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COMPOSITION OPERATORS _
ON SUMMABLE FUNCTIONS SPACES

VIRGINIA DE CICCO - GIUSEPPE MARINO (Cosenza) (*)

A composition operator is a linear operator Cp on a subspace of
IKX by a point trasformation 7" on a set X (where IK denotes the scalar

field) by the formula
Crf(z) = foT(x).

We give some necessary and/or sufficient conditions under which
the map T induces a continuous composition operator on suitable

topological subspaces of summable functions of KX as LP or WP,

0. Introduction.

Let (X,S,m) be a measure space; We assume X is a standard
Borel space, i.e. X is isomorphic to a Borel subset of a complete
separable metric space and S is the o-algebra of Borel subsets of X.
The measure m will be finite or o-finite.

Let ¥ C X be a measurable subset of X and let T be a
measurable trasformation of Y into X, i.e. 7" is function 7 : Y — X

(*) Entrato in Redazione il 15-12-1988
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such that
T~YE)e S whenever E €S.

We define the linear operator Cr on the space of the measurable-

complex valued functions on X by

f(x) ifzeY

1 Crf(z): {
- 0 ifz gV

Cr is said composition operator.

Remark 1. We observe that Cr(f) =0 a.e. whenever f =0 a.e.
if and only if mT' <« m (e the measure m7T~! is absolutely
continuous with respect to m). : |

We can ask the following question:
Question: «Under what circumstance does Cr induce a bounded

operator on LP(m)?».
Thevcomplete answer is in the following two theorems:

THEOREM 1. ([11). Necessary and sufficient condition for a
measurable trasformation T to induce a bounded operator Cr on
LP(m) with 1 < p < oo, defined by (1), are:

@) mT!' < m;
(i1) the Radon-Nikodym derivative dmT~!/dm of mT~! with respect
to m is bounded.

In this case
10z 1r = lldmT" fdm| L7 m

Remark 2. We underline that if m7T~! « m, by using the
trasformation of integral formula

/ |f o T[Pdm = / |FIP(dmT !/ dm)dm
X X
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([1], pag. 38), one can deduce that the invariance of LP(m) with
respect to Cr implies the boundedness of Cr, i.e.

Cr(LP(m) C LP(m)
implies that there exists M > 0 such that

[|Cr fllee < M| f]|Le

From on, thus, we use indifferently

«T" induces an operator Cr on Lp(m)»

or
«T" induces a bounded operator Cr on LP(m)». o

THEOREM 2. ([2]). Are equivalent:
(a) T induces the bounded operator Cr on L>®(m).

(b) mT~!' < m.
(¢) T induces the bounded operator Cp on L°°(m) and ||Cr||r~ < 1M

In the section 2 of the present paper we give some partial
answers to the Question above with LP(m) substituted by the Sobolev |
space WP, whereas in the section 1 we obtain some little but nice

results concerning:
(a) the existence of an element in the point spectrum of Cr;

(b) a necessary and sufficient condition for ||Cr||» < 1;

(c) the injectivity of Cp.

1. Composition operators on L?(m).

Let (X,S,m), Y, T be as in the introduction and K =C. In this
section we assume that 7" induces the composition operator Cr on
LP(m). |
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(a) Existence of eigenvalues.

The following propositions give two conditions assuring that a
complex number A €C belongs to point spectrum of Cr on LP(m) with
1 < p<oo and L*®(m) respectively.

PROPOSITION 1. We assume that there exists a subset E of ¥
- with m(E) > 0 such that if Ey:=E, Epi :=T(E,) and E = U E,,
' neN

we have:

(i) T(CE) C CE;

(i1) m(Ey N Ey) =0 whenever h#k;
@) Y NP mEn) < 0o, A0

nelN
Then X belongs to point spectrum of Cr on LP(m) with 1 < p < oo.

Proof. If we define f, : X —C by

0 ifz¢ E
@) f3(@) = -
Mo if ¢ € Ey

then we have, (from (ii)), that f, is well defined; moreover it is
easy to verify, using (i), that Crfy, = Af,. It remains to show that
f» € LP(m). For this, we have

[ipkam= [15pam =5 [ 1npam =3 [ xpam=

X E neN YEn neIN YEx N
> NP m(E,) < (from (iii) < oo
nelN

PROPOSITION 2. Let T be such that induces composition operator
Cr on L*°(m). We assume that there exists a subset E of Y with
m(E) > 0 such that if Ey:=E, Eni =T(E,) and E := | | E,, we
nelN
have

i) T(CE) C CE;
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(i) m(Ey N Ey) =0 whenever h#k.

