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SECOND ORDER EVOLUTION INCLUSIONS GOVERNED
BY SWEEPING PROCESS IN BANACH SPACES

A. G.IBRAHIM - F. A. ALADSANI

In this paper we prove two existence theorems concerning the ex-
istence of solutions for second order evolution inclusions governed by
sweeping process with closed convex sets depending on time and state
in Banach spaces. This work extends some recent existence theorems
cncerning sweeping process from Hilbert spaces to Banach spaces.

1. Introduction

Differential inclusions represent a relevant generalization of differential equa-
tions. Moreover, it has several applications in different branches of mathemat-
ical sciences such as Control Theory Viscosity, Optimization and Mechanical
problems (see [3,11]).

In his leading paper, Moreau [17] proposed and studied the following evo-
lution inclusion (differential inclusion) governed by sweeping process of first
order:

—u/(t) € Ney(u(t)) ae. on I =[0,T],
Q { u(0) = up. v
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where C is a set-valued function from the interval / to the family of non empty
closed convex subsets of a Hilbert space H and N¢;(u(t)) is the normal cone
of the subset C(7) at the point u(t).

Since then, an important improvements have been developed by weakening
assumptions in order to obtain the most general result of existence for sweeping
process. For these results, we refer to [4,5,6,7,8,9,10,14,18,19].

To the best of our knowledge, except a recent Ph.D. thesis [2], all previous
results concerning the existence of solutions for sweeping process were consid-
ered in Hilbert spaces.

Our aim in the present paper is to extend some existence theorems concern-
ing sweeping process from Hilbert spaces to Banach spaces. More precisely, we
prove, via discretization technique [9,10], the existence of solutions for the fol-
lowing two second order evolution inclusions problems governed by sweeping
process in Banach spaces:

Problem (P).
Find two continuous functions u : [0,7] — X and v : [0,T] — X such that

' v(t)=b+ }u(s)ds, Viel,
0
u(t) € C(t,v(t)), vt €1,
(Py) < u(t)=J*(u*(t)), vt €[0,T],

Where C is a set-valued function defined from [0,7] x X to the family
of non empty closed convex subsets of a separable p—uniformly convex and
g—uniformly smooth Banach space X, (p, ¢ > 1), J is the normalized duality
mapping, Ne(»)(y) is the normal cone of the set C(t,x) at the point y and a, b
are two given points in X such that a € C(0,b). The set valued function F is an
upper semi continuous defined from [0,7] x X x X to the family of non empty
convex weakly compact sets of the topological dual space X* of X such that

F(t,x,y) C (1+||x|| +|y||)Bx+,¥(t,x,y) € [0,T [xX x X. (1.1)

Problem (P5).
Let z, w be two continuous functions defined from [—r,0] to a separable
p—uniformly convex and g—uniformly smooth Banach space X, (p, ¢ > 1).
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Find two continuous functions u : [—r,T] — X andv:[—r,T] — X such that

v(t):z(t), te [—n0);v(r) = z(O)—i—ffu(s)ds,Vte[O,T],
0
u(t) € C(t,v(r)), vt €10,T],
by ] WO =T (0). 1€ [rT),
) wt(n) =J(w()), Vtte[ 70],
u*(r) =J(w(0 ))+£(u*)’(s)ds,w€ [0,T],
L —(w*) (1) € New(e)) (u(t)) + G(t,T(t)v, T(t)u), for a.e. on [0,T].

Where G is a set-valued function defined from [0, 7] x Cx ([—r,0]) x Cx ([—r,0])
to the family of all non empty convex weakly compact subsets of X *such that

G(t.£.8) € (1+[|F(O)]| +[[8(0)] DB 12
V(t,f,g)E[O,T[XCX([—I’,O])XCX([—}’,O]) ‘

and for each r € [0,T], ©(r) : Cx([-r,0]) — Cx([0,T]), (t(t)g)(s) = g(s +
1),Vs € [—r,0].

We note that if X is a Hilbert space, then J is equal to the identity operator
on X and X is 2-uniformly convex and 2-uniformly smooth Banach space. So,
if X is a Hilbert space, then Problem (P;) takes the form:

u(s)ds, vt € I =[0,T],

(1)), vVt €1,

u'(s)ds,Vt €1,

—u/(t) € Neqog)) (u(t)) + F(t,u(t),v(t)), ae. fort € 1.

