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WEAK CONVERGENCE OF JACOBIAN DETERMINANTS
UNDER ASYMMETRIC ASSUMPTIONS

TERESA ALBERICO - COSTANTINO CAPOZZOLI

Let Q be an open subset of R? and assume that f; = (ug,vk), k =
1,2,..., and f = (u,v) are mappings in the Sobolev space Wkl)f(Q,Rz).
We prove that if one allows different assumptions on the two components

of fy and f, e.g.
ur — u weakly in WIE)CZ(Q) vk — v weakly in Wl(l,f(Q)
for some ¢ € (1,2), then

Jr, = Jpin M(Q), 1)

/ijk(PdZ*)/QJf(PdZ, Vo eCH(Q).

Moreover, we show that this result is optimal in the sense that conclusion
fails forg = 1.

On the other hand, we prove that (1) remains valid also if one consid-
ers the case g = 1, but it is necessary to require that u; weakly converges to
u in a Zygmund-Sobolev space with a slightly higher degree of regularity
than W"*(Q) and precisely

loc

2 o
up — u weakly in WILCL log L)
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for some o > 1.
Finally we present an extension to Orlicz-Sobolev setting of the pre-
vious results.

1. Introduction and statement of the results

In [7] a general weak continuity result has been established for Jacobian deter-
minants of WV (Q, RY)-Sobolev mappings. We will state it here in the partic-
ular case N = 2 and in the local form.

Theorem 1.1 ([7]). Let Q be an open subset of R>. If

{fi} C W2 (QR?),

fi — f weakly in Wli’cl (Q,R?) ()
and
I - noin M(Q),
then
du=Jrdz+duy’,

where U is a singular measure with respect to the Lebesgue measure on Q.

This is a generalization of the classical result (Reshetnyak [16], Ball [2])
that tells us that if

(i} CWL2(QR?), e WL2(Q,R?), 3)

then the stronger assumption than (2)
fi — f weakly in WIL’CP(Q,RZ) for some p > 4/3
implies the stronger conclusion
Jr, = Jp in M(Q). (4)

Moreover, Dacorogna-Murat (see [6]) show that this weak continuity result is
optimal in sense that it does not hold true when p = 4/3.

Our aim here is to prove that (3) together with an asymmetric assumption
on the two components of f; and f, guarantee that (4) holds true.

The first result in this direction is the following theorem, which may be
deduced from a very recent div-curl result contained in [4].
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Proposition 1.2. Let Q be an open subset of R%. If

fi = (we,vi) = f = (u,v) weakly in W,,2(Q) x W, 4(Q) 5)
for some q € (1,2), then
DetDf; — DetDf in D'(Q), (6)

l.e‘ (DetDfi, @) — (DetDf, @) Vo e Cy(Q).
In particular, under the assumptions (3) and (5) we have
Jr, = Jp in M(Q). (7)
Moreover, this result is optimal in sense that the conclusion fails for g = 1.
In Section 3 we give a simpler proof of the previous proposition.

Remark 1.3. We also consider the case ¢ = 1, but to do this we need that uy
weakly converge to u in a Zygmund-Sobolev space with a slightly higher degree
of regularity than Wl(l)’CZ(Q). Precisely we have the following result.

Proposition 1.4. Let Q be an open subset of R%. If
fo= (i) = f = (u,v) weakly in WL = H@Q) x Wi (@) (®)

for some o0 > 1, then (6) holds true. In particular, under the assumptions (3)
and (8) we get (7).

Our main result is the next theorem, which represents an extension to Orlicz-
Sobolev setting.

Theorem 1.5. Let Q be an open subset of R%. If

{fi} © Wi (QR?), f € Wy (,R?) ©)
and
S = (ug,vi) — f = (u,v) weakly in WIIOCCD(Q) X Wloc (Q), (10)
where ® and ¥ are Young functions such that
& <<P near infinity and y = @ near infinity, (11)

then (6) holds true. In particular, under the assumptions (3), (10) and (11) we
obtain (7).

(Here o and W are the Young conjugate functios of ¢ and W respectively,
while ® and P are suitable Young functions defined in terms of ® and W, that
have been introduced by Cianchi ([5]).)

We will define the Orlicz-Sobolev spaces W% the particular Young func-
tions @, P, the symbols =<, << and the dlstrlbutlonal Jacobian determinant
DetDf in Section 2. We will prove our results in Section 3.
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2. Notations, definitions and preliminary results

For the reader’s convenience we recall that a function @ : [0, 0) — [0, o] is called
a Young function if it has the form

®(1) = /Ot(p(r)dr fort >0,

where ¢ : [0,00) — [0,00] is an increasing, left-continuous function, which is
neither identically zero nor identically infinite on (0,e0). In particular, a Young
function is convex and vanishes at 0.

