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SOME FUNCTION SPACES AND ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

PIETRO ZAMBONI (Messina) (*)

In this paper we compare some function spaces which are relevant
to the inequality

/If]uzda: < K/IVu[zda: Yu € Cg°(IR™)

An unique continuation result for nonnegative solution of elliptic PD.E.’s
is also proved.

1. Introduction and preliminary results.

The purpose of this paper is to compare some function spaces
which have been introduced by various Authors in connection with

the inequality:

(1.1) /|f|u2da: < K/IVu|2dm Yu € CP(R™)

(*) Entrato in Redazione il 16 gennaio 1989
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As an application we will extend a unique continuation result for
nonnegative solutions of an elliptic second order operator originally
proven in [4].

The equation we consider is of the form

(1.2) Lu = —(aijug,)s; + bitg, + cu

where: a;;(z) = aji(z) (,7 = 1,2,...,n) are bounded measurable
functions in Q, an open connected subset of R™. We assume the
ellipticity condition

(1.3) v < aip(n)éity < vigl?

to hold for some v > 0, V¢ € R", a.e. in Q.
To introduce the assumptions on the low order terms and the
notion of solution of (1.2) we need some definitions.

Let, for f € L (R"), £ >0,
n(f;e) = sup / —%dy.
z€lR™ Jz_y|<e |z —y|
We set
S ={f € Ljpc(R™ : n(f;€) < +oo for & > 0 and n(f;¢) \, 0 as £ \, 0}

S ={f € L{,c(R™) : 1(f; &) is finite Veo > 0}

Also given r € J 1, g-], we set

1

Fr={f € Ljp(R™) : (/Iflrdw> < CalB|™*
B

for any ball B with radius less then gy > 0 and some positive constant
Ceo } (). | ‘
(') Here |B| is the measure of B and
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The class S is a slight variant of the usual Stummel - Kato
class S (see [1], [11], [12]) while F, is a class slightly larger then
the Fefferman - Phong class (see [2] and [7] where C,, is substituted
with a fixed C > 0). '

To assume f € S or f € F, is sufficient for the inequality (1.1) to
hold with a constant dependent only on the support of u (see [2], [3],
[7], for the case f € F, and the following Lemma 3 for f € .

Coming back to equation (1.2) we assume either

(1.4) | b?, c € F,

(1.4) b2, ce S

As customary we say that u belongs to H*(Q) [H],. ()] if u and
- Ou
0x;

c LXQ) [L2 ()], i=1,...,n

loc
We say that u € Hlloc(Q) is a local weak solution of the equation

Lu=0
if
(1.5) /(auuz;wz,- +bitis, p+ cup)dzs =0 Vo € H'(Q), suppp CC Q
Q
Using Holder inequality is immediately seen that (1.2) is
meaningful because our assumptions (1.4) or (1.4).
To state our main result we need one more definition.

Let w € L .(Q), w > 0 ae. in Q. We say that w has a zero of
infinite order at o € Q if

w(z)dz
lim, o B =0 Vk>0 ()

(®) Asusual By(zo) = {z : |z — 0| < 0}
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The following lemma is well known (see [8]).

LEMMA 1. Let w € L{ (), w > 0 a.e. in Q, w %0,

Assume that

HC>O:/
B

20(370)

w(z)dz < C/ w(z)dzx VYo >0
BU‘(IO)
Then w(z) has no zero of infinite order in Q.

Our main result is the following

THEOREM 1. Let v € H'(Q), u >0, u % 0, a solution of Lu =0
with assumptions (1.3) and (1.4) or (1.3) and (1.4)’

Then u has no zero of infinite order in Q.

The proof of this theorem will be given in Section 2.

Some comments are now in order. Theorem 1 improves the result
in [4] in two directions. First: [4] assumes b; = 0; second, and more
important, there are functions in both the classes F, and S which do
not belong to L) (which is the assumption of [4] on the potential
term c). These examples will be discussed in a moment. First let us
recall the definition of the classical Morrey space LPM(R™) p > 1,
O0< A< m

0<e<eo \ zelR™ &7

Lp"\(lR")={f € LfOC(IR”) : sup (sup %/ [f(y)[%y)zl:: Ce, <+oo}.
z Be(x)

Now it is easy to see that F, = ["n2r GLY™2 vr > 1 (see [10)).
Also, by Holder’s inequality, FTgFT1 if r > r;. Concerning the S
and S class we have:

LEMMA2. L'*cScSc L2 x>n_2

Proof. For the inclusion L!* C S see [6].

G fELI® & M{|f] > \}| < C for some constant C' > 0, and V) €
10, +oo]
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Clearly S is contained in S.
To prove the final inclusion we consider f € S and a ball B.(zo)
centered at zo with radius € < gy. Then

1
n_z/ | f(W)|dy S/ _If(y—)L_zdy <
£ Be(zo) o yl

|zo—y|<e |zo
< sup / lf(y)ln_2 dy =
ToER™ |z0—y|<e ICUO - yl

=77(f;5)<77(f;50)=050 _

Given this just recall the well known fact (see [10]) that for each
Morrey space LP* (p > 1,0 < X\ < m) it is possible to find a function
f € LP* such that f ¢ L? Vg > p.

This remark and the above recalled inclusions of Morrey spaces
in S show that there are functions in F, (taking r small enough) and
in § which do not belong to LZ2-°.

For the sake of completeness we give a proof of inequality (1.1)
assuming f € S (a case which, as for as we know, has not been

considered in the literature).

