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LOCAL DIFFERENTIABILITY FOR THE SOLUTIONS
TO BASIC SYSTEMS OF HIGHER ORDER

ROBERTO AMATO (Messina) (*) (**)

In this paper we show a local differenziability result and a
fundamental estimate for the solutions to non linear basic systems of
higher order. '

These results are preliminary to the study of the quasi-holder
continuity for non linear parabolic systems of higher order.

1. Introduction.

Let ©Q be a bounded open subset of IR", with n > 1 whose
boundary is sufficiently smooth; let z be a point of R", t € R and
X = (z,t) a point of R® x R. Let N be a integer > 1, () and || - ||«
the scalar product and the norm in IR* respectively.

If T is a positive number we set @ = Q x (—T°,0) and we define

B, 0)={z € R*: ||z — 2| < 0}

Q(Xo,0) = B(z®, 0) x (to — *™, t0)

*) Entrato in Redazione il 16 novembre 1988
(**) Work supported by M.P.I.
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where X = (CEO, to).
Moreover we say that Q(X,, o) Q if
B, o) Q and o™ < to+T < T.
Let o = (ay, @3,...,0,) be a multindex and o] =1 +an+...+ay;

we denote by X, R* and R/ respectively the cartesian products

I[] R, [ ®BY and T RY, while p = {p*}aicm» P* = {0 Hajcm-—1

jal<m  Jaf<m—1 |a}=m

and p' = {p*} 4j=m, p* € RY, are respectively points of X, R* and R’
| If u:Q — R", we set
Du = {DaU}Ialsm, bu = {.DQU}IaISmH].
D®y = {D%}ojk k=1,...,m

Let A*(p) |a] = m be vectors of RN defined in R/, continuous in

¢’ and such that

A*0) =0 |o| =
we shall call «basic system» the non linear differential system
ou
_ a garmy(m) uthed
(1.1) Eou—(—l)m’zl; D*A(D™u)+ == = 0.

We suppose that the vectors p’ — A%(p') are differentiable with
[¢

derivatives —Ziﬁ, la| =Bl =m, k=1,2,...,N continuous in p’ and
P

bounded in ®':

N 2N 1/2
OA¥ '
(1.2) DD E <M wer,
h,k=1 Ial:m lﬂl:m ap[c
then if we denote by A,z = {A%} ‘with Agg(p/) =/ 5/16 (TP) dr,
0 pk

thanks to the fact that A%(0) =0, we have

N 0A¢ (T )
a3 S A = / 353 S far =

k=1 |gj=m k=1 |gl=m

_ [ OARTED b ey
—4 LT 4 = 450
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and therefore
A%p) =) Awp@)p’
|Bl=m

and

0 Bu= " Y DAgp(D™uDful+ 2L

t
|er|=m |Bl=m o

We also suppose that the operator Ej is strongly parabolic in the
following sense: there exists v > 0 such that

N

(1.5) ISP IE- aAh E;‘ffk > vy llEsIP

hk=1|a|=m |Bl=m |oel=m

for every p’ € R/ and for any system {{*} 4= of vectors of RV,
Hk?(Q, RY) and Hé“’p(Q, RY), k integer > 0, and p > 1, are the
usual Sobolev space of the vectors u : Q — RY; if p =2 we shall
simply write H* and H¥ respectively.
If w € H*(Q,RY), 1 < p < +oo, we define

' p/2 1/p
wesa =1 [ | SID%P | do
Q |a|=k
p/2 1/p
lullpa=1 [ | S 10%P | da
Q\|ol<k

that, if p =2 we shall simply write |- | and || - || respectively.

The object of the present work is to show a result of a local
differentiability for the solutions to basic systems of higher order
similar to ones obtained in [2]. Such result has value in itself and
together with the ones demonstrated in [1] will be able to achieve
further regularity results for the solutions of nonlinear parabolic
system of higher order of general type.
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We also observe that our result cannot obtained as a particular
case of the results shown in [4], because we do not require that the
solutions to the basic systems belong to C™ 12(Q,RY), 0 < X < 1. In
fact the type of solution that we consider for the basic systems is
the following: a vector u € L?(—T,0, H ”‘(Q RY)) is a solution of the
system (1.1) if it results

Op
o (m) o . -
(1.6) /Q Ia%:m(A (D™ uw)| D%p) <u o > dX =0

Yo € L3*(=T,0, Hf(Q, RY) N HY(—T,0,L2(Q, RY)) : o(z,-T) =
o(z,0)=01in Q. .

