl Y/;)l - A/nl Anl VPI ® VPU

e d

<

3

AnV @ Ap Ay AV — Ap An An, V @ Ap,
A WiV ® Ay Apy WV — Ay Ay Wi, V @ Ay WV,
AV @ Wi Wi Ay V= Wy W An, V @ An, V,
Vo @ W Wina Vo, — Wos Wn, Vo, ® Vi,
Ay W Wy — W, Wn, A, +
+(V - V) Ay Wi V@ W,V = Wi V @ Ay Wi, V),
Am A,V @ A Am A,V — Ay Ay An V @ Amy An, V —
—(V V)NV - A VYA V @ Ay A AnyV — A Ay AV @ An, +
Ay AnsV ® An A V' — An An TV @ An, An, 7),
Any Vor @ Any Ay Vigy — Ay Ay Vo @ Ay Vi —
—(V - V)NV Vo)A V ® Apy Ap Vi —
Ay Ay Vo, @ Ay V ot Ay Vg ® Ay An V' = Ay A V' ® An Vo)),

Ay Ay Ay Ay — Ay Ay A Ay — (V- V) Ay A V @ Ay Ay, V —
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Ay Ary V @ Ay A V + Apy V @ Ay Ay Ay V — Ay Ay Ay V @ Ay V4
+ A Am An V@ AV — A, V @ Ay An Ay V),
Apy Ay Ay Ay — Ay Ay Ay Ay = (V- V)" (A Ar V @ Apy A V-
An AV @ An AV + AV ® An Any Ary V — Ay Apy Ay V ® Ay, V+
A A AV ® A V — A V @ Apy Any An V).

where f is the generic element of set (3.1) but without V,
pip2=1,...,P and p; <py,

m,nz,n3,n4=1,...,N and n < m < nz,

miy,my,ms=1,..., M and m; < m;.

Table 3

Ap Apy Ay = Ay A Any — (V- V) A A V @ AV — Ay @ Ay An V),

Ay Ay Ay — Ay Ay Ay — (V- VY N A Ay VR A V — A VR Ay A V),
Vo @ Ay Ay Vi — Apy Ay Vi @ Vo —
~(V VYUV Vo)V, @ Ay A V — Ap A V @ Vo),

AmV®An1AMAﬂ4‘7_AnlAnlAmv®AmI7—.
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—(V V)NV - A V(A V ® Ay An V — A An T @ An V),
Apy Wi,V ® Ay Ay Wony V'~ Ay Ay WiV ® Ay Wi V—
—(V - V)NV - A;I Wt V(A Win, V ® A, V = A V @ A, Wi, V),
An V @ Wos W, Ay V' — W Wy Ay V @ A, V—
—~(V VYUV - A VYA V' @ Wiy W,V — Wi W,V ® An, 1),
Any Wons Wony = Wy Wony Ay — (V- V) N Ay V @ Wi, Wi, V —
W WV @ An V ~ Ay Win, V & Wi, V' + W, V + Ay W, V),
Ay A,V ® A, Any Ay V' = Ay Any AnV @ An A, V—
—(V - VYNV - A V)( A V ® Apy Any An, V — A A AV ® Ay V+
+ Ay A V ® An, An V= Any An, V@ Any Aoy W)+ [—(V - V)T - Ay, An, V)+

+(V - VY2V - Ay DV - Any V)N (A An V @ AV — An V' ® An An V),

ed

Vor ® Won, W, Vpy — W, W, Voy ® Vi, —
—(V - DNV - Vo)V @ Wona Wn, V' = Wi, Win, V' @ ),
Ay Vo, ® Any Any Vi, — Avy Ay Vit @ Ay Vi —
—(V - VYNV Vo )(An V' @ Agy Ay, Vi —
Ay Ay Vpy ® A V + Ay Viy ® Ay Ay V — Ay Ay V' @ Ay Vo) —

