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SOLVABILITY OF BOUNDARY VALUE PROBLEMS FOR
NONLINEAR FUNCTIONAL DIFFERENCE EQUATIONS

YUIJI LIU

Sufficient conditions for the existence of solutions of the periodic and
anti-periodic boundary value problems for nonlinear functional difference
equations are established, respectively.

1. Introduction

In this paper, we study the following boundary value problems for nonlinear
functional difference equations

Ax(n) = f(n,x(n),x(n+1),x(n+2),x(n+3),
x(n—11(n)),...,x(n—1,(n)), n€[0,T],

x(0) =x(T+1),

Ax(0) = Ax(T 4+ 1), (D)

A?x(0) = A’x(T + 1),

x(i)=9(i), i€l-1,—1],

x(i) = wy(i), i€ [T+4,T + 4],
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and
( Ax(n) = f(n,x(n),x(n+1),x(n+2),x(n+3),
x(n—1(n)),...,x(n—1,(n)), n€[0,T],

x(0) = —x(T +1),
AL0) = (T 1), o)
Ax(0) = (T+1)

x(i)=9(i), i€[-7,—1],

L x(i) = lll(i), i€[T+4,T+9],

where T > 1, 7, : [0,T] - Z\{0,—-1,-2,-3,}, i=1,...,m, [a,b] = {a,a+
.,b} for the integers a and b with a < b, Ax(n) = x(n+1) —x(n), Aix(n) =
A(AXx(n)), f(n,y1,¥2,Y3,X1,...,Xp) is continuous for each n € [0, T| with

T:—min{ min {n—7(n)} : izl,...,m},

ne(0,T]

and

5:max{ max {n—1;(n)}: i= 1,...,m}—T.
ne(0,T]

Recently there has been a large number of authors paid attention to the ex-
istence solutions of boundary value problems for the differential equations that
arise from various applied problems. Similarly there has been a parallel inter-
est in results for the analogous discrete problems, see the papers [1-27] and the
references therein.

Particular significance in these points lies in the fact that when a BVP is
discretized, strange and interesting changes can occur in the solutions. For ex-
ample, properties such as existence, uniqueness and multiplicity of solutions
may not be shared between the continuous differential equation and its related
discrete difference equation [28, p. 520]. Moreover, when investigating differ-
ence equations, as opposed to differential equations, basic ideas from calculus
are not necessarily available to use, such as the intermediate value theorem, the
mean value theorem and Rolle’s theorem. Thus, new challenges are faced and
innovation is required [29].

In paper [1], the authors studied the anti-periodic boundary value problems
for equations

{ X))+ f ()X (1) + h(x(2)) = g(t,x(2), X' (1),x"(t)) +e(t), t €[0,1],
xD(0) = —x(1), i=0,1,2
3)

under the following assumptions:

i) fis a continuous even function;
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11) & is a continuous odd function;

iii) g is continuous on [0, 1] x R? satisfying Caratheodory’s conditions.

In [2], [3], the authors studied the existence of solutions of the following
periodic boundary value problems or its special cases for third-order differential
equations

X () + (6 (0)x"(0) + h(x(1)) = g(t,x(0), %' (1), X" (1)) + e(2), 1 € [0, 1],
{ xD(0)=x(1), i=0,1,2.
“)
We note that the discrete analogous of equation (3) is a special case of BVP(1).
The discrete analogous of equation (4) is a special case of BVP(2).
In paper [4], the authors studied the existence of positive solutions of the
boundary value problem of third order differential equation

Y'(0) +g(t,y(t) =0, 1 € [a,b], a1y V(@) =aiyV(b), i=1,2,3 (5)

under the assumptions ¥; = a; 1 —a;» > 0 forall i = 1,2,3. We note that BVP(5)
becomes a periodic boundary value problem when ¥ = 0(i = 1,2,3), BVP(5)
an anti-periodic boundary value problem when a;; = —a;2(i = 1,2,3). The
methods used in [4] can not be applied to these cases. The discrete form of
BVP(5) is as follows

Ax3x(n) +g(n,x(n)) =0, n€la,b], a,-yle"_l (a) = a,‘yzAx"_l (b+1),

which is a spacial case of BVP(1) when 7 = 0(i = 1,2,,3), and BVP(2) when
a] = —a,-72(i = 1,2,3).

