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APPLICATION OF THE MONOTONE-ITERATIVE
TECHNIQUES OF V. LAKSHMIKANTHAM TO THE SOLUTION
OF THE INITIAL VALUE PROBLEM ‘
FOR FUNCTIONAL DIFFERENTIAL EQUATIONS

SNEZHANA G. HRISTOVA (Plovdiv) - DRUMI D. BAINOV (Sofia) (*) (**)

In the paper a techniques of approximate finding of extremal
quasisolutions of an initial value problem for systems of functional
differential equations is justified.

1. Introduction.

The monotone-iterative techniques of V. Lakshmikantham re-
presents a fruitful combination of the method of upper and lower
solutions and a suitably chosen monotone method [1]-[9].

In the present paper by means of this techniques extremal
quasi-solutions of the initial value problem for systems of functional
differential equations are obtained.

(*) Entrato in Redazione il 3 ottobre 1989
(**) The present investigation is supported by the Ministry of Culture, Science,
and Education of People’s Republic of Bulgaria under Grant 61.
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2, Statement of the problem. Preliminary notes.

Consider the initial value problem for the system of functional

differential equations
2(t) = f(t, z(t), z(h(t)) for te[0,T]

1)
z(t) = p(t) for t €& [—a,0],

where z = (21,22,...,Zn), [ [0,T]x R*x R™ — R™, f =(f1, f2,---, fa),
v :[-a,0] - R*, h:[0,T] — [—a,T], a =const > 0, T = const > 0.

Let z = (z1,22,...,%0n), ¥ = W1,¥2,...,Yn). We shall say that
z < (>)y if for any ¢ = 1, n the inequalities z; < (>)y; hold.

With any integer j = 1,n we associate two nonnegative integers
p; and g; such that p; +¢; = n— 1 and introduce the notation

((1'21; T2y ey Tpj+l, Ypj42y « « - yn)
for p; > j
(@5, 5}y, [9)y,) =
(T1, T2,y Tpsy Upjtly - oo Yjml, Tjy Yjaly oo oy Un)
forp; < j

According to‘ the notation introduced problem (1) can be written
down in the form Z;(t) = f;(t, z; ), [x@®)]y;, [x@)]y;, x;(RQ@), [x(h(E))]p;,
[=(h)(ED],,) for t € [0,T], ;) = ;) for t € [—a,0}, j =T, m.

DEFINITION 1. The functions v,w € C([—a,T],R™ v,w €
CY(0,T1,R™, v = (vi,v2,.".,0n), w = (w1,ws,...,ws) are said to
be a couple of lower and upper quasisolutions of the initial value
problem (1) if they satisfy the following inequalities

13;'(1?) < S5 0@, [v)]p; , [w®)g,, vi(h(E)), [v(hEN]p, , [w(A(ED],,)

(2)
for te[0,T],

w;i(t) > [, wit), [w®)p,, [v®)g,, wi(h(®)), [wh)EN]y,, [v(AEN],),

3)
v;(t) < i) < w;(t) fort €[—a,0], 7 =1,mn.
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DEFINITION 2. In the case when (1) is an initial value problem
for a scalar functional differential equation, i.e. n= 1, pj =g; =0, the
couple of lower and upper quasisolutions of problem (1) are called
lower and upper solutions of the same problem [7].

DEFINITION 3. The couple of functions v,w € C[(—a,T], R™),
v,w € CY[0,T],R") is said to be a couple of quasisolutions of the
inital value problem (1) if (2) and (3) are satisfied as equalities.

DEFINITION 4. The couple of functions v,w € C([—a,T], R™)
v,w € CY[0,T], R") is said to be a couple of minimal and maximal
quasisolutions of the initial value problem (1) if it is a couple of
quasisolutions of the same problem and for any couple of quasisolutions
(u,2) of (1) the inequalities v(t) < u(t) < wt) and v(t) < 2(t) < w(t)
hold for t € [—a,T].

Remark 1. We shall note that in general for the couple of minimal
and maximal quasisolutions (v,w) of problem (1) the inequality
v(®) < w(®) holds for ¢ € [—a,T] while for an atbitrary couple of
quasisolutions (u,z) of (1) an analogous ‘inequality relating the
functions u(t) and z(t) may be not valid.

Remark 2. If for any j = 1,n the equalities pj=j—1,g,=n—7
hold and the functions v(t), w(t) are a couple of quasisolutions of
the initial value problem (1), then they are solutions of the same
problem. If in this case problem (1) has a unique solution u(t¢), then
the couple of functions (u,u) is a couple of minimal and maximal
quasisolutions of (1).

For any couple of functions v,w € C([—a,T],R"), v,w €
CY[0,T1,R™) such that v(t) < w®) for t € [—a,T"] define the
set of functions '

Sw,w)={u € C([~a,T],R™), v € CY([0,T],R") :

v(t) < u@®) < w@®) for t€[—a,T]}.
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3. Main Results.

