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POLYNOMIALS EXPANSIONS FOR SOLUTION OF
WAVE EQUATION IN QUANTUM CALCULUS

AKRAM NEMRI - AHMED FITOUHI

In this paper, using the ¢g>-Laplace transform early introduced by Abdi
[1], we study g-Wave polynomials related with the g-difference operator
Ay x. We show in particular that they are linked to the g-little Jacobi poly-
nomials p,(x; o, B | ¢%).

1. Introduction and preliminaries

In a recent paper [6], the authors have shown that the solutions of certain g-
elliptic problem can be expressed in terms of solutions of a parabolic problem
by means of the inverse g>-Laplace transform.

In this paper, our interest is to obtain series representations of solutions of
a g-Wave problem. The initial data in these cases is taken to be analytic, and
the representations sets of polynomials involve the g-Laguerre polynomials and
g-little Jacobi polynomials. These polynomials are obtainable from the g-Heat
polynomials studied by A. Fitouhi and F. Bouzeffour [3] by the use of the inverse
g*-Laplace transform. We also study the series representations of solutions of
the g-Wave problem concerning the g-difference operator A, ,.

Throughout this paper, we fix ¢ €]0, 1] and suppose that log(1 —g?) /logg® €
N. We recall some usual notions and notations used in the g-theory.
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The g-shifted factorials are defined by

n—1 o0

(@qo=1, (aq)n=]]0-ad"), (wq9)==]](1-ad) O
k=0 k=0
and more generally:
(ar,-sanq)n = | |(a:q)n 2)
k=1

A basic hypergeometric series is

) (ah... ’ar;q)n n n(n 1) l4s—r n
r® alv"'7ar;b17”'7b;Q7-x = —1 q X
! 59:7) n;) RSN |

A function f is said to be g-regular at zero [2] if lim f(xq") = f(0) exists
n—soo
and does not depend of x. The g-derivative D, f [9] of a function f is defined
by:

f(x) — f(gx)
Dyof(x) = =4 —-LL x£0. (3)
A (T
The g-derivative at zero [2] is defined by
f(xq") — f(0)
Dyf (0) = lim == 4)
where the limit exists and independent of x.
Forn e N,
)" ¥ (4:)n (k) (n—k—1)/2 p( ik
Dy« f(x (—1)* —q f(d" ) ()
®) 1 —q)" Z{, (@ Dn—k(q:9)x ( )

The g-analogue of (a+b)" is a non commutative term (a + b)y given by

Itis clear that (a +b); and (b + a)y are not always the same.
Some q—functional spaces will be used to establish our result. We begin by
putting

R, = {#d" k€ Z}U{0}, R, ={+d¢" kcz} (7)

and we define & .(R,) the space of even functions infinitely g-differentiable at
zero.
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We also denote

1—g" (4:9)n
R A R . )
[]q l—q [](1 (l—q)”
The g-shift operators are
(Agaf)@) = flax),  (Apf)(x) = Ayt of (x). ©)
We consider the g-difference operator
_A-1p2
A%X - Aq,xDq,x' (10)

Koornwinder and Swarttouw introduced g-trigonometric function denoted in
[10] by cos(x;¢*) and sin(x;¢*), we have in particular:

cos(x:q%) = 191(0,4,¢% (1 — q)*x*) = ¥ (—=1)"bu(x:4%) (11)
n=0
where we have put
2 2\ 2 —1 (1 —61)2" 2
bu(x:q%) = by(1;¢7 )™ = "= 2L 2n, (12)
(q;q>2n

More generally the normalized g-Bessel function [4] is given by

-1 q*(1+¢)*

jalxg?) = [p(a+1)q" a Jo((1=q)x:¢%) (13)
= Y (-1)"bpa(x,q%) (14)
n=0

where Jg(x;¢?) is the Hahn Exton g-Bessel function [12] and

Tp(a+1)g"D
(1+q)*Tp(n+1)Tp(a+n+1)

bno(x,q%) = by a(1,¢*)x*" = . (15)

The ¢- jo Bessel function jy (x;¢?) is entire function and tends to the normalized
Jjo Bessel functionas g —> 1.
One can see, after simple computation, that

joiug’) = cos(xiq?), (16)
: .2
gy = L) (17)
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The g?-Jackson integral from 0 to a and from 0 to o are respectively defined by

a ) o oo
| r@dpr==@a ¥ flag?)q, [ fodex=(1-A) L fa)

n=0

Note that for n € Z and a € R, we have

oo 1 oo a 1 a n
/0 f(qz”x)dqzx:qbl/o f(x)dpx, /Of(qz”x)dqzxzw/oq f(x)dpx

(18)

The ¢*-integration by parts is given for suitable function f and g regular at zero

by:

[ r0ng e = [100] [ 1D e

The improper integral is defined in the following way (see [10]; [11])

oo /A o0 Zn q2n
f(x)dpx = Z < ) A#0.