Then, Problem (P) extends problem (Q;), which was studied in Prop. 4.2
([9]), from Hilbert spaces to Banach spaces.

Moreover, Al-yusof [2] proved in Th. 2.2.3 the existence of solutions of the
second order sweeping process :

Q1)
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J(v(t))=J(b)+ }J(u(s))ds, Vi el,

(Qo)q u(t) € C(v(1)), VfEI u(0) = uo,
—(J(u))'(1) € Negy) (u(®)) + F (,J(v(1)), ] (u(?)))
+G(t,J(v(1)),J (u (t)) a.e. forr €1.

Where C is a set-valued function defined from a closed neighborhood of a
given point b in a separable p—uniformly convex and g—uniformly smooth Ba-
nach space X and taking a closed convex values in X and F is a set-valued
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function defined from [0,00 [xX* x X*, taking convex weakly compact val-
ues in the topological dual,X*, of X and scalarly upper semi continuous on
the set [0, Y] x {J(x) x J(y) : y € C(x)}, for some positive constant v and / .
The set valued G is a uniformly continuous set-valued function defined from
[0,00 [xX* x X*and taking non empty compact values in the topological dual,
X*, of X and such that

F(t,x,) € (1+[]x]| +[[yIDBx-,V(t,x,y) € [0,00 [xX* x X*.  (1.3)

G(t,x,y) S (L+[xl| +y[[)Bx+,V(t,x,y) € [0,00 [x X" x X" (1.4)

We would like to mention that in (Q,) the sweeping process depends on
state only, while in our problems the sweeping process depends on state and
time. Also, in Problem (P;) there is a delay while in (Q) there is not delay.
Finally, our work extends many results in the literature concerning the existence
of solutions for some evolution inclusions governed by sweeping process from
Hilbert spaces to Banach spaces. For more informations about differential in-
clusions we refer to [15,16,18].

2. Preliminaries and Notations

Let I =1[0,T], (T > 0) and X be a Banach space with topological dual space X*.
Let

B = {xeX:|qx| <1}
B, = {zeX*:|z|<1}

and
S={xeX:|jx|=1}

Definition 2.1. ([1], Def. 2.1.1). The Banach space X is said to be strictly
convex if

x,y€Swithx#y = [|(1-A)x+Ay|| < 1for A €]0,1].
This means that the unit sphere S contains no line segments.

Definition 2.2. ([1], Def. 2.2.1). A Banach space X is said to be uniformly
convex if forany €, 0 < € <2, the inequalities ||x|| <1,]|[y|| <land|lx—y|| >
€ imply there exists a § = §(¢) such that |3 (x+y)|| <1-38.
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Definition 2.3. ([1], Def. 2.3.1). The function

V<1,

, 1
Ox () = inf{1 — |5 (x+y)][ : [l < 1, x—yll =€}
is said to the modulus of convexity of X.

Definition 2.4. ([12], [13]). Let p > 1 be a real number. A Banach space X is
said to be p— uniformly convex if there exist a constant A > 0 such that

Sx(€) > A€, Ve € (0,2].

Remark 2.5. (1) Every p— uniformly convex space (p > 1) is uniformly con-
vex.
(2) Every Hilbert space is 2—uniformly convex.

Definition 2.6. ([1], Def. 2.4.1), Let X *be the topological dual of a Banach X.
Then the multivalued mapping

J X —=2X,
Jx) = {yeX :i<xy>=|qx[|*=|p|*}

is said to be the normalized duality mapping (or duality mapping) in X. And the
multivalued mapping

T Xt 2K,
Fy) = {reX:<yx>=|=[pl*}
is called the normalized duality mapping (or duality mapping) in X*.
In the following theorem we recall some properties of the duality mapping.
Theorem 2.7. ([1], Prop. 2.4.5, 2.4.12 and 2.4.15).
1. IfX is a Hilbert space then J(x) = {x}, for all x € X.

2. Foreach x € X, J(x) is a non empty closed convex and bounded subset of
X*.

J(Ax) =AJ(x), Vx € X and VA € R.
If X* is strictly convex, J is single valued.

If X is strictly convex, J is one to one, i.e. x #y = J(x)NJ(y) = ¢.

S AW

If X is reflexive, then

U{J(x):xeX}=X"
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7. If X is reflexive strictly convex space with strictly convex conjugate space
X*, then J and J* are one-to-one, onto and signle-valued mapping and

J V=7 g = Iy and J'J = Iy,

where Ix is the identity mapping on X and Ix+is the identity mapping on
X*.
For more properties of the duality mapping we refer to [1].