LEMMA 3. Let f € S. Then for any vy > 0 it exists a positive
constant C,, depending only on n(f;ro) and n such that

|f|u2dz < Cry / Vulds

R"
for any u € C§°(R") supported in By,

Proof. Let u € Cg°(R™). Consider

/ |lutda = / flutdz < C / F@u@)| / U =
R" B, Br, Br, |z —y]

=c/< Mdm) Vu()lds <
B,, \’B

|IL’ — y‘n—l
0

rop—

1

3 2
<C / [Vu(y)*dy / / de dy
Bry B.,, \’B |z —yl?

0
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/

0]

We also have:

( @) dw) <

Br, |z —y|*!

@l lf(iv)luz(a:) _
<[ (L) ([ f2e) o
J E ,M)dng

[ | f(@)]u*(2)] - — | dzdz <
JRr lm -yl ,z vl

i

[f)] | f(2)]|u*(z)] (

TO

/ '0
'éro Bro

<C, / [f ()] | F(@)|u*(z) ——— ~dzdz =

B, |z — z[m2

|f(z _ @ 2
=C, (@)|u“(z)dz <
Bro </ ln_ ) ,f l a

"0

< Cun(f; 7“0)/ lf(z)luz(m)di.
By,

Hence:

/ | Flu*dz < Cun(f; o) (Vul?dzs
IR* R"

2. Proof of Theorem. 1.

Following the «central» step in the Moser’s proof of Harnack
inequality we use equation (1.2) (obviously intended in the weak
form) taking as a test function a2u~!(*) where « ¢ C§(Q).

We obtain

2ozozmju — a?‘umj a? o?
Q7 Uy, +bitg—+cu— | dz =0
J 1 2 s
o U

U U

(*) In fact we should substitute to u in our argument, u + £ (¢ > 0), which is
positive in £ and after obtaining estimates independent of € go to the limit as

e\, 0.
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and after some standard calculations

) | |
u/o:zﬂdm gu_ls/Cylelog u|*da+
Q u Q
(1.5) )
+u_1K(8)/[Va|2dz+/[b¢umig—[dx+/|c,oz2dm.
Q Q u Q

(e > 0, K(e) a positive constant delpen‘ding" only on g).

We now majorize the last two terms using (1.4) or (1.4).

1 1
2 2 7
/lbiuzig—ldm < (/aZIVIOg u[zda:) (/b?ofda:) <
Q u Q \Ya |

I
2

» 3
< K (b, suppc) ( / a2|v1ogu|2dx> ( / Ichzlda:> ;
Q Q L

/lc’azdz < K{(c; suppa)/]Va]zdw.f
Q Q

Introducing these in (1.5) we obtain
/a2|\710g u|?dz < K (v, b, c, suppa, n)/lVd[zdm.
Q Q .

Finally we fiw ¢ € Q, a cube Qg centered at z;, and such that
the concentric cube with double side length Q) is stilli contained in Q.

Then we consider any subcube Q, of Qo, and an a(z) € O(Qar)
(where ()2, is the cube concentric with @, but having double side
lenght) such that =1 in Q, and |Val < E

With this choise of o we obtain "

|Vilogul’ds < K(v,b,c,Q1,myr™>
Q.
and by the Poincare inequality and the John - Nirenberg Lemma

we deduce (as in [9]) that log u €B.M.O.(Qo). This in turn implies
u® € A, for some § > 0. Now it is well known (see [5]) that A, implies
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the doubling property for u® (i.e. the assumption of Lemma 1) and
the conclusion follows for 4% and hence also for v.

REFERENCES

[1] Aizenman M., Simon B., Brownian motion and Harnack inequality
for Schrodinger operators, Comm. Pure Appl. Math., 35 (1982), n. 2,
209-273.

[2] Chang S., Wilson dJ., Wolf T., Some weighted norm inequalities concerning
the Schriodinger operators, Comment. Math. Elvetici, 60 (1985), 217-246.

[3] Chiarenza F., Frasca M., A remark on a paper by C. Fefferman, to
appear in Proc AM.S..

[4] Chiarenza F., Garofalo N., Unique continuation for non-negative solutions
of Schridinger operators, Institute for Mathematics and its Applications,
University of Minnesota, Preprint Series n. 122 (1984).

[5] Coifman R.R., Fefferman C., Weighted norm inequalities for maximal
functions and singular integrals, Studia Math., vol. 51 (1974), 241-250.

[6] Di Fazio G., Hoélder continuity of solutions for some Schridinger
equations, Rend. Sem. Mat. Univ. Padova, vol. 79 (1988), 173-183.

[7] Fefferman C., The uncertainty principle, Bull. Amer. Math. Soc. (N.S.) 9
(1983), 129-206.

[8] Giaquinta M., Multiple integrals in the calculus of variations and
nonlinear and nonlinear elliptic systems, Annals of Math. Studies, n.
105, Princeton Univ. Press (1983).

[9] Moser J., On Harnack’s theorem for elliptic differential equations, Comm.
Pure Appl. Math., vol. XIV (1961), 577-591.

[10] Piccinini L., Inclusioni tra spazi di Morrey, Boll. Un. Mat. Ital. (4) 2
(1969), 95-99.

[11] Schechter M., Imbedding estimates involving new norms and applzcatzons
Bull. Amer. Math. Soc; (N.S.) 11 (1984), 163-166.

[12] Schechter M., Spectra of partial differential operators, North - Holland,
1986.

Universita di Messina
Dipartimento di Matematica
Contrada Papardo

98010 S. Agata (Messina)