Then the spectrum =(Cr) of Cr is the complex unit ball
By ={MeC: |} <1}

Proof. From Theorem 2(c) we have w(Cr) C Bj. Since w(Cr) D
T0(Cr), where mo(Cr) denotes the closure of the point spectrum mo(Cy)
of Cr, it is enough to show that m(Cr) D {} €C:0 < || < 1}.
For this, let 0 < |\| < 1. Then, if we define f, as in (2), we have
Crfx=Xfx and fy € L*(m) m

EXAMPLE 1. Let X =R, Y = RY, § =Borel o-algebra, m-Lebesgue
measure. If t € IR* is fixed, we define T: Y — X by

T(x):=xz+t.

Then mT ! <« m and

1 ifz>t
(dmT'/dm)(z) = { |
0 ifz<t.
It follows that. ||Cr||» =1 for every 1 < p < co (on the other
hand, ||Cr||z~ =1 also). | . '
The hypotheses (i) and (ii) of Propositions 1. and 2 are verified
taking, for instance, E :=[t/2,t].
From m(E,) =t/2 for each n € N, it follows that (iii) of Proposition
1 is satisfied for every A with 0 < |A| < 1, in such a way that
m0(Cr) D {} €C :0 < |A\| < 1}. On the other hand, it is straighforward
to verify that no(Cr) = {\ : |A\] < 1} on LP(m) with 1 < p < 0o and
m0(Cr) = By on L*®(m), and so n(Cr) = B; on LP(m) with 1 < p < co. M

EXAMPLE 2. Let X =R =Y, S=Borel c-algebra, m-Lebesgue
measure. If t € IR™ is fixed, we define 7" : X — X by

z+t ifz>0
T(a:):={

z—t if z<O0.
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Then ||Cr||r» =1 for 1’g p < oo and one can use the Propositions
1 and 2 to see that m(Cr) = {)\ : |\ < 1} on LP(m),1 < p < oo,
70(Cr) = By on L*(m) and n(Cr) = B; for 1 < p < co. M

(b) Cr non-expansive.

We recall that a map f: Ny — N,, Nj, N, normed spaces, is said
non-expansive if ||f(z;) — f(z2)|| < ||z1 — 72||, VT1, 22 € N;. Of course a
composition operator Cr is non-expansive iff [|Cr|] < 1 and Theorem
2 affirm that any composition operatér in L°°(m) is non-expansive.
The following proposition characterizes the maps 7" for which Cr is
non-expansive on LP(m), 1 < p < oco. First, we need a definition.

With suggestive words, we can say that the map 7" : Y — X is
m-expansive if m(E) < m(T'(E)) for each ECY, E € S.

PROPOSITION 3. Let 1 < p < oo. Are equivalent:
@) ||Cr||r < 1;
(it) Cr is non-expansive on LP(m);
(iii) T is m-expansive
(iv) mT~L < m, i.e. m(T~(E)) < m(E) for each E € S.

Proof. We prove only (i) iff (iv).
Let ||Cr|[rr <1 and EC X, E € S. If m(E) = oo, we are done.
If m(E) < oo, then

mT_l(E) =/XT_1(E)dm=/]GTXE]pdm
X x
=ICrXgllZ, < ICrll:lIXElT < |XElf, = m(E).
Let now mT"! < m. We must to prove that

(%) ICr £l < || fl|e for each f € LP(m).

If f=Xg, m(E) < oo, then

G s, = / CrX glPdm = / Xo1gydm = mT\(E) < m(E) = [Xz|[,.
| X X
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At this point, the general case follows by standard arguments.@

(¢) Cr injective.
We say that T : Y — X is essentially surjective if m(X\T(Y)) = 0.
PROPOSITION 4. Cr is injective iff T is essentially surjective.

Proof. Sufficience. If X = T(Y)U A, where m(4) = 0, then
kerCr = {f € LP(m) : f/rw) =0} = {0}.
Necessity. Let

Xo={z e X: (me_l/dm)(cv) = 0}, LP(Xo) := {f € LP(m) :‘f(a:) =0
a.e. on X\Xo} and A(f) == {z € X : f(z)#0} for each f € LP(m).
Step 1. LP(Xo)={f € LP(m): (me‘l/dm)/A(f) =0 a.e.}.

Indeed,
LP(Xp)={f € LP(m) : f(z) =0 a.e. on X\ Xy} =

={fe€LP(m): A(H)H) C Xpae}=

= {f € LP(m) : (dmT ' /dm);a¢p) = 0 a.e.}.
Step 2. LP(Xy) =kerCp.