~(V V)NV - Any Vo)A Vi, ® A V — An V @ Ay Vy)+
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+(V - VY2V Vo )XV - Ay VYA Vi, @ A V = A V @ Ay Vo),
Any Ay Ay Ay — Ay Ay Ay Ay — (V- V) YAy A V & Apy An V —
A AV @ Ay A V + Ay V @ Apy Ay Any V' — Ay A A V @ Ary V+
+ Ay Ay Ary V @ Ay V — Ay V @ Ay Ay Ay V)
+(17 V)2V - Ay V(A Am V@AV — AV ® An An V),
A Ay Ay Ay — Any Ay Ay Any — (V- V)" H(A,, AnV ® Ay, A‘m V-
A An V @ An Ay V + A V @ Apy Apy Ay V = Ay Ay Ay V ® Ap, V4
+ Ay Amy Ay V @ AV — Ap V @ Apy Any An, V )+

+(Y_/’ . 17)—-2(‘7. . A‘m X?)(A/m An2 ‘7- ® A‘m ‘7'. - A’nl Y;: ® A’nl A’n?, X_/’)7

6. Conclusion.

In this way we have obtained the complete representations for
scalar-valued, vector-valued and second order tensor-valued isotropic
functions with an arbitrary number of scalar, vectorial and second
order tensorial independent variables.

We hope that they are irreducible too (in the sense that no proper
their subset suffices to give a complete representation), because the
method we have used is based on the corresponding 3-dimensional
representations [4,6] which we proved to be irreducible [8]. A direct
prove of irreducibility will be treated in a future work.

We have proved these representations in a pseudo-euclidean
vector space with signature — + ++, but it is obvious that they hold
also in a 4-dimensional euclidean vector space if the hypotesis that
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the 4-vector V is time-like is substituted with the corresponding one

that it is not null.

‘Appendix.

In Section 2 we have used the properties that if Z, ¢ are
two 3-dimensional vectors, A; and A, two 3-dimensional symmetric
tensors, Wy and W, two 3-dimensional skew-symmetric tensors we

have that
1) - A1A27 can be expressed as a function f1 of the scalars

- - = — - — — — — 2—¢
T-AZ, % A1f, 7 A0, T Ao, T - Apif, T - AZ,

<y
<y

- = —
Tr-T,Tr-y,

i

T AW, T Ao, - A1AE, T (A1As — A AT,

2) £- AiW1¢ as a function f2 of

e T T S gy - = -
T, T Y,y ,CE'Al ,iE'Aly,

8y

7AW T - AT E - ARG WA,
T- /-11 Wlf, T (Al Wl - WlAl)'J;

3) - W1 WLy as a function f3 of

—t

T-5,Z-9,§ §,%- W1y, & Wy, T - Wiz,
T-WiG, & WiWAE, © - (WiWs — WaWDF, triV, W

Infact, if £ =0, the propositions are verified with fi=0, /=0,
f3 =0; if 20 but 7= (£ 2)~1(Z- )7 then we have

A7 =D THE PHE - A1A),

8]

- AWy=(E DN PHE- 4L WhD),
- WWai= (T D) NZ - §E - WiWa3);
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lastly, if £#20 and ¢g(Z- ©)~ (% - )T we can define
7=7-G 97G 9T

and our propositions become equivalent to the following ones

1’) £ A1 A>3 can be expressed as a function of the scalars
T-T,8 AT, T AT, T - A1A1T, T - A1 AL T,
77, A7, 7 - Mg T A T - Ao
T AAT, T (A1Ar — A ADT,
2) 7 - AyWhY as a function of T Z, T AT, T - AlAlf,
AW g 7,8 W, E Ad, T - A
T AAY, T (LW — WADT,
3) & - W1W,y as a function of the scalars 7 - %, 7 - Wi Wi Z,
T-WiWLE, 7 - 7,2 Wiy, T Wi, & WiWhy/,
T (WWy — WL W)Y, tr W Wa.
Infact we have
T Abf=GE DE DE AD T A,

- AWG=E D@ DE- AWD +T - AW,

T WWAT = (E - 2)"NZ - DNE - WIWLD) + T - WiWaf, |
and the scalars in the hypothesis of 1’), 2’), 3") can be found from the
corresponding ones in 1), 2), 3).