Definition 2.8. ([1], Def. 2.6.1). A Banach space X is said to be smooth if for
each x € § there exists a unique functional f, € X* such that < x, f, >= ||x|| and

foH: L.

For example L”, p > 1 is smooth but L! and L*are not smooth.
Definition 2.9. ([1], Def. 2.7.1). The function
px o [0,0[ = [0,00]
px(1) = Sup{%(lliryIIHIx—yH)—li\IXHZLHyIIZt}
= Sup{%(llxﬂyl\+|!x—ty||)—1iHXHZHyH:l},DO,

is said to be the modulus of smoothness of X. It is easy to check that px(0) =0
and px(t) > 0 for all 7 > 0.

Definition 2.10. ([1], Def. 2.8.1). The Banach space X is said to be uniformly
smooth if

oL (0) = lim? ) _ g,
t—0 f

For example /), spaces, (1 < p < 2), are uniformly smooth.

Definition 2.11. ([12],[13]). Let ¢ > 1 be a real number. A Banach space X is
said to be g— uniformly smooth if there exist a constant ¢ > 0 such that

px(t) < ctl,¥t > 0.
Clearly, every g—uniformly smooth is uniformly smooth. Indeed

t
0< 1imP® < fimear — o,
t—0 f t—0

So,

limpx(t)

t—0 f

=0.
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Remark 2.12. Every Hilbert space is 2- uniformly smooth.
Theorem 2.13. ([12],[13]). Let X be a Banach space and p > 1.
1. If X is p—uniformly convex, then X* is p' —uniformly smooth where p' =
p—1°
2. If X is p—uniformly smooth, then X* is p'—uniformly convex where p' =

P
p—1°
Now, let X be a Banach space and X* be its topological dual. Let
ViX*xX >R Vi: XxX" =R
be two functions defined by:

Vip,x) = |lo|F—2<@,x>+|lx|]%,

V*(x> (P) = V((pvx)'

Definition 2.14. ([2], Def. 0.0.6). Let X be a Banach space, E be a non empty
subset of X and ¢ € X*. If there exists a point z € E satistying

V(p,z) =dg (o),

where dy (¢) = ing V(¢,x), then z is called a generalized projection of ¢ onto
xe
E.

The set of all such points is denoted by 7 (), i.e.
ne(9) = {z €E:V(p,2) =dp(9)} CX.
Now, we list in the following theorem some properties of V and 7z (@) (see
[2], Ch. 0).
Theorem 2.15. Let X be a Banach space and X*be its topological dual.
1. V(J(x),x) =0.
2. If X is uniformly convex or uniformly smooth, then

V(p,x) =0 @=J(x), Vx€ X and ¢ €X™.
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3. If X is a Hilbert space, then
V(p.x) =g —x|”.
4. If X is reflexive and E is a non empty closed and convex subset of X, then
(a) me(Q) # ¢, Vo € X*.
(b) X is strictly convex if and only if 7g (@) is singleton for all ¢ € X*.
(c) If X is also smooth, then for any given ¢ € X*,
zemg(@p) < e—J(z),x—z> <0, Vx€E.

Definition 2.16. ([2]). Let X be a Banach space with topological dual X*, E be
a non empty closed convex subset of X and z € X. The convex normal cone of
E at z is defined by

Ne(z) ={peX" < @x—z><0,Vx€ E}.
For more details about the convex normal cone see [2,3].

Theorem 2.17. ([2], prop. 0.0.1 and prop. 0.0.8). Let E be a non empty, closed
and convex subset of Banach space X and z € X. Then

1. Ng(z2) By = ddg(z), where ddg(z) is the subdifferential of the function
z— dg(z) (de(z) is the distance from z to E).

2. If X is reflexive and smooth, then

zemp(Q) < @ —J(z) € Np(z), Vo €X* and Vz € X.
Theorem 2.18. ([2], Lemma 1.4.1 and prop. 1.4.2), Let p, g > 1, X be a
p—uniformly convex and g—uniformly smooth Banach space and let E be a non
empty bounded subset of X, then there exist two constant & > 0, B > 0 such
that

o|lx—y[|” <V (x),y) < Bllx—y[|%, Vx, y € E.
Moreover, if E, in addition, is closed and ¢ € X*, then

dy(p) =0 J*(p) €E.