The Young conjugate ®(¢) of ® is the Young function defined by

(1) = sup{st — D(s) : s >0}  forr>0
and satisfies .
&:(z):/ ¢~ '(o)do  fort >0,
0

where ¢! is the (generalized) left-continuous inverse of ¢. Notice that D= .
Let Q be a measurable subset of R? and let ® be a Young function. The
Orlicz space L?(Q) is the set of all measurable functions u : Q — R such that

/Qq)<|uEIZ)|> dz < oo,

for some A = A(u) > 0 and it is equipped with the Luxemburg norm

HMHL(D(Q) :mf{?t > 0: / b (MZ”> dZS 1} .
Q A

Note that, if ®(t) =7 and 1 < p < oo, then L?(Q) = LP(Q), the classical
Lebesgue space, and ||u|;»q) = p_l/pHM”Lp(Q); if®(r)=0for0<r<1 and
®(t) = oo for t > 1, then L?(Q) = L=(Q) and ullL2@) = lullz=()-

The following generalized version of Holder’s inequality holds:

[ wv(z) dz < 2l V13, (12)

foru € L?(Q) and v € L?(Q).
A function @ is said to dominate another function ¥ near infinity, and we
write
¥ <® near infinity,
if
Je>0 Fte>0: P@t) <P(ct) Vi>to.
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Two functions ® and W are called equivalent near infinity, and we write
® ~Y¥ near infinity,
if
W <® nearinfinity and ® <Y near infinity.

A function W is said to increase essentially more slowly than a function &,
and we write
¥ << ® near infinity

' Ve>0 1,20 : W(t) <DP(ct) Vi>t,..
Assume that |Q| < +co. Then the continuous embedding
L?(Q) = LY(Q) (13)
holds if and only if

Y <& near infinity.

In particular
L*(Q) =L (Q)

if and only if
® ~Y¥ near infinity.

The local Orlicz space L}IZC(Q) (Q any measurable subset of R?, & any
Young function) is defined as the set of all measurable functions u : Q — R
that belong to L®(K) for every compact set K C Q. It is a locally convex topo-

logical vector space with the family of seminorms
{I Mo : K CQ, Kcompact}.

It follows from the above embeddings between L® spaces that the continuous
embedding
Lipe(Q) <= Ly ()

loc

holds if and only if
Y <% near infinity,

s0, in particular,
Lip.(Q) = Lip.(Q)

loc loc

if and only if
®~Y near infinity.
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For more details and proofs of results about Young functions and Orlicz spaces,
we refer to [1], [3], [11] and [15].

Let Q be an open subset of R? and let ® be a Young function. The Orlicz-
Sobolev space W!®(Q) is defined as the space of functions u weakly differen-
tiable on Q such that

u, |[Vu| € L*(Q)

and it is equipped with the norm
ullwie@) = [lullze@) + [ Vulllo)-

Clearly, if ®(¢) =7 and 1 < p < oo, then WH®(Q) = W!P(Q), the standard
Sobolev space.
The space Wklf(Q) is defined as the space of functions belonging to W!®(Q)
for every Q' CC Q, that is for every open set Q' such that Q' C Q and Q/
is compact. It is a locally convex topological vector space with the family of
seminorms
Ul lhwoen - @ cC ).

Properties of Orlicz-Sobolev spaces are presented in [1].
For any Young function ® such that [, ®(¢)/t}dt < e, we denote by P the
Young function defined by

&(1) = /0 (¢~ (6?) e do, (14)

where a~! is the (generalized right-continuous) inverse of

a(7) :/O"I’f;)dt.

Now, we are in a position to recall the following embedding results for
Orlicz-Sobolev spaces W1® due to Cianchi (see [5], Theorem 2 and Theorem
3).

We state them here with regard to the local spaces Wkl)’c‘b. These “local” state-
ments readily follow from the original ones by Cianchi by standard arguments.
In particular, we use the fact that for every open set Q C R? the topology of
W P (Q) [resp. L2 (Q)] is determined by any sequence of seminorms

loc loc

I lwie k=1,2,...

