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SPLITTING TYPES OF SEMISTABLE BUNDLES ON P>

MICHAL FARNIK - AXEL STABLER

We show that for n < 5 all generic splitting types of semistable vector
bundles of rank n on P> which are in principle possible by the theorem of
Grauert-Miilich actually occur. We prove this by constructing examples
for all possible splitting types.

1. Introduction

Fix an algebraically closed field K of characteristic zero. We consider semi-
stable vector bundles on P?, n > 2. If one restricts such a bundle & to a line
L =P! C P" one obtains a splitting

k&

(b@‘L = @ ﬁL(a,‘)
i=1

by a theorem of Grothendieck. One therefore obtains an ordered tuple
ags(L) = (a\(L),...,anes(L) € Z%, aj(L)>...> anes(L)

which we call the splitting type of & on L.
The first natural question to ask is what happens if L varies. For this denote
by Gr(1,n) the Grassmanian of lines in P". One has the following
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Theorem 1.1. There is an open dense subset U C Gr(1,n) such that & splits as

ag = inf ag(L),
¢ LeGr(1,n) (g( )

where 7% is endowed with the lexicographic ordering. This is called the
generic splitting type of &.

Proof. See [2, Ch. 1, Paragraph 3, Lemma 3.2.2]. O

Given a vector bundle & on P, define the slope p (&) as % We call the

bundle & semistable if u(.%) < u(&) for every nontrivial subsheaf .# of &. For
more information about semistability see [2, Ch. 2, Paragraph 3].

One has a theorem of Grauert, Miilich and Spindler which imposes certain
bounds on the generic splitting type for semistable bundles:

Theorem 1.2. Let & be a semistable vector bundle of rank r on P" with generic
splitting type ag = (ay, . ..,a,). Then one has 0 < a;—a;y1 <1 for1 <i<r—1.

Proof. See [2, Ch. 2, Paragraph 2, Corollary 1]. O

It is now a natural question to ask what generic splitting types one can actu-
ally realise for semistable bundles of a given rank r. In particular it is interesting
to ask whether all possible splitting types can actually occur.

From now on we will restrict our attention to P2, Let Mp2(r,cy,c) denote
the moduli space of rank r semistable vector bundles with fixed Chern classes
c1 and ¢p. One partial result in this direction is the following

Theorem 1.3. There is an open dense subset U C Mp2(r,c1,¢;) such that any
& € U has generic splitting type

(n+1,....,n+1,n,...n)
e — N~

where s(n+ 1)+ (r—s)n = c1(&).
Proof. See [1, Corollary 2.5]. O

For tk& < 4 it is already known that all possible splitting types can actually
occur. This is rather easy in the cases rk& = 1,2. For the case of rk& = 3 see
e.g. [1].

In investigating the splitting type of a semistable bundle & we may assume
that it is normalised, that is —rk& + 1 < ¢;(&) < 0. There are then precisely
27k¢=1 possible splitting types. Moreover, if & is semistable with a given split-
ting type then its dual & is again semistable and yields a bundle with first Chern
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class ¢ (&) = —c1(&). Normalising (that is twisting by Op2(—1)) if ¢; (&) £ 0
one obtains a bundle &” with first Chern class ¢; (&) — r. Since pullback and du-
alising commute we may use this method to reduce the number of bundles to
construct. More precisely we reduce to the first ”“@T_Z + 2 Chern classes if the
rank of & is even and to the first MT_] + 1 Chern classes if the rank is odd.

2. Useful facts

Here we recall some methods to construct semistable bundles from given semi-
stable bundles of lower rank.

Lemma 2.1. Let & and % be semistable vector bundles with generic splitting
types (ai,...,ap) and (by,...,b,) respectively and let L be a generic line on P",
then:

1. S*& is semistable and S*&|, = Di<i<. <i<p OLlai, + ... +a).
2. A& is semistable and A*&' |, = @i« i<, Orlai, + ... +aj).
3. £®.F is semistable and & ® F |, = P!_, @?Zl Or(a;i+bj).