Recent studies on the existence of positive solutions of boundary value prob-
lems of third-order difference equations have been made in [30-33] To the au-
thors’s knowledge, there has been few paper concerned with the solvability of
BVP(1) and BVP(2). The purpose of this paper is to establish sufficient condi-
tions for the existence of at least one solution of BVP(1) and BVP(2), respec-
tively. Our methods, based upon the Mawhin’s coincidence degree theory, are
different from those used in [5-26] and those in [1-3]. Our results are different
from those ones obtained in [6,7,9-12,21,23,27].

This paper is organized as follows. In section 2, we give the main results,
and in section 3, examples to illustrate the main results are presented.

2. Main Results

Let X and Y be Banach spaces, L: Dom L C X — Y be a Fredholm operator of
index zero, P: X — X, Q: Y — Y be projectors such that

ImP=KerL, KerQ=ImL, X=KerL&KerP, Y =ImLPIm Q.
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It follows that
LIDom 1nKerp : Dom LNKer P — Im L

is invertible, we denote the inverse of that map by K,.

If Q is an open bounded subset of X, Dom LNQ # 0, the map N : X — Y
will be called L—compact on Q if QN(Q) is bounded and K,(I— Q)N : Q — X
is compact.

Lemma 2.1 (14). . Let L be a Fredholm operator of index zero and let N be
L—compact on Q. Assume that the following conditions are satisfied:

i) Lx # ANx for every (x,A) € [(DomL\ KerL) N Q] x (0,1);
ii) Nx ¢ ImL for every x € KerLNdQ;

iii) deg(AON |gery » QN KerL,0) # 0, where A : Y /ImL — KerL is an iso-
morphism.

Then the equation Lx = Nx has at least one solution in DomL N Q.

Lemma 2.2 (14). Let X and Y be Banach spaces. Suppose L : DomL C X —Y
is a Fredholm operator of index zero with KerL = {0}, N : X — Y is L—compact
on any open bounded subset of X. If 0 € Q C X is a open bounded subset and
Lx # ANx for all x € DomLNdQ and A € [0,1], then there is at least one x € Q
so that Lx = Nx.

Let X = RT+7t%+1 pbe endowed with the norm ||x||x = maX,e(y 74+748+1 X(1)]
for x € X, Y = R"*! be endowed with the norm ||y||y = max,c(o 7 |y(r)| for
y €Y. Itis easy to see that X and Y are Banach spaces. Choose DomL =

x(i)=0,i€[-1,...,—1], x(0) =x(T +1)
=<xeX: x(i)eR, i€[0,T+3], Ax(0) = Ax(T +1)
x(i)=0, i€[T+4,...,T+8], Ax(0)=Ax(T+1)

Set
L:DomLNX — X, Lx(n)=Ax(n), ne|0,T],
and N: X =Y by
Nx(n) = f(n,x(n) +xo(n),x(n+1) +xo(n+1),x(n+2) +xo(n+2) +
+xo(n+3)+x(n—11(n)) +x0(n—11(N)),...,x(n— Tu(n)) +x0(n— Tn(n)))
n € [0,T], for all x € X, where
(I)(I’l), ne [_77_1}7

xo(n)=1q 0, n€[0,T+3],
¥(n), ne[T+4,T+36].
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It is easy to show that A3xo(n) = 0 for n € [0, 7] and that x € DomL is a solution
of Lx = Nx implies that x + x is a solution of BVP(1).
It is easy to check the following results.

0,ne[-1,...,—1],
i) KerL = x € RTHO+7H1: x(n) =< ¢, n€[0,T+3],c€R
0, ne[T+4,...,T+9],

i) ImL={yeR"*": Yl jy(n)=0}.

n—
iii) L is a Fredholm operator of index zero.

iv) There exist projectors P : X — X and Q : Y — Y such that KerL = ImP,
KerQ = ImL. Furthermore, let £ C X be an open bounded subset with
QNDomlL # 0, then N is L—compact on Q.