By (Th. 2.5) and the relation between V and V*, we can conclude easily the
following lemma.

Lemma 2.19. Let p, g > 1, X be a p—uniformly convex and g—uniformly
smooth Banach space and let S be a bounded set of X*, then there exist two
nonnegative constant o, 3 such that

alle -yl <Vi(I* (@), w) < Bllo -]

where p', q' are the conjugate numbers of p, q respectively.

P

Vo, yes,
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3. Main Results

Existence of a solution for problem (Py)

Theorem 3.1. Let p, g > 1, X be a separable p— uniformly convex and q—
uniformly smooth Banach space and I = [0,T] where T > 0. Let C be a set-
valued function defined from I x X to the family of non empty closed convex
subsets of X satisfying the following two conditions:

(Cy)forall @, w e X* allx,y € X and allt,t € I, there are positive real
numbers A, Y, d', b’ and ¢’ such thatd', V', ¢’ € [q' ;o[ with ¢ = q%l and that for
every @, y € X*, everyx,y € X andeveryt,t' €1

|0 (W) = Ay (@) < At =1+ |y = o[|”) + ¥y — |
(C3) there is a convex compact subset of X " K, such that

J(C(t,x)) C K, V(t,x) e [ xX.

Let F be a scalarly upper semi continuous set-valued function defined from
I x X x X with convex weakly compact values in X*such that

Flt,x,3) C (14|l + DB, for every (1,x.y) € graph(C).

Then for every b € X and every a € C(0,b), there exist two absolutely con-
tinuous functions v : I — X, u* : I — X*and a continuous function u : I — X
such that:

(P;) u

—(u*) (1) € Neqwiey) (u(t)) + F(t,v(t),u(t)), a.e. fort € 1.

Proof. First, we note that since the Banach space X is p—uniformly convex,
it is reflexive and strictly convex (Th. 2.2.4, [1] and Remark 2.1). Since X
is g—uniformly smooth, its conjugate X* is ¢’ —uniformly convex, ¢’ = qu
(Th.2.2) and hence, X*is strictly convex. Then by (Th.2.1) the duality mapping
J is single valued, continuous, one to one, onto and JJ* = Iy~ and J*J = Ix.

For notational convenience, we take T = 1. Let h: I x X x X — X* be a scalarly
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measurable selection of F (see [11]). Let n > 1 be a fixed integer. We con-
sider a partition of 7 = [0,1] by the points #! = ie,, e, = 1, 0 <i < n. Let
I = {t{)’} ={0}, 1, = ]t{l,t{’+1], 0 <i<n—1. We construct three sequences
of continuous functions v, : I — X, u) : [ — X* and u, : I — X as follows:

va(0) = va(t5) = b,1,(0) = w,(t5) = J(a); un(0) = J"(u,(0)) = J*(J(a)) = a.

Fort € Illl we define

n(t) = b+ (1~ f)a, 1)
() = L) + =), @
(1) = (1 (0)) ()

where x = a € C(0,b) and
X3 = T ) (08) = €ah (1, va(15), 00 15))): @

Since X is strictly convex and since the set C(t,x) is closed and convex subset of
X, the point x{ exists (Th. 2.3). By the properties of the generalized projection,
Def. 2.11 and from (3.4) we get

J(x0) = enh(t5, va(to) un(t9)) = J (1) € N, (1), (5)

Ce v, ()
and
x1 € C(t],va(17)). (6)

From (3.2) and (3.5), for each t € |1}, ][ we get

T = J(x5)

€n

(1) (1) = € “Ne () = B a1 n (1)) (7
Moreover, by (3.3)
un(tg) = J" (1, (15)) = J"(J(a)) = a = x5

and
un(17) = J"(u, (1)) = J*(J (x7)) = x7.