[I‘CSp. || ”Lq)(Qk) k= 1727"']7

where QCC Q1 CCQ k=1,2,...
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and N
Ux=29;
k=1

moreover, the open sets i, k =1,2,... can be chosen to satisfy all smoothness
assumptions required by Cianchi’s theorems. This allows us to use a diagonal
process of taking subsequences in order to get the compact embedding result.

Theorem 2.1. Let Q be an open subset of R* and let ® be any Young function
(which can be modified near zero, if necessary, so that [,y ®(t)/t>dt < o). Then
we have the following continuous embedding

Wi (Q) = L (Q), (15)

loc loc

where

_ _{cp(;) iFO<t<t 16

o) = D) ift>1

for suitable 0 < t; < tp. Moreover, we have the following compact embedding

WP (Q) s LY (Q), (17)

loc loc

W<<® near infinity.

We will denote by
LPlog?"L(Q)

LPlog"log L(Q)

the Orlicz spaces L*(Q) generated respectively by the following Young func-
tions

D(1) =~ t’log"(e+1) near infinity
D(t) =t log"log(e+1) near infinity

where either p=1and y>0orp >1and y€ R.
Moreover, we will denote by

WI,LP logyL(Q)

Wl,L” log”logL (Q)

the Orlicz-Sobolev spaces of functions u weakly differentiable on Q such that

u, |Vul € LPlog" L(Q)
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u, [Vu| € LPlog"log L(Q)
respectively, where either p=1and y>0or p > 1and y € R.
The local spaces

1,LPlog"L
loclogyL( ) 14 o8 ('Q)a

loc

L? log"logL(L), W L leglosL

loc

are defined in an obvious way.

At this point, we pass to introduce the distributional Jacobian determinant.
Starting with the work of Morrey [13], Reshetnyak [16] and Ball [2], it is known
that one can define the distributional Jacobian determinant DetD f under fairly
weak assumption on f = (u,v) (see the subsequent Remark 2).

Actually, by Nikodym Theorem (see e.g. [12]) follows that for

f=uy) e Wi (QR?

loc

such that 5 5 P 8
% % u u
u$7 “ay a ) a LIOC(Q)
the two expressions
; ov
d v d v . v
= — _— - — U — = y
h=5 (” ay> HER ( u ax> divi 5 (18)
—y—
ox
and
) Ju
0 Ju 0 u | Vv
= — —yY — = y
1 8x( vay) 8y< 3x> div v@ (19)
ox

are well defined in the sense of distributions and they agree, so one can put
DetDf =T =15,
where the equality must be understood in the sense of distributions.

Remark 2.2. For f = (u,v) € Wl1 4/3(Q,R2) the two expressions (18) and (19)
are well defined in the sense of distributions and they agree, because by Sobolev
embedding Theorem and by Holder’s inequality we have that

Jdv  Jdv 814 8u

uaa u—- ay (9 ) 8 Lloc(Q‘)
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For our purposes, we need to define Det D f under different assumptions on
the two components u and v of f.

Proposition 2.3. The two expressions (18) and (19) are well defined in the sense
of distributions and they agree if

f=(u, )GWIOC(Q)XWI‘I(Q) for some q € (1,2)

loc

orif
f=v)e WZIL log® L) x Wli’cl (Q) for some o > 1.

(Hence we define DetDf = T} = T, where the equality must be understood in
the sense of distributions).

2(Q) x W4(Q) for some

loc

Proof. First of all, we suppose that f = (u,v) € W"

loc

€ (1,2). By Sobolev embedding Theorem we have that
ue Lﬁ)c(Q), ve L (Q),

where ¢' = q/(q— 1), and since

dv dv du du
—, —ecll (Q), —, —ecll (Q
axv aye loc( )’ ax’ aye loc( )’
by Holder’s inequality we deduce that
dv  dv Jdu 8u
Lloc('Q)

“ox "oy Vox Yoy

Now, we assume that f = (u,v) € Wl:)CL gL () x W, () for some o > 1. By

Cianchi embedding Theorem (see [5], Example 1) we have that

1,L%10g*L o
W o8 (Q)%LIOC(Q)

loc

and by (13) it follows that
Wl I(Q) — Lloc logial‘(g)?

loc

therefore
uelyp.(Q), ve Lloc log"*L(Q),
thus, since
Jdv Jdv u 8u
8 a Lloc (Q‘)v E? a loc loga L('Q‘)

by Holder’s inequality and by generalized Holder’s inequality (12) we get that
dv  dv 8u 8u
=, U=

ax’  dy’ Y ox 3
The assertion follows by Nikodym Theorem. O

u Lloc (Q)
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Remark 2.4. If we assume f = (u,v) € Wloc (Q) x Wloc (Q), then only the ex-

pression (19) is well defined as a distribution, while the expression (18) is not.