The projectors P : X — X and Q : Y — Y, the isomorphism A : KerL —
Y /ImL and the generalized inverse K, : InL — DomL NImP are as follows:

0, ne[-t,—1],

(Px)(n) = x(0), ne|0,T+3], forxe X,
0, ne[T+4,T+ 9],
1 T
(Qy)(n) = mr;)y(”)a ne|0,T], fory €Y,
T+1 T T+4 03
ANx.) = (c...,0), forx.=(0,...,0,c,...,c,0,...,0) € KerL,
0, ne [—T,—l],
z:“):j zk Ly(k)
T+1 OZ 21;1 (k)
(Kpy)(n) = L1 nel0,T+3], yev.
Z 02, o)’( ))
22 OZJ oy( )
0, ne|T+4,T+54],
Suppose the followings:
(B) let

o(n—1i(n)), n—r1n)e[-1,—1],
xgco(n) =4 wn—1(n)), n—1(n)e[T+4,T+3],
c, n—1i(n) €[0,T +3].
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There exists a constant M > 0 such that

T
c [Z f(n,c,c,c,c,xrhqo(n),...,x%ao(n))] >0
n=0

for all |c| > M or

T
¢ [Z f(n,c,c,c,c,xtho(n),...,xfm@o(n))] <0

n=0

for all |c| > M.

(Cy) There exist numbers > 0, 6 > 1, nonnegative sequences p;(n) (i =
1,2,3,4), qi(n) (i=1,...,m), r(n), functions g(n,yi,y2,y3,Y4,X1,...,%n), and
h(n,y1,y2,¥3,Y4,X1,...,X,) such that

f(n,yl,yz,y3,y4,x1,. .. 7xm) =

= g(n7ylay27y3ay47xla- .. 7xm) +h(n,y1,y2,y3,y4,x1, cee 7xm)
and
0+1
g(nay17y25y37y4ax17‘"7xm)y2S_B‘y2| )

and

Mp

pi(n ‘yl‘9+qu ‘x,‘e—i—r (n),
1 s=1

|h(1, 91,2, Y3, Y4, X1, - -, X )IS

foralln € {0,...,T}, (y1,Y2,Y3, V4, X1, - -, Xm) € R4,
(C2) There exist numbers B > 0, 6 > 1, nonnegative sequences p;(n) (i =

1,2,3,4), gi(n) (i=1,...,m), r(n), functions g(n,y1,y2,y3,4,X1,--.,Xn) and
h(n,y1,y2,¥3,Y4,X1,...,%y) such that (6) holds and

(M, V1,2, Y3, Y4, X1, X1, -+ -, Xm)y3 > Blys|®,

and

[A(, 31,92, Y3, Y4, X1, -+ Xm) | < n)|yi|® +Zq, )|xil® + r(n),

~
HM#
-

foralln € {0,....T}, (y1,2,Y3,Y4,X1,X1, ..., Xm) € R™4,

Theorem 2.3. Suppose that (B) and (Cy) hold. Then BVP(1) has at least one
solution if

leptlH (T+1)o Z\Iql|<l3 (6)

i=1
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Proof. To apply Lemma 2.1, we will construct an open bounded subset Q of X

such that (i), (ii) and (iii) in Lemma 2.1 hold. So the proof is divided into four
steps.

Step 1. Let
= {x:Lx= ANx, (x,A) € [(DomL\ KerL)] x (0,1)},

we prove that Q, is bounded. For x € Q,, we have Lx = ANx, A € (0,1), so

A3y(l’l) :lf(n,y(n),y(n—i—1),y(n+2),y(n+3),y(n—’l:1 (n))a"'7y(n_7nz(n)))7
@)
where y(n) = x(n) +xo(n). We get that [A%y(n)]y(n+1) =

=Af(n,y(n),y(n+1),y(n+2),y(n+3),y(n—11(n)),...,y(n—Tu(n))y(n+1).

Since x(0) = x(T + 1), Ax(0) = Ax(T +1),A%x(0) = A%x(T + 1), we get y(0) =
) = A?y(T +1). Then

~
~

;)Wy(n)b(n +1)= Z_:O[Azy(n +1) = A%y(n)][y(n+2) — Ay(n+1)]

- (@500 2) - (ot 1) P+ T+ 2P

[\

= fi (Ay(n+2)—Ay(n+1))* > 0.