Then the relation (3.7) can be written as the form:
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()" (£) € =Ny iy (Wn (1)) = 125, v (16), un (1)) @)
By induction for 0 <i <n— 1 and forz € I{" | we define

va(t) = va(ti') + (0 = 1 Jun (17"), )
* _ tln—&-l i t_tn
1) = L)+ ) (10
and
un(t) = J* (uy, (1)) (11)
where
X = = Tc(er, | va (t,H))(J(X?) —enh(t] v (1), un(t')))- (12)

According to the relations (3.10), (3.11) and (3.12) we obtain

un(tiy) = T (u,(t)) (13)
T (I (i)
Xip1-
So,
un (i) € C(tiy, va(tih)- (14)
Also
* J( 1 ) (x;,l) n n n n
() (1) = He— = NC(,IH ) (1) = At va (), un ("))

By (3.13), this relation implies that
() (1) € ~Neyy o (tnlafi)) = (v ). (15)

Thus the functions v,, u, and u}, are defined on /, for each positive integer n.
Now, for each positive integer n we define also, two real valued functions
0,, 6, : I — I as follows:

60,(0) = 6,(0) =0, 6,(¢t) =1}, 8u(t) =1/ fort € I, |
Then by (3.9) we get

vi(t) = un(5,(1)), Vn > 1 and Vt €1,
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this gets us

t
() :b—l—/un(Sn(s))ds,Vnz land Vi € 1. (16)
0

Furthermore, by (3.14), (3.15) and condition (C,) we have for all n > 1
tn(0n (1)) € C(0,(2),vn(0n(1))), Vt €1, a7
u,(0,(1r)) eK,Vtel, (18)

n

— (1) (1) € Ne(o, (). (0,0))) Un(8a(1))) +1(8n(1),vu(8(1)),un(8a(1)))  (19)
for a.e. on I, and
h(8n(1),vn(8n(1)),un(8n(1))) € F(8n(2),va(8a(1)),un(8n(r))).  (20)

By condition (C;) and (3.18) we get

WO = e (6a(2)) | < k. @2n

and
|1 (8u(1))]| < k. (22)

Then, by (3.22) and definition of v, for every i = 0,1, ...,n — 1 we obtain

va(tiy) = valtl) + @y — 1 )ua (')
= vu(0) +equn(ty) + enttn(t]) + ... + €pun(t}').

Then, by (3.22), for every i=0,1,2,...,n—1 we have

[va(tf)] < b+epa+ek+...+enk (23)
b+a+tiek

<
< b+a+k.

So, by (3.20), (3.22) and (3.23)

|| va(8]) ua(1]))

| E [vn (@) |+ [ua ()] 24)
L+b+a+k+k

= l+bt+a+2k=u

Now let us show that the sequence (u) converges uniformly to a Lipschitz
continuos function u* : I — X*. Let us first prove the following claim.
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Claim. there is a constant p > 0 such that
|l (11) =y () || < plty =12, Vi1, 12 €1

Since X*is ¢’— uniformly convex (¢’ = %), (Th. 2.2) then by (3.21), (3.24)
and lemma 2.1 there exists a positive real number o such that for all » > 1 and
alli=0,1,2,...,.n—1,

ol (xfy1) = (T () — enh(af! va(af')uen (1)1

VeI (I (1)), () = enh (5], va(t), un (1))

= P =2 < I () = enh(f va (1) (1)
) = eah(tf v (af'),un (1)) |2

= VUG —enh(d,vn(t]), un(8)), X7 1)

- dg(t{'+l,vn(zgl))(J(x?) —enh(t], va(t}), un(1}))
(by (3.12))

= dg(ziH (z;;l))(J(x?)—enh([inaV ('), un(t}')) — dv(z" v,,(t{’))(‘](x?))
(by (Th. 2.5))

At =1 lleah () GNP |+ A ) — vl

(by condition (C,))

() + (en)” (w)"'] +7(en)”
(en)” <>”w%}+ﬂ%VwV
() + (e)? ()] +7
= (en) [+ AW" + ()]

Then

IN

V

IN

IN

A
= A
A

W (xiler) =J () +enh(t], v (6, un (1)) || <

which gives us

J () —J ()

€n

| A Va8, un(1))]] <

o

A+AWW+ﬂ6142&

Coming back to the definition of u, we get for all n > 1 and for almost all # € /,

() ()] < 6+ p=p. (25)
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Thenforalln > 1andallt, 5 €1 () <12)
e (12) — u (11) \|</|y (s)[|ds < |2 —t1|p. 26)
this proved the claim.

Now by (3.25),foralln > 1l and allt €1

limHMZ(Bn(t)) — iy (1)]] 27

n—oo

hm/ || (u) (5)||ds

limp 6,(1)
= 0.