Proposition 2.5. Let f € Wl(lj’c1 (Q,R?). Then the two expressions (18) and (19)
are well defined in the sense of distributions and they agree if

f=(uy)ew

loc

(Q) X u/loc (Q)7
where ® and ¥ are Young functions such that
< ¥ near infinity and W<d near infinity,

with ® and ¥ Young conjugate of ® and ¥ respectively and ¥ and Young
functions defined by (14).

Proof. By Cianchi embedding Theorem, see (15), we have that
ue LlOC(Q)7 vE Lloc ('Q)

where | ® and ¥ are functions defined by (16), and since W < ® near infinity and
® < ¥ near infinity, by (13) it follows that

uc LlOC(Q)7 veE Lloc(Q)

whence, by the fact that

dv dv g du du _ 4

% dy € Lipe (), ox’ dy € Lioe (),

and by generalized Holder’s inequality (12) we obtain that

dv dv Jdu 8u
— €Li,.(Q

“ax 3y Vax ' gy € L@

The assertion follows by Nikodym Theorem. O

Now, we compare the Jacobian determinant J; = detDf with the distribu-
tional Jacobian determinant DetD f. We recall that, if

f €Wl (QR?)

or if
feW A3 (QR?) and DetDf € L (Q),

then
DetDf = detDf. (20)
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(see [14]). Furthermore, considering the grand Lebesgue space L2 (Q), intro-
duced by Iwaniec-Sbordone in [10], defined as

%
LY(Q) = {(p QCR?*>R| sup ( /|(p (2)]*~ 8dz) <oo}

€€(0,1)

and denoting by Z?(Q) the subclass of L2 (Q) defined as

ZZ(Q):{(peLZ )| lim e/ 9P tdz=0 }
it is well known that (20) holds if
few!(QR?),detDf >0ae. inQand |Df| € X2(Q)

loc

(see [8]). Moreover, it is interesting to note as in [8] is shown that the equality
(20) remains valid if one assumes

detDf € L} .(Q)

and that the two components u and v of f satisfy an asymmetric assumption,
namely
IVu| € LY (Q) and |Vv| € 22,.(Q).

On the other hand, we observe that the identity (20) fails in general if one
only assumes
fewh?P(Q R?) forevery p € |[l,2),

as is shown by the mapping

f(z):é—| forz € D(0,1),

where D(0,1) denotes the disk of R? centered at O with radius 1. In fact, we
have
detDf =0 a.e.,

while
DetDf = mdy,

where & is the Dirac mass at 0.
Recently Hencl in [9] constructs a homeomorphism

feWhP(Q,R?) forevery p € [1,2)

such that
detDf =0 a.e.

and

DetDf is a singular measure.



14 TERESA ALBERICO - COSTANTINO CAPOZZOLI

3. Proofs of the results

Now, we are able to prove our results. We start to prove Proposition 1.2 and
Proposition 1.4, next we will see the proof of Theorem 1.5.

Proofs of Propositions 1.2 and 1.4. By Proposition 2.3 we know that DetDf;
and DetD f are well defined in the sense of distributions.

Let ¢ € C5(Q) and let Q' CC Q be fixed in such a way that the support of ¢ be
contained in Q'. Integrating by parts we get

_/d duy, J Juy, B
(DetDfi, @) = <8x <_Vkay> +87y <Vkax> 7(P> =

/ duy 09  Jduy I

k| =— =———=—=— | dz.

' dy dx Jdx dy

We can pass to the limit on the right-hand side, because if

fi = (ug,ve) = f = (u,v) weakly in W2 (Q) x W.9(Q),

loc

for some ¢ € (1,2), then

up — u weakly in Wh2(Q')
and by Rellich-Kondrackov Theorem

vi — v strongly in L2(Q');
while if

Ji = (g vi) = f = (u,v) weakly in Wi € H(Q) x Wil (@),
for some o > 1, then
u — u weakly in WL 10g“L(Q)/)
and by the fact that
WIH(Q) s L?log  *L(Q)

we have

v — v strongly in L?log~* L(Q).

dudp Jdudg
leV(ayax—axay> dZ.

dudeo Jdudo /] du d [ du B
fﬂ”(ayax‘axay> ‘”—<ax (‘Vay> MEE (a)"’> -

As result we obtain
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Therefore
DetDf; — DetDf in D'(Q).
In particular if

{fi} CWLZQRY), feWiZ(QRY),

ocC oc

then

DetDf; :wa k=1,2,...
Deth:Jf,

so by the density of Ci () in CJ(Q) we can conclude that
Jp=Jyp in M(Q).
O

Proof of Theorem 1.5. By Proposition 2.5 we know that DetD f;, and DetD f are
well defined in the sense of distributions.