So
T

Z f(n,y(n),y(n—l— 1)7y(n+2)7y(n+3)7y(n_ Tl(n))7' e

n=0

Sy(n—1p(n)))y(n+1) >0.
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It follows from (C)) that

T

BY yn+1)|" <

n=0
T

— ;g(n,y(n),y(nJr 1),y(n+2),y(n+3),y(n -1 (n)),...

Y= Tu(n))y(n+1) <
T

;)h(n,y(n),y(wr 1),y(n+2),y(n+3),y(n—7(n)),...

Sy —=T(n))y(n+1) <
T
Zo|h(n7y(n)7y(n+ 1),y(n—|—2),y(n+3),y(n— Tl(”))a ce
(n=Tu(n))|ly(n+1)[ <

pi(m)[y(n+D)lly(n+i—1)|° +

IN

IN

IA

<

T 9
)
=01i
m
)
i=1ln
4

Y lipill Z y(n+D)[ly(n+i—1)° +

i=1 =0

IN
M-b

3
T

l"Jﬂ_

_|_

Oqz n)|y(n —i(n))|®y(n+1) \+Zr y(n+1)] <

IN

m

T
+Z|qu||Z!yn () [y(n+ DI+ [[rl] ) [y + 1))

n=0

Hence by Holder’s inequality, we get

4 T
ZIPiI] Y 1)
i=1 n=0

—1 T+6

+ ZH%II(T Y, loG+D)P+8-3] ), [+ 1)t
i=1

ut1=—1 u+1=T-+4

BY y(nt 1) <
n=0

u=0 n=0

T | T o
+(T+1>Z\y(u+1)!9“> [Z\y(mﬂ)l"“]

0+1
HIPI(T + 1) [Z!y n+1)|9+1] :

n=0

Since lim,_,y+ % = 1yTy < 1 for y > 0, then there is ¢ > 0 such that (1 +

x)Y <14 (1+y)xfor 0 <x < o. We consider two cases.
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Case 1.
T

Y [+ 1) <

n=0

T b Ot DI 18 =3[ X W+ D]

(T+1)o
In this case, we get
- 0+1 6+1
BY ly(n+D)%* lep,H Z (n+ 1)
n=0
e a
+ Y el (T +1)eQ+(T +1)0) 7 ] Zlyn+1)\9“
i=1 n=0
1
o 0+1
(T + 1) o Zlyn+1)|9+l
n=0

It follows that

T
Y y(n+ 1))
n=0

i 4
ﬁ—;\lpil\

=

IN

iHQiH(T+ De(o+ I)Q}@il] [ (n+ 1)\9“]

1
6+1

0

3
Il

0 T
(T + 1) [Z‘b\y(%l)!e“]

From (6), there is M; > 0 such that ¥'7_ |y(u+1)|%*! < M.

Case 2.
T

Y e+ 1) >

n=0

I N [ U\ I b e A 1 Ot o
(T+1)o

In this case, we get

Y o+ 1)+ |5 —3|Zﬁ15:T+4 [y (u+ 1)+

1
] 6+1

_L
0+1

=:0.

<O0.

0<
(2T +2) Lo ly(u+ 1)]7+!

61
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Thus
T
BY. lytnt DI <
n=0
4 T . p 0
Yol ¥ Ivtn+ 1)+ <T+1>e+lzr|q,~|x(1+<1+> .
i=1 n=0 i=1 0+1

T i[OG+ D[ 48 -3 Xy [y (u+ 1))
(T +1) Lo [y(u+1)[07!

6+1

L L
x Y y(n+ D) | |A[(T + 1) 75 [ZIy (n4 1)
n=0 n=0

[Z\Ip,H] Z V(n+ 1|8 (T + 1)e fl\qill Y v+ 1[0+

i=1 n=0
0 0 0 o
+(T+1)9+'Z|\q,-|!(1+9+1> GQ -+ |[rl[(T + 1) o [Zly n+1>|9“] :
i=1 n=0
We get

4 0 T
[ﬁ—;H’iH —(T+1)o ;llqz'lll Y I+ 1)

u=0

0 & 0
<(T+1)e il 1+ ——
< (e Yl (14557 ) o0+

1
0+1

T
H|r|(T + 1)5% [Z y(n+1)[*!
n=0

It follows from (6) that there is M; > 0 such that ¥.7_ |y(u+1)|9+1 < M.