IA

From (3.18) and (3.27) we conclude that for every ¢ € I, the set {u;(t) :n> 1} is
a relatively compact subset of X*. By (3.26) and theorem 0.0.4 [3] there exists
a Lipschitz continuos function u#* : I — X* such that u) converges uniformly in

t
Cx+(I) to u* and u* (1) = J(x{)) + [(u*)'(s)ds, for all t € I. We define u: 1 — X
0

by u(t) = J*(u*(z)), since J* is continuous on the compact set K, then for all
tel

limu,(1) = TimJ*(u3(1)) (28)
= J(u'(t))
= u(t).
Moreover, for allt € I,
limu, (6,(0)) = HimJ" (u;(6,(0))) @9)
= J(u(t))
= u(t),
and
limuy(8,(1) = limJ" (u;(8,(1))) (30)
= I (u, (1))
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We note that foralln > 1 and allr € 1,
un(8,(1)) € J*(K),

which ensures that the sequence {u,(5,)} is uniformly bounded. So, by (3.16)
and (3.30) forallr €1
limv, (1) = v(z),

n—oo

where
= b+/u(s)ds. (31)
Let us show that
u(t) e C(t,v(t)) ,Vrel (32)

Lett € I and n be a fixed positive integer, by (3.17) and condition (C;), we have

Aoy (U (6, (1))))
= i) T a(82(1)))) = Ao, 1) 00y (U (6a (1))
A (10a(6) = £[") + 7 | va(8a(2)) = v(2)]|"

IA

Then

d‘c/( vy (u(2)))
’dv )(J( (t))) ‘C/(tv(t))('](”n(en(t)))’+d¥(r,v(z))(‘l(”n(9n(t)))
< YHJ( (1)) = tn (B (DI + A (16a(6) = 1) +7 [[va(8u(1) —v ()|

By passing to the limit when n — o in the preceding inequality, we get u(r) €

C(t,v(1)).
Now, by (3.24), the sequence (g, ) which is defined by

gn(t) = h(6,(1),vn(8n (1)), un(6n())),

is uniformly bounded by tt in X*. Since X is separable and reflexive ,then, we
can assume that the sequence (g,) converges to a function g € L*(1,X*) with
respect to the topology o (L™ (I,X*),L' (I,X*)). By invoking the scalarly upper
semi continuous of F' we get (see Th. V-14 [11])

IN

g(t) € F(t,v(t),u(t)), a.e. onl. (33)
Finally, we proceed to show that

(™)' (t) € =Neq(ry) (u(t)) — 8(1). ace.
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From (3.19), (3.20) and (3.25) we get for every n > 1 and for almost ¢ € I,

—(up)'(£) = gn(t) € Ne(o, 1) vn(6,(0))) (Un(6a(t))) N OB,

s0, by (Th. 2.4) we get for every n > 1 and for almost all t € 1

—(u)' (1) = gn(t) € 89dc (g, (1,1, (64(1))) (1n (B (1)) (34)

By Mazurs lemma we get for almost all # € I,
(u")'(t) +8(t) € Neo { (u,)' (1) + gm() : m = n},

Hence co denotes the closed convex hull. Fix any # € I such that the preceding
relation is satisfied. let z € X, the last above relation yields:

< (u)'(t)+8(1),z> < infsup < (uy,)'(t) +gm(1), 2>

n m>n

hence according to (3.34) we get

< (@) () +8(1).z (35)
< hrnsqu < 58dc 0u(1)vn(6n(1))) (Un(6n(7))), 2>,

where 6(D, z) is the support function of the convex closed set D at the point z.
According to (prop. 0.0.2, [2]) the relation (3.35) gets us

(1) +8(1),2>

< ()
<0< —8dde ) (u(t)),z>,

as the set ddc(; () (u(t)) is closed and convex and u(t) € C(t,v(t)) , Vt € I, we
obtain

(") (1) +g(1) € —=(p+ 1) 9 de ) (u(t)).
Thus
—(u")'(r) € Negwey) (u(t)) +g(1) ae

this means

—(u")'(£) € Neq vy (u(t)) + F (t,v(t),u(t)),

which completes the proof.
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Existence of a solution for problem (P,)

Theorem 3.2. Let p, g > 1, X be a separable p— uniformly convex and q—
uniformly smooth Banach space and I = [0,T| where T > 0. Let C be a set-
valued function defined from I x X to the family of non empty closed convex
subsets of X and satisfying the following two conditions:

(Cy) forall o, w € X*, all x,y € X and allt,t € I, there are positive real
numbers A, Y, d', b’ and ¢’ such thata', V', ¢ € [q' ;o[ with ¢ = q%l and that for
every @, y € X*, everyx,y € X and everyt,t' €1

4 (W) = Ay (@) < Al =11 4[|y = @l|”) + ¥lly = ]|

(C3) there is a convex compact subset of X *, K, such that

J(C(t,x)) C K, V(t,x) e[ xX.