4. & @ F is semistable if and only if & and F have equal slopes, i.e.
c1(&)1kF = ¢ (F)1k&. Furthermore,

p q
(e F)|L=EDOLla)oPoLb:).

i=1 i=1

Proof. The claim about the semistability follows from [8, Corollary 3.2.10] in
the cases (1) - (3). For the semistability in (4) see [2, Ch. 2, Paragraph 1, Lemma
1.2.4 (ii)]. Since symmetric resp. exterior powers and pullbacks commute we
reduce to the case of P!. Now, by [6, Proposition 2.5.4 and Proposition 2.5.13]
we have that the sheafification functor ~ commutes with direct sums and tensor
products. Thus the splitting behavior of (1) and (2) follows by [4, Corollary
A2.3] and is clear in case of (3) and (4). O

Lemma 2.2. The k-th symmetric power of the sheaf of differentials Qp> is
semistable and splits on a generic line as

k

P oL(—i).

i=0
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Proof. Note that the dualised Euler sequence
0— Qp(l) — 3% 2 6 (1) — 0

remains exact after restricting to a general line L given by an equation z = ax+
by. However, on L we have the exact sequence

0— OL@0(-1) 2 63 5 0,(1) — 0,

where
—a —y
A:[x y z], B=|-b x|, C:[x y ax—i—by].
1 0

Thus Qpa2 (1) splits on a generic line as &7 @ O (—1). Furthermore, Qp> has
no global sections, thus all its subbundles have negative slope. Hence Qp2(1) is
semistable with splitting type (0, —1), the rest of the claim follows from Lemma
2.1(1). O

3. Calculating splitting types and verifying semistability

Given an m X n matrix A with degree k homogenous polynomials as entries, we

consider a vector bundle & given by the kernel of a surjective map Oy, A,
O (k). We can calculate the general splitting type of & by hand, however the
calculations tend to be complicated and strictly numeric in nature. Thus we
will use the computer program SINGULAR [5] and the following source code to
calculate it:

ring R = (0,a,b),(x,y,2),dp;

matrix A[m] [n] = the given matrix;

matrix B[m] [1] = 0;

module M = std(modulo(A,B));

module N = std(subst(M,z,ax+by));

module Nx =0;

while (N<>Nx)

Nx=N;

N=std(quotient (N,x));

Note that SINGULAR deals with homogenous polynomials in R = Qlx, y, z],
whereas we want to calculate sections in &p,. However on an affine chart, e.g.
x # 0, a section can be obtained from a polynomial f by dividing through xd¢&/,

The vector bundle & corresponds to the matrix M. Substituting in M the
variable z by ax + by we obtain the module N which corresponds to the restric-
tion &|,. to a general line given by the equation z = ax + by.
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We consider the affine chart x # 0 and use the procedure quotient several
times to divide by the biggest possible power of x.

According to Grothendieck’s Theorem, &, splits into a direct sum of line
bundles. Thus the minimal number of generators of N is equal to the rank of
&| and each of them spans one of the line bundles from the direct sum.

Consequently, &|; = @X4 Op2(—a;), where a; are the degrees of the con-
secutive generators.

Let A(kq,...,k,) denote the n x (n+ k, +2) matrix with entries

X J=1i

y o =itk
ajj = ..

Z ]:l+ki+2,

0 otherwise.

Furthermore let Ap, 5, denote the matrix A(0,...,0,...,g—1,...,¢—1). Fi-
’ ~—— —_—

by terms by terms
nally, let gbl,...,b,, denote the vector bundle being the kernel of the morphism

ﬁfp,"z — ﬁﬁz(l) given by Ap,,...by-
We denote by Syz(fi, ..., fu) the vector bundle given as the kernel of a sur-

jective map @_; Op2(—d;) YEg OUp> where fi,..., f, are suitable homoge-
neous polynomials of degrees d,...d,.

Note that & = Syz(x,y,z) is the bundle Qp> defined by the Euler sequence.

We have used the above procedure to calculate the splitting types of several
vector bundles of the shape &, iy Our results can be found in the tables in the
next section where we give examples of semistable bundles with given splitting
type.

To confirm that the vector bundles we construct are semistable we used an
algorithm based on a criterion of Hoppe(see [7]). This was developed and im-

plemented in CoCoA[3] by Almar Kaid(see [9, Chapter 2]).

4. Main result

Using the methods described in previous sections we have checked that up to
rank 5 every splitting type allowed by theorem 1.2 is actually realised by a
semistable vector bundle. The following tables contain the list of all possible
splitting types of normalised vector bundles together with examples of vector
bundles having a given splitting type. In many cases there are various ways of
obtaining a bundle with a given splitting type. We always choose the bundle
which seems to be the easiest to construct, i.e. as a power or direct sum of
bundles of smaller rank.
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Rank 3:
c1 | splitting type example
0 (0,0,0) [z
0| (1,0,—1) S2QPZ( )

-1 (0707_1) SYZ( 7y Z y XYZ )( 3)
2 (07_17_1) Syz( 47y4 Z4 y XYZ )\/(2)

Rank 4:

Cl splitting type example

0 (0,0,0,0) O,

0 (1,0,0,—1) Szﬂpz(l)@ﬁlpz

-1 (0,0,0,—1) | Syz(x’ ,y 2,20yz,xy Z)( 4)