LEMMA 1. Let the following conditions hold:

1. The function h € C([0,T],[—a,T]) and satisfies the inequalities
t—a< h(t)<tfortc[—a,Tl

2. The function m € C({—a,T1,R), m € C}(0,T], R) satisfies the

inequalities
4) m(t) < —Mm(t) — Nm(h(t)) for t€[0,T]
&) m0) < m@) <0 for t¢€[—a,0],

where M and N are positive constants.

3. The following inequality holds

(6) NTeMT < 1.

Then the inequality m(t) < 0 holds for t ¢ [—a,T].

Proof. Consider the auxiliary function g(¢) = m(t)e”. The function
g(t) satisfies the inequalities

(7 §(t) < —NeME~hDopi)) for ¢ e[0,7]

(8) | g0 < gt) <0 for te[—a,0].

We shall prove that g(t) < 0 for ¢t € [—a,T']. Suppose that this is
not true, i.e. that there exists a point ¢ € (0,771 such that g(¢) > 0.
Consider the following three cases:

Case 1. Let g(0) =0 and g(t) > 0, g(t) £ 0 for ¢t € [0,c] where
e > 0 is a sufficiently small number. From inequality (8) it follows
that g(t) = 0 for t € [~a,0]. Then by assumption there exist points
1,6 € [0,T], &1 < & such that g(t) = 0 for ¢t € [—a, £1] and g(t) > O for
t € (é1,&]. From inequality (7) it follows that §(t) < 0 for ¢t € (¢1, &3]
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wich shows that the function g(t) is monotone nonincreasing in the
interval (&1,£2], i.e. g(t) < g(€1) =0 for ¢ € (£1,&,]. Last inequality
contradicts the choice of the point &,.

Case 2. Let g(0) < 0. By assumption there exists a point 7 G(O, 7]
such that g(t) <0, g(t) # 0 for ¢t € [—a,n), g(n) =0 and g@t) > 0 for
t € (n,n+¢), where ¢ > 0 is a sufficiently small number. Introduce

the notation
inf{g() : ¢t € [—a,n]} =X, X =const > 0.
From the continuity’ of the function g(t) it follows that there
exists a point ¢ € (0,n) such that ¢g({) = —X. Then
g —gQ) _ A A

n—<¢ n—¢ T’

©) §(0) =

where ¢ € ((,n).
From (7) it follows that the following inequality holds

§&) < —NeMEFDgn1)) <

(10) _
< N)xGM(t_h(f)) < NkeMT.
From inequalities (9) and (10) we obtain
(11) TNeMT > 1,

Inequality (11) contradicts inequality (6).

Case 3. Let g(0) =0 and g(t) < 0, g(t) # 0 for ¢t € [0,b] where
0 < b < T is a sufficiently smal number. By arguments analogous to
those in Case 2 we agéin get to a contradiction.

Hence g¢(¢t) < 0 for ¢ € [—a,T] which shows that m(t) < 0 for
te[—a,T]

This cqmpletes the proof of Lemma 1.

LEMMA 2. Let the following conditions be fulﬁlled:



232 SNEZHANA G. HRISTOVA - DRUMI D. BAINOV

1. Conditions 1 and 2 of Lemma 1 hold.
2. The following inequality holds

(M+N)T <L 1.

Then m(t) < 0 for ¢t € [—a,T].

The proof of Lemma 2 is analogous to the proof of Lemma 1 but
we do not introduce the auxiliary function g(t) and consider instead
the function m(t) itself.

THEOREM 1. Let the following conditions hold:

1. The functions fu,wE C([—a,T1,R™), v,w € CY[0,T],R"™) are
a couple of lower and upper quasisolutions of the initial value
problem (1) and satisfy the inequalities v(t) < w(t) for t € [—a,T] and
v(0) — p(0) < v() — o), w(0) —0) > w(t) — ) for t € [~a,0].

2. The function h € C([0,T1],[—a,T]) satisfies the inequalities
t—a<h(t)<t fortel0,T]

3. The function f € C(0,T]x R* x R*,R™), f = (f1,f2,---, fn)
15t 2, 9) = f;@, x5, [z, (2], v, Wy, [vlg,), is monotone nondecreasing
with respect to [z],, and [yl,; and monotone nonincreasing with respet to
[z]y; and [yly; and for z,y € S, w), z(t) < y(t) satisfies the inequalities
it 25, (51 [8lg @R @) (2@, [BREN,) — £, vy, [y, [T,
Ui (h@®), (@), [3BEN],) > —M;(z; — y) — Nj(z;(h@)— y; (R (),
J=1,n, t € [0,T] where M; and N;(j =1,n) are positive constants
such that

N;TeMT < 1.