Let G be a scalarly upper semi continuous set-valued function defined from
[0,T] x Cx([—r,0]) x Cx([—r,0]) to the family of all non empty convex weakly
compact subsets of X', such that G(t, f,g) C (1+|£(0)|| + ||g(0)||)B.. for all
(t,f,8) € [0,T] x Cx([—r,0]) X Cx([—r,0]), where Cx(|—r,0)) is the set of all
continuous functions from [—r,0] to X.

Then, for every w, z € Cx([—r,0]) with w(0) € C(0,z(0)), there exists three
continuous functions v: [-r,T| = X , u: [-nT| - X and u*: [-n,T] — X
such that

V() = 2(t), Ve € [=10); v(r) = 2(0) + [u(s)ds, Vit € [0,T),
0
u (t) =J(w(t)), vt 6 [—r,0],
(Py) o u(t)=J(w(0)) +f( *)'(s)ds, vt € 0,7,
u(t) =J*(u*(t)), Vt €[-nT]
u(t) € C(t,v(t)), vt € [0,T],
—(u*)' (1) € Neg ey (u(t)) + G, T(t)v, T(t)u), for a.e. on [0,T].

Proof. The proof will be a careful adaptation of notations of the proof of The-
orem 3.1. We will focus the differences. Let

h:]0,T] x Cx([-r,0]) x Cx([-r,0]) = X

be a measurable selection of G. For notations convenience, we take 7 = 1. Let
n > 1 be a fixed integer, we put ¢, = % < 1 and we will consider the following
partition of the interval [0, 1]:
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1 =ie, where 0 < i <n.

Let [, = |t",t",] when 0 <i<n—1and [} = {1f} = {0}. Weseta=
w(0), b = z(0). We construct three sequences of continuous functions v,, u,
and u, as follows. Put v, (¢) = z(r) and u (1) = J(w(t)) for all t € [—r,0]. Thus
vn(0) = v, (t5) = 2(0) = b, u;;(0) = u;; (1) = J(w(0)) = J(a). Also, we set

un(t) =J"(u,(t)), vt € [—r,0].

For each t € I'', we define

va(t) = z(0) + (r —15)w(0), (36)
a0 =" + B, a7)
and
u (1) = J* (1, (1)) (38)
where x;; = a and
X1 = Ty v, () U (X0) — enh (15, T(t6) vn, T(t5 ) ttn)- (39)

According to the definition of the generalized projection we have

un (1) = J"(uy (17)) = J*(J (x1)) = x7 € C(t7, va(17)) (40)

and
J(x}) = J(xp)
€n

€ _Nc(t;t,vn ) (x,f) - h(t(r)lv T(tg)vny T(fg)un)-

Then for almost every ¢ € |1, 1],

= (1) (1) € N, i (W (11)) + R(tG, T(86) v, TG ) tn)- 4D
By induction for 0 <i <n we setfort €1 l+1
va(t) = va(t’) + (€ = 17 )un (}), 42)
) = B + ), @)
un (1) = J* (14, (1)) (44)

where

X1 = Toc(e v, )) I () — enh(8], T (1 )i, T(8] ) un) ) (45)

t+17
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Again, according to the definition of the generalized projection we get

un (1) = I (uy (171)) = I (T (1)) = X1 € C(t 1, valtir)) (46)

and
‘]( l—‘,—])_‘]('xt) n n
e € _Nc<zy+171y,,(1;'+l)) (1) = A Tt ) vn, T(ti' Jun).
Then, for almost ¢ € ]tl”,tl’ﬂr] [
() () € =N, (un (e 1)) = R(E}' T (8] ) v, T(] Yt ) (47)
Ol v (1)