Let us prove 1’). In the reference frame in which 7 = (z,0,0),

¥ = (0,4'0) with z > 0, ' > 0, we obtain z and ¢/ from 77 and ¢ - §'

b

11 12 22 11 12 22 — - - - —
AI,AI,AI',Az,Az,AZ from z'Alm,fL"Aly,y 'Aly,
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- = = — —y
x'Aszz'A2y3y°A2y7

(A}*)? and ABAZ from 7 A1 A7, T AL AL

If AP =0 then 7 A1 4§ = 2y/(A1'AS? + A2 AP) and then it is
known as function of the scalars already used; if A’#0 we choose the
sense of the 3-axis such that A};> > 0 and obtain A3, A% A3 A2
from (AP, A3 AB, £. A1Ao7, and 7 - (A1ds — A2ADT .

But

T A1Ao7 = 3y (A]' AP + APPAR + AP A

and then is determined as function of the scalars we used.

Similarly to prove 2’) let us use the referehce frame in which

= (z,0,0),9" = (0,¢',0) with z > 0, ¢/ > 0; we obtain z and ¢’ from

—

7
7 7and 7 -7,

AAP AP, W from £ AT AL T AT, T VAT,
(AP)? and ABA? from - A1 AT, T - ALALd;
If AP =0 then - 4, W1§ = zy' A]'Wi? and then it is known as

function of the scalars already used; if A’£0 we choose the sense of
the 3-axis such that AP > 0 and obtain

13 423 17713 11,23 13\2 413 423 = -
Al )Al JWI ’Wl from (Al ) JAI Al ,.T'A]Wl.’l?,

and - (AW — Wi ADY .
But
Z- AW =y (AT W + ABw)
and then is determined as function of the scalars we used.

It remains to prove 3’).In the reference frame in which
T = (2,0,0), ¥ =(0,y,0) with >0, ¢ > 0, we obtain z and ¢ from
T

-z and ¢ - ¢,
W2 2 By WA D W (W’ W 5
15 27( 1) - from Z:- 1Yy, - 2Y,T - 1¥V1%,

If W113 =0 then 7 - W1 W29 =0 and then it is known.
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If W?#0 we choose the sense of the 3-axis such that W3 > 0 and
obtain W}, W from (W{3)?, £-W1W1§'; moreover W W3+ W2 Ww32 and
WERW;? — W3 W72 can be found from triW, W, and - (W1 Wa — Wa Wi
from them ;> and W7 can be obtained because (W}3)? + (W2)220.
But £ W1Way =y, W}PW;? and then is determined as function of

the scalars we used.

In section 4 we have also used the properties that if £, ¢ are
two 3-dimensional vectors, A and W are two 3-dimesional tensors,
symmetric the first and skew-symmetric the other, then we have

PROPOSITION 4.
TQAJ+AJRT=a01T®T+ (@@ T+7T®Z) +a37® J+
(5.1) +a4(Z QR AT + AT Q@ T)+

+as(TQAT+ATR T — TR AT — AT ® ),

TQWI+WiRE=hF®L+h(ER J+® D).+ b ® 7+
(5.2) +hE® WE+WER D)+ |
+bs(TQWT+WIRT - T WT -~ WIR P).
with a;, b; scalar coefficients.

Let us prove it. If # = 0, then the proposition is true with
a; = b; = 0; if 720, but ¢ = (& - )~ 1(Z- 7T, then the proposition is
verified with

al=a2=a3=a,5=b1=b2=b3=b5=O,a4=b4=(:f.:f;')—l(f.g')'

If 720 and §&(Z - )~ (T - {T, we define

W

(5.3) i = (T 1)72,

G4 G=-7-GE DE P @ D@ PE]
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and see that
U @ At + Al ® iy = p1ily ® U1 +po( @ U + U ® T+

' + 3ty @ Uy + pa(ls @ At + Al ® U1)+
(5.5)

+ps5(01 @ AU + Al @ 41—
— Uy @ Atiy — At ® 1),
NQWih+ Wi QT =qi1 ® 71 + QU @ U2 + Uy ® U+

+.q312 ® U2 + qu(U1 @ Wil + Wil ® U)+

(5.6) 3 .
+gs(T1 QWi+ Wih ® U —
— QWi —Wihi ® w2),

where

p1 =20y - Atly — 2(T1 - AT)[@1 - AAT — (T - AT1)? — (@1 - Ad2)?] T x
x [Ty - AAT, — (@1 - Al)(iEy - Al + T - AT)),
py = i - Ally — - AT [@1 - AAT) — (@1 - ADL)? — (@ - A~
X [’[1?1 . AA?IZ — (’LT} - A’ljfz)(ﬂf] . A?Il + '172 . A'sz)],
ps = [T - AAT) — (@) - AT)? — (@1 AT)* T x