Let f € LP(Xyp). Then /'Iflp(d,mT_l/dm)dm =0 from step 1, and
X

é f o TPdm = é #1P o Tdm = L |FPdmT" =

o= / |F|IP(dmT ! /dm)dm = 0,
e |

S0

concluding that Cr = foT =0 a.e., i.e. f € kerCr.
Viceversa, let f € kerCr. Then foT =0 a.e., sothat 0=[foT|P =

|f|PoT, hence 0 = /[f[ponm = /]flp(me"l/dm)dm, from which
X x
(dmT~!/dm) a5y = 0 a.e. concluding that f € LP(X,) (step 1).
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Step 3. T essentially surjective.

If Cr is injective, then LP(X() = {0} (step 2), ie. f =0 a.e.
if (me_l/dm)/Am =0 a.e.. If follows that dmT~!/dm#0 ae., i.e.
m(Xo) =0.

At this point it is sufficient to prove that X \Xo =T(Y). Indeed,
X\Xo = A(dmT~'\dm) is contained in T(Y), since E C X\T'(Y)

implies 0 = mTY(E) = /(me“l/dm)dm and SO (me‘l/dm)/E = 0.1

2. Composition operators on WHP(]). .

- In this last section we label:
— I =]a, b[ bounded interval of R.
— m Lebesgue measure on ].
— T : I — I Borel trasformation such that m7T—! <« m (by Remark
1, §0, this last condition assures that Crf depends only on the
equivalence class of f).

— WY(I) = {f € LP(I) : 3f € LP(I) such that / fg'dm = — / Fgdm
I I

for each C*-function g with support in I}. A
For f € W'?(I) we write f = f'. The Sobolev space W'® endowed
with the norm ||f||y1e = [|f|le + |||l is a Banach space for
1 < p<oo.
- WoP(D) = {f € WP(I) : f(a) = f(b) = 0}.

Remark 1. It is well known (for instance see [3] Theorem VIII.
2) that if f € W'P(I), then there exists a unique function f € Cla, b]
such that f = f ae.on I; In this section with «f € W'P(I)» we
understand that f belongs to C[a, b]; this clarifies the above definition
of WyP(I). 8 |

Our purpose here is to give a kind of answer to question: «Under
what circumstances does 7" induce bounded composition operator on
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WLe(I)?».

The obtained results are very partial, but they are the first (that
we know!) in the literature on composition operators.

We begin observing that if 7" induces bounded Cr on LP(]), then
T not necessarily induces bounded Cr on WiP(I) and viceversa.

Indeed, if I =] —1,1{ and T : I — I is defined by

-z if <0
T(x) :={

z—1 ifz>0,

then mT~! < m and dmT~!/dm = 1, so that 7" induces bounded Cr
on LP(I) for 1 < p < oo, whereas 7" does not induce Cr on WIP(]): in
fact, as will see, if T induces Cr on WHP(I), then T'| € W'#(I), while
this is not the case here (see Remark 1).

Viceversa, let I =]0,1[ and T : I — I defined by 7'(z) := z%. Then
T does not induce Cr on L!(I). Neverthless 7" induces bounded Cyr
on WH(I) as one can see using Proposition 5 below.

Remark 2. Let 1 < p < co. Assume that Cr(WP(I)) C WIP(]).
Then T belongs to W1P(I). This result is peculiar of boundedness of
I:if I is unbounded and T is the identity fucntion on I, then T
induces the identity operator on W'P(I), but T ¢ Wl»(I). ]

PROPOSITION 1. Let 1 < py < oo. We suppose that T induces
bounded Cp on LP(I). Moreover we assume that T € W1H°(I). Then T
induces bounded Cr on W'P(I) for any 1 < p< oo

Proof. We observe first of all, that from hypothesis that 7" induces
Cr on L?"(I), it follows that 7" induces bounded Cp on LP(I) for
any 1 < p < co (Theorem 1, §0). Now, let f € WLP(I). Then from
WlP(I) C LP(I) and T € W'*°(I) C W'P(I), we have that the functions
foT and f'oT both belong to LP(I). Moreover, also (f' o T)T” belongs

to LP(I), since /](f’oT)T’Ipdm <Pl f oT|, < co. Finally, from
I

the fact that foT € W'P(I) for each f € W'P(I) and (foT) = (f o T)T"
([3], Theorem VIII. 6 and Corollary VIII.10), the claim follows. |
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For p = 0o, we obtain the stronger result:

/ PROPOSITION 2. T induces bounded Cr on W1*(I) if and only
if T € whee().