Hence |y(n+1)| < Mll/(eﬂ) for all n € {0,...,T} in each cases. Thus we
get

/(6+1)

(n+1)] < |y(n+ 1)+ xo(n+1)] < MOV 1 ixolx, neo,...,T].

J(0+1)

Hence ||x|| < M1 +||x0]|.- So Q is bounded. This completes the Step 1.

Step 2. Prove that the set Q, = {x € KerL : Nx € ImL} is bounded.

T T+4 63

—N A —
For x € KerL, we have x(n) = (0,...,0,¢,...,¢,0,...,0). Thus, for n =
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0,...,T, we have

Nx(n) = £ (,3(8) +xo(n), (0 + 1) + xo(n+ 1), x{n+2) + x0(n +2),
e x{n = T () x0T (1)), 31— T () 30— T ()
= f(n,c,c,c,c,Xg,00,- 1 X1,00)s
where
¢(n—7(n), n—7(n)€l-1,-1],
Xrc0=14 W(n—1(n)), n—1(n)e|[T+4,T+96],
¢, n—1i(n) €[0,T+3].

Nx € ImL implies that

T-1

Z f(l’l,C,C,C,C,XTl 0,05 e 7me,C,O) =0.
n=0

It follows from condition (B) that |c| < M. Thus €, is bounded.

Step 3. Prove the set Q3 = {x € KerL: £A Ax+(1—A1)ONx=0, A €]0,1]}
is bounded.
If the first inequality in (B) holds, let

Qs ={xeKerL: AAx+(1—-A1)ONx=0, A €[0,1]}.

T T+4 63
—~N A
We will prove that Q3 is bounded. For x(n) = (0,...,0,¢,...,¢,0,...,0) €
Q3, and A € [0,1], we have
T
—(1=2) Z f(n,c,c,coc,xz, 0053 Xg,c0) = AcT.
n=0

IfA=1,thenc=0.If A # 1 and |c| > M, then

T

0>—(1-A)c Z f(n,c,c,c,c,xq, 0051 X5, 00) = AT >0,
n=0

from (B), a contradiction. So |¢| < M.
If the second inequality in (B) holds, let

Q3 ={xeKerL: —AAx+(1—-A1)ONx=0, A €[0,1]},

Similarly, we can get a contradiction. So |¢| < M. Hence Q3 is bounded.
Step 4. Obtain open bounded set Q such that (i), (ii) and (iii) of Lemma 2.1
hold.
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Set Q be a open bounded subset of X such that Q D U?:]Q. We know
that L is a Fredholm operator of index zero and N is L—compact on Q. By
the definition of Q, we have Q D Q; and Q D Q,, thus Lx # ANx for x €
(DomL/KerL)NdQand A € (0,1); Nx ¢ ImL for x € KerLNJQ.

In fact, let H(x,A) = £A Ax+ (1 — A)ONx. According the definition of
Q, we know Q D Q3, thus H(x,A) # 0 for x € dQ N KerL, thus by homotopy
property of degree,

deg(ON|KerL, QN KerL,0) = deg(H(-,0),2NKerL,0)
= deg(H(-,1),QNKerL,0) = deg(+A,QNKerL,0) # 0.

Thus by Lemma 2.1, Ly = Ny has at least one solution in DomLNQ, which is a
solution of BVP(1). The proof is completed. O

Theorem 2.4. Suppose that (B) and (C2) hold. Then BVP(1) has at least one
solution if (7) holds.

Proof. The proof of this theorem is divided into four steps.
Step 1. Let

Q= {x:Lx=ANx, (x,A) € [(DomL\ KerL)] x (0,1)}.
For x € Q;, we have Lx = ANx, A € (0,1), so

Ay(n) = Af(n,y(n),y(n+1),y(n+2),y(n+3),y(n =71 (n)),...y(n—Tn(n))),
8)
where y(n) = x(n) + xo(n). Then

[A%y(n)]y(n+2) =

=Af(n,y(n),y(n+1),y(n+2),y(n+3),y(n—11(n)),...,y(n—Tu(n))y(n+2).
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Since y(0) = —y(T +1),Ay(0) = —Ay(T +1),A%y(0) = —A>y(T + 1), we get