Now, for each integer n > 1 we define two functions 6,, §, : [0,1] — [0, 1]

as follows: 6,(0) = 6,(0) =0, 6,(t) =t |, 6,(t) =t fort €I |,0<i<n—1.
Clearly
lim (6,(z)) = lim (3,(¢)) =1, Vt € [0,1], (48)

then from (3.42), (3.44), (3.46) and (3.47) for every n > 1 we have

va(t) —i—/un (s))ds, Vt € [0,1], (49)
t

o) )+ / $)ds, Vi € [0,1], (50)
0

un(t) = J"(u,(t)), vt € [0, 1], (51)

un(6n(1)) € C(6n(1),va(6,(1)), V1 € [0,1],
= ()" () € Ne(o, 1) 04(1)) (n (6 (£))) + A(8a(t), T(8a(t) )V, T(8(1))tn) (52)
a.e. fort €0,1],
h(8,(1),T(8u(2)) v, T(8u(t))uty) € F(80(2),T(8n(t)) Vi, T(8n(2))utn).  (53)

a.e. forz € [0,1]. As in the proof of theorem 3.1 we can show that

1. The sequence (u};) converges uniformly on [0, 1] to an absolutely contin-
uous function u* on [0, 1] and

t

W (1) = J(w(0)) + / () (s)ds, Vi € [0,1]. (54)

0
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2. The sequence (u,) converges point by point to a continuous function u
such that

u(t) = J* (u* (1)), Ve € [0, 1]. (55)

3. The sequence (v,) converges uniformly on [0, 1] to an absolutely contin-
uous function v with

v(t) = J(2(0)) + / u(s)ds, Vi € [0,1], (56)
0

We extend the definition of u*, u and v on [—r,0] as: u*(¢r) =J(w(t)), u(t) =
J*(u*(t)) = w(r) and v(r) = z(¢). So, the sequences u;, u, and v, converge point
by point to #*, u and v on [—r, 1] respectively.

Now for every n > 1 and 7 € [0, 1] we define

gn  [0,1]=X"
gn(t) = h(8,(2),7(8u(r))vn, T(8a(2))utn),

then g,(t) € G(8,(),T(0,(t))Vn, T(0u())uy), a.e. for every t € I. So, by (3.22)
and (3.23) we obtain for all » > 1 and almost for all r € I,

gn @Il = [17(8(2), T(8a (1)) Vi, T(8u(2))un )|
< L a(8a()) |+ [un (80 (1))
< l4a+b+k+k

l4+a+b+2k=u.

Then, we can assume that, with respect to the topology o (L= (1,X*),L' (I,X*)),
the sequence (g,) converges to a function g € L*(1,X").

Claim.

g(t) € G(t,t(t)v,t(t)u),a.e. (57)
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Lett € I. We have

[17(80(2) Jutn — T(2)u|

< sup ||un(8(r) +5) —un(t+ )|+ [[7(t)un — 7(1)u]]
—r<s<0
< sup Nlun(s1) —un(s2)|[ 4[| 7()un — T(2)ul]
—r<s1<sp<T
Is1=sl<7
< sup fun(s1) —un(s2)|[+ sup flun(s1) — un(s2)]
—r<s1,5p<0 —r<s1<0<sp<T
Isy—spl<# Isy—sal<h
+ sup |lun(s1) = un(s2) ||+ [[7()un — T(t)ul]
0<s)<sp<T
s1=s2l<7
< sup |[w(si) —w(s2)|[+ sup [fun(s1) —ua(0)]]
—r<s1,5p<0 —r<s1<0
‘SI*SZ‘S% \Sl\S%
+ sup [[un(0) —un(s2)[[+ sup |un(s1) —un(s2)[| + || 7(2)un — T()ul|
0<sp<T 0<s)<sp<T
\Szli% \Slfﬂyz\ﬁ%
< 2sup |jw(s1) =w(s2)l[+ 2sup [[un(s1) —un(s2)|] +[|7()un — T(t)ul].
—r<s1,52<0 0<sy,5p<T
Isy—sal <3y Isy —sal <3

By the continuity of w, the uniform convergence of u, towards u and the pre-
ceding estimate, we get

lim || 7(5,(2))un — T(t)u|| = 0. (58)
Similarly we prove that
lim || 7(6,(¢))vy — T(2)v|| = 0. (59)

using (3.58) and (3.59) and by invoking the scalarly upper semi contiuity of G
and a closure type result in ([11], theorem VI-14) we get the desired claim.
Finally, as in the proof of (Th. 3.1) we can prove that

—(u*)'(t) € Ne(ewiey) (u(t)) + G2, T(t)v, T(t)u), ae. on [0,1],

which completes the proof. O
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