Proof. Let f € W!°(I). Then foT belongs to L>°(I). In order to
prove that foT € W1o(]), it is sufficient to show that there exists a
constant ¢ > 0 such that

(foT)z)— (foT)y)| < clz—y| ae on I,

and this is true since f and T both bel-ong to Wheo(D).
At this point the proof proceeds as the proof of Proposition 1
using Theorem 2, §0. o

Remark 3. In the hypotheses of Proposition 1 one has
NICrllwre < |Crl|e max(1, [|T7]| ).

Such inequality remains true also for p = oo.

The following proposition shows that the assumption of Proposition
1 is also necessary in order T" to induce bounded Cr; on WLP(]) if T
induces surjective Cr on LP(I).

PROPOSITION 3. Let 1 < p < oo. We suppose that T induces
bounded surjective Cr on LP(I). Then T induces bounded Cr on

w1 iff € whe(D).

Proof. By Proposition 2, it is sufficient to consider the case
1 <p<oo.

Sufficience. It is proved in Proposition 1.

Necessity. We assume that T' induces bounded Cr on WIP(I).
Then by Remark 2 we have T € W'P(]). It remains to show that
T € L*. Now, (foT) = (f'oT)T" belongs to LP(I) for every f € Wle(ry;
on the other hand, from Theorem VIIL2 of [3], we have that for
every h € LP(I) there exists f € W'P(I) such that f' = h. it follows
that for every h € LP(I) we have that (ho T)T" belongs to LP(I) also.
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From surjectivity of Cr on LP(I) one has that gT" belongs to LP(I)
for every g € LP(I) and this is sufficient to conclude 77 € L*®°(I) (see
[4], Theorem 20.15 for the case p =1 and its suitable modifications

for p > 1). - |
~ In the previous Propositions 1 and 3 we have supposed that
T induces Cr on LP(I). The next two Propositions use not such

hypothesis.

First, we give a remark.

Remark 4. Let T : I — I be absolutely continuous and strictly
monotone. Then f o7 is absolutely continuous for each f absolutely
continuous (routine calculation). -]

PROPOSITION 4. We assume that:
@) T € Whee(D);
(i) T strictly monotone. |
Then T induces bounded Cr on W1P(I) for every 1 < p < oo.

Proof. Let T strictly increasing (analogously we proceed if T
strictly decreasing). We can assume 1 < p < oo, since for p = co the
claim is contained in Proposition 2.

First, we observe that (i) and (ii) imply
) T'@)P < T'@|| TP

As in the proof of Proposition 1 we have Cr(W1P(D)) C Whe().
For the boundedness, we use the fact that for each to € I fixed,
we have that

11l 2= £ + 1110

is a norm on W!P(]) equivalent to usual norm Il |lwre and the
equivalence is independent from ¢y, i.e. there exist two positive
constants H, K such that for every to € I one has

Hi[ oo < [Hlwre < K] ]zo
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(this is a routine calculation). Hence

ICr fllwre = 1f © Tllwre < K(FT )] +[[(f" 0 TIT|1#) <

< K(F@ o) + 171821 £ o).
So, if ||T"||L~ > 1, it results
1Cr fllws < KINT||E YPA AT G|+ 11F]00) <

< &/ ETNE2)| fllws,

whereas, if ||T”]|~ < 1, then
|Cr fllwre < (K/H)||f|lwe

in such a way that ||Cr||p1» < (K/H)max(1, HT’]]%’;D/”) -
For p =1 the hypotheses of Proposition 4 can be weakened.

PROPOSITION 5. We assume T € Wh'(I) and T strictly monotone.
Then T' induces bounded Cr on WLi(D).

Proof. The fact that f o T € WH(I) whenever f € Wh(I) is the
content of Remark 4. We show that Cr is bounded, following the
broad outlines of proof Proposition 4:

||Cr fllwa < K(|f(T(to))| +/|(f’ o T)T"|dm) = (Theorem 3 of [6]) =
I .

= K(|f(T(to))| + / |f'ldm) < K(f@¢Eo)| + |1/ |lr) <

(D)
< (KE/H)\||f|lwra | u

The following is the main result of this section.

THEOREM 6. Let 1 < p < co. We assume:
(i) T induces bounded Crp on W1P(I);
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(i) T' > 0.

Then T € W heo(].

Proof. We can assume 1 < p < oo since for p = oo the claim is
contained in Proposition 2.