-1 (1,0,—-1,-1) | Syz(x,y°, E x2y2z xyz°)(—4)

2| (0,0,—1,—1) Qp2 G Qp2

2| (1,0,—1,-2) S3Q]Pz( )

-3 (0,— 1, 1,—1) Syz(x 5,y5 z5 x yz Xy z) (3)

31 (0,0,-1,-2) | Syz(x’,)°,2,x°y*z,xy2°) " (3)

Rank 5:

cl splitting type example
0 (0,0,0,0,0) o5,
0| (1,0,0,0,—1) $20:: (1) & 62,
0| (1,1,0,—1,-1) &233(2)
0| (2,1,0,—1,-2) S4.QP2( )
-1 ( ,0 0, 0 —1) Syz(x®,y%,28,x° y z, xy3z xyz4)(—5)
-1 (1,0,0 —-1) Syz(x ,y6 20,33 ¥2y2 22 xyz*) (-5)
-1 (1,1,0,— 2) &1235(2)
2 (0,0,0,—1,-1) Syz(x’,y",z7,x*3 v, 37 (—6)
2 (1,0,—1,— 1, 1) | Syz(x",y",7",x*y*z,x%y?2% . xyz°) (—6)
-2 (1, ,O, ,—2) &1236(2)
31 (0,0,—1,— 1 —-1) Syz( 7,y7 z/ x4y 2,07V (5)
31 (o, ,0, 2) Syz(x’,y’,z’ x3y3z x*y?23 xy2?)V(5)
-3 (1707 1, - 2) ( )
41 (0,~1,— 17 1 —1) | Syz(x° ,y z6 x y Z xy3zz xyz')Y(4)
4| (0,0,—1,—1,-2) | Syz(x%y ,zﬁ,x v, x2y? 2% xyz*)V (4)
4| (1,0,-1,-2,-2) &1535(=3)

We also do have promising results for rank six. Mostly by considering bun-
dles of the type &, ... », but unfortunately the matrices are too large for CoCoA to
handle.
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We have not yet developed a systematic way to construct semistable bundles
of type &, ..., with a given splitting type. However, based on the computations
we have made we state the following conjecture:

Conjecture. Every splitting type allowed by Theorem 1.2 is actually realised

by a semistable vector bundle of type &3, . by-

Acknowledgements

First of all, we would like to thank the University of Catania and the organizers
of Pragmatic wholeheartedly for their hospitality and the very productive atmo-
sphere they created during the three weeks of Pragmatic 2009. Moreover, we
would like to thank the speakers of Pragmatic Rosa Maria Mir6-Roig, Giorgio
Ottaviani, Laura Costa and Daniele Faenzi. Special thanks go to Rosa Maria
Mir6-Roig and Laura Costa for many helpful discussions and suggestions. We
also would like to thank Almar Kaid for help with CoCoA and useful comments.

REFERENCES

[1] H. Brenner - A. Kaid, Syzygy bundles on P? and the weak Lefschetz property, 1lli-
nois J. Math. 51 (2007), 1299-1308.

[2] M. Schneider C. Okonek - H. Spindler, Vector bundles on complex projective
spaces, Birkhduser, 1980.

[3] CoCoATeam, CoCoA: a system for doing Computations in Commutative Algebra,
Available at http://cocoa.dima.unige.it.

[4] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry,
Springer-Verlag, 1995.

[5] G. Pfister G.-M. Greuel - H. Schénemann, SINGULAR 3.0 — A Computer Alge-
bra System for Polynomial Computations, In: M. Kerber, M. Kohlhase, Symbolic

Computation and Automated Reasoning, The Calculemus-2000 Symposium (2001)
(1980), 227-233.

[6] A.Grothendieck - J. Dieudonné, Eléments de Géométrie algébrique II, Inst. Hautes
Etudes Sci. Publ. Math., 1961.

[7] H. J. Hoppe, Generischer Spaltungstyp und zweite Chernklasse stabiler Vektor-
raumbiindel vom Rang 4 auf P*, Mathematische Zeitschrift 187 (1984), 345-360.

[8] D. Huybrechts - M. Lehn, The Geometry of Moduli Spaces of Sheaves, Viehweg,
1997.

[9] A. Kaid, On semistable and strongly semistable syzygy bundles, PhD thesis, Uni-
versity of Sheffield (2009).



98

MICHAE. FARNIK - AXEL STABLER

MICHAL FARNIK

Instytut Matematyczny

Polska Akademia Nauk

e-mail: michal.farnik@gmail.com

AXEL STABLER

Fachbereich Mathematik/Informatik

Universitdit Osnabriick

e-mail: axel.staebler@uni-osnabrueck.de