Particularly by our result is useful to achieve a fundamental
estimate (see sect. n. 3) which plays an important role in the regularity

theory.

2. Local differentiability for the basic systems.

In this section we show a results of local differentiability for the
solutions to basic systems similar to the ones obtained in [2].

The following theorem holds:

THEOREM 2.1. Let u € L*(—T,0, H™(Q, RY)) be a solution of the
system

. ou |
2.1 —1)™ Y D*AYD™u)+ — = 0;
2.1) (-1 Ial:mD (D"™u) + o
then it exists

D e LE.(Q,RY), Va:l|a|=m+1,
and VB(®,20)C Q, V2a € (0,T) we have:

2.2) / dt / > |ID%u|lPdz <
a B

(2°,0) |aj=m+1
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1 1
<y, M) Z (a(l“ﬂi) +O_2m(1~1-°‘—17;—1))-

O<al<m ™

0 L
- / dt / D%l PdX.
—2a B(z?20)

Proof. To achieve this result let us assume in (1.6), as test
- function, the function ¢ constructed in the following way:

let ¥(z) € C§°(IR™) be a function with the following properties

/3
0<9<1, ¢=1€cinB(), ¢=0inR"\B <§a>

DM < co P vy
where for the sake of brevity we set B(z?, o) = B(c)

Let py(t), with p integer > 2/a, 2a € (0,7, be a function: defined

in IR as follows
( pp®) =1 if—a<t<-2/p

pp(t) =0 if t > —1/port<—2a
< | e
t . . ..
pp(t) = —+2 if —2a <t < —a
Q

Lo =—(@t+1) if —2/p <t < ~1/p.
Let {gs(t)} be a sequence of symmetric molliflying functions such

that _
( gs(t) € C(())O(IR); gs(t) > O‘gs(t) = gs(—t)

J supp 9s@) C [—1/s,1/s]

/ gs()dt = 1
\ YIR

Then for every p > 2/a, Vs > max {'p, T—Za} and for ‘|h| < 5

we consider the function

2.3) 0 = 7 {920, [(ppTs 1) % g51)
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where ,
T, 1t = u(z + he', t) — u(z,t), rinteger, 1 <7 < n,

and, setting (2.3) in (1.6), we obtain:

@4 f 57 (R p A% (D™ W) D™ pylpy ) * g,1))AX =
Q

|al=m

| = /(Tr,hUlﬁzm{ﬁp[(ppTr,hu) * gs]}l)dX
Q

Let us set

1
A2(D™y + n7, , D™
Aop = (AT} with Agfﬂ=/ 0A%( ua ﬁ'rIT,h U)dn
0 Ds

and let us observe that

1
DA*(D™y + n, , D™
Z AaﬂTr,hDﬂu =/ E ( ua ﬂﬂ ik v) Trr,hDﬁ'u,d?'] =
Bl=m 0 |gl=m P

/1 OA*(D'™y + 7, , D™q) P
0

_ -
= AYD™y(z + he", 1)) — AYD™u(z,1)) =

= 7, , A*(D™u(z, 1));

and therefore we have

(2.5) T hAX(Du) = Y™ Aupr i DPu.
|Bl=m

Taking into account that in virtue of symmetry of g;(t) it results

- @.6) / sl 2™ 0y pyits) % g1 )X =0,
Q
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from (2.4), (2.5) and (2.6), we obtain

(2.7) / P> (AappoTr s DPul(ppmraD*u) % g )d X +
Q |a|=m |Bl=m

+ / 9™ D > AapppnDPul Y Con(ppmaDu) + ga)dX =
Q

laf=m |8]=m T<a

= /192mp;(7,,hul(ppn,hu) * gg)dX
9]

where Cay(¥) are suitable function such that

D™ po[(ppTr ) * 951} = 7™ ppl(0p T D%u) * g1+

+'L9mpp Z Oafy(ﬂ)[(ppTr,thu) * gs]

<o -

and
|Cary(®)] < cal=™.