Y Ay +2) =Y [Ay(n+1) = Ay(n)][y(n+3) — Ay(n+2)]
n=0 n=0

= Y [(A%y(n+1))y(n+3) — (A%(n))y(n+2) — A’y(n+ 1)Ay(n +2)]
n=0

T
= (AT +1)y(T+3)— (A%(0)y(2) — ¥ A%y(n+ 1)Ay(n+2)
n=0

T
= =Y Ay(n+1)Ay(n+2)

n=0
T
= =) ((A(n+2))* = (Ay(n+1))(Ay(n +2)))
n=0
T
- T2 Z(Ay(n+2) A)’('l+1))2—[Ay(l)]2+[Ay(T_|_2)]2
n=0
T
= ;X%)(Ay(n—i-Z) Ay(n+1))*
<o
So, we get 0 >

any y(n+1),y(n+2),y(n+3),y(n—11(n)),...,y(n—Tu(n))y(n+2).
n=0

The proof of the remainder steps is just similar to those of the proof of Theorem
2.3 and is omitted. O

For BVP(2), choose DomL =
x(i)=0,i€[-1,..., —1], x(0) = —x(T+1)

xeX: x(i)eR, i€[0,T+3], Ax(0) = —Ax(T +1) .
x(i)=0, i€ [T+4,....,T+6], Ax(0)=—-Ax(T+1)

Set
L:DomLNX — X, Lx(n)=Ax(n), n€0,T],

and N: X — Y by
Nx(n) = f(n,x(n) +xo(n),x(n+1)+xo(n+1),x(n+2) +x0(n+2),
x(n+3)+xo(n+3),x(n—11(n)) +x0(n— 71 (N)), ...
oy x(n—Tu(n)) +x0(n— Tu(n)))
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n € [0,T], for all x € X, where

¢)(I’l), ”E[—Ta—ﬂv
X()(I’l): 0, nE[OaT+3]7
y(n), ne[T+4,T+34].

It is easy to show that A’xy(n) = 0 for n € [0, 7] and that x € DomL is a solution
of Lx = Nx implies that x + xg is a solution of BVP(2) and

i) KerL ={(0,...,0) € X}.

ii) L is a Fredholm operator of index zero and N is L—compact on Q with Q
being an open bounded nonempty subset of X.

Theorem 2.5. Suppose that (Cy) holds. Then BVP(2) has at least one solution
if (6) holds.

Proof. Let Q; = {x: Lx = ANx, (x,A) € (DomL) x (0,1)}. For x € Q;, we
have Lx = ANx, A € (0,1), so

Ay(n) = A f(n,y(n), y(n+1),3(n+2),3(n+3),y(n=T1(n)),...,y(n = Tu(n))),
9)
where y(n) = x(n) +xo(n). Then [A3y(n)]y(n+1) =

=Af(n,y(n),y(n+1),y(n+2),y(n+3),y(n—11(n)),...,y(n—Tu(n))y(n+1).

As in the proof of Theorem 2.3, we get 0 <

T-1

;)f(n,y(n),y(wr 1),y(n+2),y(n+3),y(n—11(n)),...,y(n—Tu(n))y(n+1).

Similar to that of proof of Step 1 in the proof of Theorem 2.3, we can prove that
Q1 is bounded.

Let Q D Q; be an open bounded subset of X, it is easy to see that Lx # ANx
for all x € DomLNdQ and A € [0, 1].

Thus by Lemma 2.2, Lx = Nx has at least one solution in DomL N Q, so
X+ xg is a solution of BVP(2). The proof is completed. ]

Theorem 2.6. Suppose that (C») holds. Then BVP(2) has at least one solution
if (6) holds.

Proof. Let Q) = {x: Lx = ANx, (x,A) € (DomL) x (0,1)}. For x € Q;, we
have Lx = ANx, A € (0,1), so

ANy(n) = Af(n,y(n),y(n+1),y(n—11(n)),...,y(n—Tu(n))),  (10)
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where y(n) = x(n) +xo(n). Then
[Ay(n)]y(n+2) = Af(n,y(n),y(n+1),y(n+2),y(n+3),y(n—1(n)),...