X [u1 . AA'{IZ.— (11‘1 . Aﬂ’z)(fﬁ . Aﬂﬁ + 17,'2 . Aﬂfz)],

p3=ps=0
if
[ - AAT — (T - AT)? — (@ - AiT2)?]#0
while
p1=0, pp =11 - AT, p3 =21y - Ay, pa =0, ps =1
if

(@1 - AAT) — (@ - Ad)? — (@ - Ap)*] = 0.



MATHEMATICAL CHARACTERIZATION,... 201
Similarly
g1 = 271’1 : W'E:Z,
g2 = (ﬁl -Wi)lay - WWa + (@ - Wﬂfz)?‘]_l Ay - WW i),
g3 =0,q4 = [T1- WWT1 + (@1 WE)*T™h - (@1 - WWiTz), g5 =0

if
@y - WWily + (@1 - Witp)*#0,
while
g1=¢g2=0,g3 =20 - Wu1,q4 =0,g5=1
if

@ - WWa + (@1 - Wia)? = 0.
This can be seen easier in the reference frame in which
u; = (1,0,0), u» = (0,1,0) simply confronting the components of the
first members with those of the second ones.
Substituting (3) and (4) in (5) and (6), we find (1) and (2).
Lastly, in section 5 we have used the properties that if Z, ¢ are

two 3-dimensional vectors, 4 and W are two 3-dimensional tensors,
symmetric the first and skew-symmetric the other, then we have

PROPOSITION 5.

TRAY-ATRT=c1@TRF - 7RI+ (f @ AT — AT @ T)+
(5.7) '
+a3@T QA - AYR T - TR AT+ AT R 7)),

IQWy—Wy®@r=di(fQy—-7y®I+h(@TWI-WIQ D)+
(5.8)
+BERIWY—-WIQT—TQWI+WIR D).
with c;, d; scalar coefficients.

Let us prove it. If & = 0, then the proposition is true with
¢ =di =0; if 20, but ¢ = (Z-©)~1(Z- §)Z, then the proposition is
verified with

ci=a=di=d3=0, ca=dy =T 2" NT- D).
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If 720 and §2(Z - )~ (& - §)Z, we define

59 T1=8E )1, 0= 7- @ DG P - @ DG DI

andl see that |

U1 ® Aty — Al @ 41 = r1(I1 @ Ty — U2 ® U1+

+ (T At — AT @ U+

(5.10)
+ T3('L_lf1 R AU — Al @ U1 — U  Au1+
+ AU ® Us),

U @ Wi — Wiia ® 41 = s1() @ Uz — 2 ® 1)+

+ (1 @ Wiy — Wi ® 1)+

(5.11)
+83(U1 @ Wiy — Wia ® @1 — 4 @ Wi+
+ Wi  12).

where

r1 =y - Aily — (T - AT)[T) - AAT — (@1 - AT)? — (@) - AD)*T
x [ - AAily — (@1 - AD) (@1 - AT + T - AD)],
ry = [Ty - AAT) — (@1 - AT)? — (@1 ATR)?) ! x

X [17:1 AAT,—I,’Z — ('&'1 A’fb’z)(’t—[l . A’lfl + 172 A’lfz)],

r3 =0
if
a1 - AAT — (T - AT? — (@ - Ath)*#0
while
ry=—U1 - Atl1, =0, i3 =1
if

a1 AAT — (i - AT)? — (@ - AT2)? = 0.
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Similarly
s1= (U Wup[u, - WWa + (@ - W) ]~ x (@ - WW i),

sy = [T WWay + (i - Wiia)?]™! x (@ - WWd), s3 =0

if
’L_L'l . WW@H + (7,71 . W?Iz)zio,
while
81=82=0,S3=1
if

T - WWa + (i, - Win)* = 0.

This can be seen easier in the reference in which 7 is the first
axis and %, the second.

Substituting (9) in (10) and (11) we obtain (7) and (8).
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