To prove T' € WLo(]) it is enough to show 77 € L®, because we
know already that T" € L™ (see [3], Theorem VIIL.7).

Step 1. There exists a constant ¢ > 0 such that
3) (f o TY|e < c||f]]Le-

First of all,

I o T |lze < NCrfllwre < NICrllwrel | fllwre <
4) | |
< Crltwr K| flleo = IOl lwro K (|f T0)] + || £']]#)

where ty is a fixed point in I.

We begin proving that (3) holds if / fdm = 0.
| I
Indeed, let f € WLP(I) be a continuous function such that

/ fdm = 0. Then for the Media Theorem there exists ¢y € I such that
I

f(to) = 0 and so (3) follows by (4). Let now f € W'P(I) be a continuous
function. Then there exists a constant A and a continuous function g

such that /gdm=0 and f=g+A (A=,/fdm andg=f—/fdm).
I » I

Then !
fl=¢ and (foT) = (goT)

and so (3) follows by (4).

Step 2. T' € L*°().
‘ ‘We write (3) as

5) / I(f o TYT'Pdm < @ / 7' [Pdm.

I I



16 VIRGINIA DE CICCO - GIUSEPPE MARINO

‘Now, for every g € LP(I) there exists f € W'P(I) such that f/ =g
([3], Lemma VIIL.2); from this and (5) we obtain that for every

g € LP(D),
(6) | /](g o TT'[Pdm < cp/|g|pdm.
T T

For any measurable set A C T'(I) the characteristic function X A
belongs to LP(I) so that (6) gives

/I(XA o T)T'Pdm < CP/IXAIPdm,
. A

i.e.

) / (T Pdm < Pm(A).
Lo _

Now, from the hypothesis 7V > 0 and from the fact that
T(x)—-T(y) = / T'dm, z,y € I ([3], theorem VIII.2), we have that T

is strictly 1ncreasmg, SO we write
TP =TP T = (T o T o TP 1T,

We note that T° absolutely continuous and strictly increasing
implies that 77! is absolutely continuous also and

. (T——l)/ — 1/(T/ o T_l),

so that from [6], Corollary 6, it follows that if we define f := Xq1(4 |77,
then (f o T™1)1/(T" o T7!) is a summable function and the change of
variables formula holds:

(foT_l)l/(T’oT‘l)dm=/fdm.
H I
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Then

[rrroram= [@rt o T/ o T am =
A . - YA

/(T’P o T™H1/(T o T Hdm =
A

= (foT‘l)l/(T’oT“l)dm=/fdm=
: I

(D

= / T/?dm < Pm(A)
T-1(A)
i.e.
(8) f TP o T dm < Pm(A).
A
At this point we recall that if fis a summable function such

that /fdm < Lm(A) for each measurable set A C 7°(I), then f < L
a.e. on 7'(I). From (8) we obtain thus

IT" o T P 1< P ae. on T(),

from which
T oT ' < cP/® D ge on T,

i.e. there exists a Borel set N C T'(I) such that m(N) =0 and

T oT My < PPV if y¢ N,

i.e.
T'(z) < PPV if e \T'(V).
On the other hand m(T""'(N)) = 0 since m(N) =0 and 7! is
absolutely continuous; so finally we conclude 77 € L>®(]) ’ ]

Remark 5. The claim of previous theorem is not true if p = 1.
Indeed if I —]O 1[, then the transformation T(z) = 27 induces bounded
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composition operator on W1 !(I) because T is absolutely continuous and
- strictly increasing (Proposition 5), neverthless 77 ¢ L°(I). Moreover
for each 1 < p < oo, if f(z) = 22¢V/?, then f € W), but
(f o T)(z) = @ V/P ¢ Wlr(]), so that T induces not Cr on WLP(I) (of
course this follows from Theorem 6 also for the case p = o). ||

We give at last a necessary and sufficient condition under which
W, ?(I) is invariant for Cr.

PROPOSITION 7. Let T bé to induce bounded Cr on WLr(D),
1< p< oo Then

Cr(WeP(D) C WEP) iff T({a,b}) C {a,b}.

Prbof. Necessity. For absurd, let T'(a) € I (analogously we proceed
if 7°(b) € I). Then there exists ¢ > 0 such that J :=]T(a)—¢, T'(a)+€[C I.
We define the function v : I — R by

e~ V/E—@-T@M+/e  if eJ
Uz) :=

0 ifx & J.

Then v is a C!-function with support in I, so that u € WOI P,
while u(T'(a)) = 1, in such a way that Cru ¢ W, P(I).
Sufficience. Trivial. : |
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