- Y(n=Tn(n))y(n+2).
As in the proof of Theorem 2.4, we get 0 >

Zf n,y(n),y(n+1),y(n+2),y(n+3),y(n—11(n)),...,y(n—Tu(n)))y(n+2).

The remainder of the proof is just similar to that of the step 1 of the proof of
Theorem 2.3, we can get that 1 is bounded.

Let Q D Q; be an open bounded subset of X, it is easy to see that Lx # ANx
for all x e DomLNdQand A € [0,1].

Thus by Lemma 2.2, Lx = Nx has at least one solution in DomL N Q, so
X+ xp is a solution of BVP(2). The proof is completed. O

3. Examples

In this section, we present some examples to illustrate the main results in section
2.

Example 3.1. Consider the following problem

A’x(n) = pr () [x(m) 1 + pa(n)[x(n+ D + Blx(n+2)
+pa(n)x(n+3)* T+ T gi(n+ D) x(n — T = 3)P4H!
+ X i Dx(n+ T +4)P44 +r(n),
x(0) =x(T+1),
Ax(0) = Ax(T + 1),
A’x(0) = A’x(T + 1),
x()=¢(), ie[-(T+3),—1],
( x(i) =wy(i), i€[T+4,2T +4|,
where k > 0 an integer, B >0, pi(n), p2(n), pa(n),qi(n)(i=1,...,m),r(n), 7:(n)
are sequences. Corresponding to BVP(1), we find

F(m,y1,52,93,%1,...,%m) = p1(n )Y%kH‘i‘PZ( )y 2k+1+ﬂy2k+l+
2m
+p4 2k+1+2ql 2k+]+ Z riim(n)xl?k-&-]_‘_r(n)’
i=m+1
(Y12, 73, X1+« X)) = Byt
h(n7y17y27y37x17"'7x ):pl( ) 2k+1+p2( ) 2k+]+p ( ) 2k+1+

+Zpl 2k+1+ Z Fim ) 2k+1+r( )
i=m+1

(11)
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It follows, for n € [0, T], that
T
¢ Zf(n,c,c,c,c,xfwo(n),...,me’C’O(n)) =

T m
[mlzpl oo+ § (£ onoon—r-
i=1

Z Z ri— m n+T+4)+r( ))

n=0i=m+1
=Y (pr(n)+pa(n) + pa(n)) + (T +1)B | +
n=0
T m
c Z(Zp,(n) (n—T—-3) Z Z riem(m)y(n+T +4)+r(n )) :
n=0 \i=1 n=0i=m+1

It is easy to see from Theorem L2 that BVP(11) has at least one solution for
every r(n) if

2t 2t
pilly +[1p2lly + |[pally + QT +2)%2 Y |lgilly + 2T +2)%2 Y ||rilly < B
i=1 i=1

and either
T
Y. (p1(n) 4 p2(n) + pa(n)) > —(T+1)B
n=0
or .
Y (p1(n) + pa(n) + pa(n)) < —(T +1)B.
n=0

Example 3.2. Consider the following problem

Ax(n) = pi (n) x(n) T+ B [x(n+ D]+ p3(n)[x(n +2)]24!
+pa(n)[x(n+3)PH + X pi(n+ 1) [x(n — 7(n)) P 4-r(n),
x(0)=—x(T+1),

Ax(0) = —Ax(T + 1), (12)
A’x(0) = —A?x(T +1),

x(i) = q)(i)? i€ [_77_1]7

x(i)=wy(i), i€ [T+2,98],

where k > 0 aninteger, B <0, p1(n), p3(n), pa(n),qi(n)(i=1,...,m),r(n),7(n)
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are sequences. Corresponding to BVP(2), we find

f(naylvyZay3vxla" ) pl( ) 2k+1+ﬁy2k+l+p3( ) 2k+1+

+p4 2k+1+2pl 2m+1+r( )

g(”l Y1,Y2,¥3,X1,- ) ﬁy2k+lv
h(n7y17y27y37-x17"'7-xl"1):p ( ) 2k+1+p ( )y§k+l+p4( ) 2k+1+

+Zpl 2m+1+r( )

It is easy to see from Theorem L3 that BVP(12) has at least one solution for
every r(n) if

m
2k+1
pilly +1pslly + |lpally + T +2)22 Y |lgilly < —B.

i=1
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