It is well known that if s — +oo it results
(ppTrptt) ¥ gs — ppTopu  in  LA(=T,0, H™(Q, RY)),

therefore from (2.7), taking the limit for s — +co, we obtain

(2.8) / P> (AapppTrp DPul ppT hD*w)d X +
| Q

|a|=m |B|=m

e[S  GugpraD ol a5 -
Q

la|=m |Bl=m <o

=/02mp;(Tr,hu|ppTr,hu)dX.
Q
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By the ellipticity condition and Holder inequality, for every ¢ > 0,
(2.8) becomes

v / 702 S [l aDulPdX < e / 20" 5 [l DulPdX +
Q

lo}=m - Q |at|l=mn

+c(e, M) / P2 3 [Cay@)||mp D7ulPd X +

Ial:m <o

+ [ 7 ol P,
Q |

At last, since it results
<0 fort > -2/p
PpPp 4 =0 for t < —2a and for —a <t < —2/p
<1/a for —2a <t < —a

for ¢ sufficiently small we obtain

—'2/19 c(u)
/ z ||75-n D%u|dz < == / |75 p | | d+
—a B(30)

B(0) |a|=m
c(v, M) )
YT LD [ e
laj=m ’7<a —2a B %O’)

and taking the limit for p — co we have

/_j /( > llmaD%|fPdz < = C(V) | t/ |7 pulPda+

B(0) |aj=m ~2a  “B(30)

0
c(v, M _—
ISy é Dl
a IU

Jo=m 7<a
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Applying the lemma 3.VI of [3], Chap. I, we obtain

9 A0
/ dt Z |17 D%u|[*dz < c(u)l—h—l—/ dt/ || DWu|[*dz+
@ Lo YBQo)

B(o) lal=m
lhlzc(u M) o (12
+ E Sm e dt/ [ D%u|[*dz
0<|al<m —2a  YB(20)

and by means of well known result (see theorem 3.X of [3] Chap D
we get that it exists D% € L%(B(0) x (—a,0), RY), Vo : [af = m + 1,
and that the inequality holds: :

0
/ dt / S [ID%u|Pde < 22 ) dt / 1 DD u|Pdz+
< B ' ¢ Lo JBoo) |

(o) |ot]=m+1
c(v, M) N
* E o 2(m— |o4+1)/ dt/ |1D%ul|"dz
0<|a<m 2a B(20)

from which (2.2) follows.

3. A fundamental estimate.

We may use theorem: 2.1 to give a foundamental estimate. In
fact the following result holh:

THEOREM 3.1. Let u € L*(—-T,0, H™(Q,RY)) be a solution of the

system
1 1™ @ pe D<m> =0.
(3.1) (-1 %;D ( >+ t,

Then there exists an ¢ € (0,1) such that VQ(Xo,0)T Q and
VX € (0, 1):

(3.2) / > IDulPdx < c(, MONET2™).
Q( ,

X0,A9) |aj=m+1
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[ 3 worulpax.
QX

0,(7) ]a]=m+1

Proof. Let us choose in (1.6) ¢ = Ds¢, s = 1,...,n with
Y € C§(Q(Xo, o), RY). We obtain

f > (DSAO‘(D(m)u)|D“¢) - <Dsu|%’b—> dX =0
Q(X0,9) |af=m t

and, taking into account that it results

o (m)
(3.4) Aa(DWu)—Z s ST by,
k=1 |Bl=m 3Pk

we also have

31/1
(m) B o —
(3-5)4( L { E E (Aap(D"™u)D Dsu|D%Y) — <Dsu|-———-§t >} dX =0

lal=m |Bl=m
Vip € CP(Q(Xo,0),RY)and s =1,2,...,n,
with

0A; ()
{ hk hk /1 h
op = (Anp), Agp@) = :

R ™
Setting '

U=DWy

Agp(D™yy © 0 0
Aup(D™u) = 0 S 0 n? blocks
0 D0 1 Au(DM™y)

from theorem 2.1 it follows that U € L%(tg— o™, to, H™(B(z?, o), R™V))
and in viertue of (3.5) we have:

(3.6) / {Z > (Aap(D™u)DPU | D) — < |3¢>} dX
Q(Xo,0)

|a|=m |Bl=m

VY € CF(Q(Xo,0), R™).
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Because A,3(p') are nN x nN matrices bounded and elliptic we
can apply the theorem (2.1) of [1] that ensures the estimate

a)

/ |ID™U|*dX < (v, M)NETEm™ / I|ID™U|PdX
Qo) Q(

and so the assert is achieved.
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