Let ¢ € C5(Q) and let Q' CC Q be fixed in such a way that the support of ¢ be
contained in Q'. Integrating by parts we have

_/ Juy, 0 Juy, B
(DetDfy, ) = <ax (_Vkay> + 37)/ <Vk8x> 7‘P> =

/ duy, 8(p duy, 8(p

k| =—=———=——=-] dz.

o dy dx dx dy

We can pass to the limit on the right-hand side, because if

. 1,® 1Y
fe = (u,vi) = f = (u,v) weakly in W, () x W,.." (),
where ® and ¥ are Young functions satisfying (11), then
up — u weakly in WH®(Q)

and by Cianchi embedding Theorem, see (17),

Vi — v strongly in L&)(Q’).

[o(2n20_wom),
o’ dy dx dx dy “

[o(2u00 a0y, _
Q/v dy dx dx dy =

As result we obtain

Integrating by parts
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0 d d (0
OB () ) -mors

DetDf, — DetDf in D'(Q).

Therefore

In particular if
(i} CWAQRY), fe Wi (QR?),

ocC

arguing as in the proof of Proposition 1.2 and Proposition 1.4 we can conclude
that
Jr, = Jp in M(Q).

O]

Example 3.1. We give here a counterexample. In order to show that the con-
clusion of Proposition 1.2 fails for ¢ = 1, we consider the following mappings,
suggested by [4]:

fie = (uge,ve),

u(z) = ¢ (kz) vi(z) = ky(kz), k=1,2,...

for z € Q' = ID(0,1), the disk of R? centered at O with radius 1, with ¢,y €
C}(€Y) such that

n=[ ¢+Vydz£0,
Q/

where * denotes the Hodge star operator, i.e.

(0 1Y\ 2 2
*_<_1 0>.R — R~.

Note that {fi} € W!2(Q',R?),
up — 0 weakly in W'(Q') vy — 0 weakly in Wh(Q).
By the fact that div(xVvy) = 0 and integrating by parts, we have for ¢ € Ci’(Q'),

/Jfk(pdz:/ Vuy - xVv @dz =
Q/ Qf

—/ wxVvg -Vodz = —kz/ ¢ (kz) xVy(kz) - Vo(z)dz.
o Q' k

Making the change of variables w = kz in the last integral we obtain

/g;/]fkq)dzz—A/¢(W)*VW(W).V¢(W/k)dW.
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Passing to the limit for k — oo, as result we get
—/ ) *Vq/-V(p(O)dw:/ div(rody) @ dw.
o o
By the density of C3'(Q') in C(Q') we conclude that

Jp, = div(rg&) #0 in M(Q).

4. Examples

In this section we will show suitable functions verifying the hypotheses of The-
orem 1.5.

Example 4.1. Consider Young functions
®(t) ~ t*log(e+1) near infinity and W(¢) ~ rlog'/?log(e +1) near infinity.

We have that

. 2

(1) ~ 1*log~ ' (e+1) near infinity, (1) ~ ¢¢ — e near infinity,
(1) ~ ¢ _e near infinity, ®(1) ~ 1*loglog(e+1) near infinity.
Then we obtain
® << P near infinity and ¥ < & near infinity.
Therefore by Theorem 1.5 we get that if

/
fio = (o ve) = £ = (,v) weakly in WLE 8L (Q) 5 wiLEloe Ploel ()

oc loc

then
DetDf; — DetDf in D'(Q).

Example 4.2. Let B < 1 and let us consider
(1) ~ 1*logP (e +1) near infinity and ¥(r) ~ rlog!! P)/2(e 4 1) near infinity
so that

2/(1-P)
~é

(1) ~ 1*log P (e+1) near infinity, (1) ~ — 1 near infinity,

(1) ~ ¢ 1 near infinity, W(r) ~ 1*log' P (e +1) near infinity.
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Then we have

® <~ ¥ near infinity and ¥ < ® near infinity.

Therefore by Theorem 1.5 we obtain that if

B (1-B)/
= (ug,vi) = f = (u,v) weakly in WI’L210g Lo le’Llogl L Q
y 1

then

(1]
(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

oc loc

DetDf, — DetDf in D'(Q).
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