Then there exist monotone sequences of functions {v®()}$° and
{w® )}, vO®t) = v(@), wO(t) = w(t) which are uniformly convergent
for ¢ € [~a,T] and their limits 5(t) = lim v®(t) and @) = lim w® @)
are a couple of minimal and maximal quasisolutions of the initial

value problem (1).
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Moreover, if u(t) is a solution of the initial value problem (1)
such that u € S(v, w), then the inequalities () < u(t) < w(t) hold for
t € [—a,T]

Proof. Let n,pu € S(v,w), n=(n1,m2, ..., M), tb = (1,2, ..,4n) be
arbitrary functions. Consider the initial value problems for the linear

scalar functional differential equations

%+ Mjz; + Nz (b)) = 0;(t,m,pu) for te[0,T]
(12)
;) = ;) for te€([—a,Tl,

where

O-j (t) m N’) = fj(t; ’r’f (t): [n(t)]p_,y [,u‘(t)]g]y ’r’](h’(t)))

(AN, , [(REN]g,) + Myn; () + Nym;(h(2)), 7 =1, n.

The initial value problems (12) have a unique solution for each
fixed couple of functions n,u € S(v, w).

Define the map A : S(v,w) x S(v,w) — S(v,w) by the equality
z = A(n, u), where z = (z1,...,%,), z,(t) is the unique solution of the
initial value problems (12) for the couple of functions n,u € S(v, w).

We shall prove that v < A(v, w). Introduce the notations g(t) =
v(t) — v (@) and vV = A(v, w). Then the following inequalities hold

§;t) < —M;g;(t) — Ng;(r@)) for te[0,T]
(13) ‘
g(0) < git) <0 for t¢&[—a,o0].

From Lemma 1 it follows that the functions g;(t), j = 1,n are
nonpositive, i.e. v < A(v,w). In an analogous way it is proved that

w > A(w,v).

Let n,u € S(v, w) be such that n(t) < u@) for ¢t € [—a,T].

Set z = A(n,p), 3 = A(,n and g@®) = s - 42, ¢4 =
(91,925 -+ Gn)- |
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By Lemma 1 the functions g;(t), j = T,n are nonpositive, i.e.
Aln, ) < A, ).
Define the sequences of functions {v®(t)}§° and {w® ()} by the
equalities
vO@) = (), wO(t) = wt),

VD = AW® w®) yED = A(u® 4@y k>0

The functions v®(t) and w®(¢) for £ > 0 and t € [ a,T] satlsfy
the inequalities

VO <o) <... <P <... <
(14) |
<L <wP) <L < w0 < wO).

Hence the sequences {v®(t)}& and {w® )} are uniformly
convergent for ¢ € [—a,T']. Introduce the notations o(t) = klim 18 (@)

and w() = klim w®(t). We shall show that (0,w) are a couple of
minimal and?ﬁ%ximal quasisolutions of the initial value problem (1).
From the definition of the functions v*(¢) and w®(t) it follows that
the functions (9,w) are a couple of quasisolutions of the initial value
problem (1). Let u;,u; € S(v,w) be a couple of quasisolutions of (1).
From inequalities (14) it follows that there exists a positive integer
k such that v*=D(¢t) < u1(¢) < w* D) and v*D@) < uy(t) < w*D(@)
for ¢ € [—a,T]. Introduce the notation g;(t) = v(k) Uiy, J = 1,n. By
Lemma 1 the functions g;(t), j = 1, n are nonposmve ie. fu(k)(t) < up(t)
for t € [—a,T].

In an analogous way it is proved that the inequalities u;(¢) < w®@)
and v () < ua(t) < w®(t) hold for t € [—a,T], which shows that
the couple of functions (#,w) is a couple of minimal and maximal
quasisolutions of the initial value problem (1).

Let u(t) be a solution of (1) for which u € S(v,w). Consider the
couple of functions (u,u) which is a couple of quasisolutions of the
initial value problem (1). From the fact that the couple (7,%) is a
couple of miinimal and maximal quasisolutions of (1) it follows that
the inequalities 5(¢) < u(t) < w(t) hold for ¢t € [—a, T].
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THEOREM 2. Let the following conditions be satisfied:
1. Conditions 1, 2 and 3 of Theorem 1 hold. |

2. The following inequalities hold

(M; +N)HT <1, j=1,n.

Then there exist monotone sequences of functions {v®(¢)}$° and
{w(k)(t)}go, vO@) = v@), wO@) = w(t) which are uniformly convergent
in the interval [—q,T] and their limits &(t) = Jim v® () and
w(t) = klirgo w®(t) are a couple of minimal and maximal quasisolutions
of the initial value problem (1). Moreover, if u(¢) is a solution of (1)
such that u € S(v, w), then the inequalities #(t) < u(t) < w(t) hold for
t€l—a,T]

The proof of Theorem 2 is analogous to the proof of Theorem 1
using Lemma 2 instead of Lemma 1.
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