We remark that, for n € Z, we have

/m/qzn f(x)d2x= /oof(x)d 21X
0 1 0 1

The ¢*-analogue of the exponential function [7] are given by

0

Eo(x) = -, = 2 n(n—1) ) =4 )
o R Zq q 5G%)n
= (~(1-¢")x¢")=, for xeC
and
o 1_q2)n
ex(x) = 0,— 1—d*)x) = ( v
q2( ) (PO( ( ! ) ) n=0 (q2;q2)n
! for |x| < !
_ . '
(1= %) T

(19)

(20)

2

(22)

(23)

(24)
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The little g-Jacobi polynomials [7] is defined by

(n+a)n(,—n—a.
q " %q _
pu(io,Blg) = (qn+a(—|—ﬁ+1.q> )"zq)](q P g g, qx) (25)
b n

n+a)n(q—n—a;q)an:(q—n;q)k(qn+a+ﬁ+l;q)k quk
(g"retPrlg), & (@*59) (4:9)

q'

Jackson [8] defined a q2—analogue of the Gamma function by

2.2
Tp(x) = ((52;;22))2 (1= (26)

Abdi in [1], introduced the g*-Laplace transform by

0(s) = L) }os 27)
1/(1-¢%)s 5
- / Ep(—gPst)f(t)d ot (28)
0
o/ (1-¢%)s )
- / Ep(—st) f(t)d,ot. (29)
0

Moreover, since log(1—¢*)/log(¢*) € Nand s € R, ., we obtain from (21)
that the following ¢*-integral representations hold:

00) = Ll O = | Ep(=on)f(dpt = [ Ep(~gst)f(0)dpt
(30)
and (see [5] Theorem 1)

—+oo
Ta(s) = /O ' E(—q*t)d ot (31)

In [6], we have defined the g-Wave polynomials associated with the g-
difference operator A, , by defining wy 2, and wy 3, given, for x,7 in R, by:

n ) l2k
W172n(xat;q2) = [2n]q‘ Z qk bnfk(x;qz) [2](] '
T L
w6 5¢7) = [2n]g' Y ¢  bur(x:q )W-
k=0 q-

wich can be expressed in term of g-little Jacobi polynomial p,(x;a, B | ¢*) [6]
as follows
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Proposition 1.1. For x, t in R, we have:

wiz(xq7) = (=1)"q "G )t pu(@ R [ 15-1/2,2n | @)
wamm(xi?) = (—1)q~" D (21 )t (P2 /1251 /2,201 | ).
Proposition 1.2. For x, t in R we have:
| wian(etg?) | < g [Zlgq‘[(erq”f)f,"Jr(x q't)y"]
e rd) | < a7 Pt g+ (g0

where (a+b)y is given by (6).

Proof. Owing to the relation

2.2
—2n —1)—2n q 9q n
2 ;qZ)k _ (—l)k k(k—1)—2nk ( )

q q
( (@%9%)n—«
we deduce, from Proposition 1.1, that
W1,2n(x7t;q2) =
k( 2.2
61 ) (9°:97 )n—& 2k 2n—2k—1
= (—~1)"q" (¢:q)ant x*t
! Z (7:92)k(q%:q )k (4:9)2n—2%
) n k(k—1) k2 —2nk 2k
_ (_l)nqn (QQQ)ZnZZ Z q q - (q »q ) —
0 (687 (@ )G )i (:q%)nr t
k(k—1) qk2—2nk 2k

— (—1)g" (g:9)ont® g[ L(?

(@GP (g% ) n—i 125

Hence

n 2 1k
n? 5 n 2n n _ X
[ wian(xtq®) | < g @in )3 [ k} 2qk(k ])[ }
= q

(1 _ q)n = q2nt2
< n? (q’q)Zn 2n( x2 )n
(TR

< q" [2n],! (2% + qzntz)
The result is then deduced by the fact that:

2n,2\n

() =< [+ q")7 = (x—q"1)]"] . (33)

l\)\'—
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Proposition 1.3. Forx, t in R and n > 0, we have:

IDgwion(x,1:67)| < g Clg,n)t [(x+q"1)]" >+ (x—q"1);" 7]

|Agawian(x,1:¢%)| <
Clg,n) (F+1+q(1+q)[n—1]22%) [(x+ 4" + (x—q"1)7" ] .

Furthermore

[Agawian(x,1:4°)| < C(g,n) (* +¢*(n = 1)* +q(1+ )
*[n—1px®)[(x+¢" )7+ (e =g g

where the constant C(q,n) is given by

a2 1+q
C(g,n) =¢q n 5 [2n}q![n]qz.

o
2. Convergence of series Z P11 (x,7:¢%) and Z —w22n(x,t;q 2)

= 21, n]q

=,

In this section, we prove that the series nzb { 2n] 'wl wm(x,t5q ) and
o,
Z 20, 'wzzn(x t:q )convergemthestrlp{ (x,1) /|x\+\t|<R} R>0.
n=0 n

Given Ry such that the previous series converge for | x |< Ry. We consider
the g-difference problems (/) and (//) given by:
Byl %) = Agw(n.:?) Byl %) = Agw(n.:P)
w(x,0;¢%) = ¢ (x w(x,0;4%) =0

Dwa(x,t,qz) =0 Dwa(x,t,qz)h:O = ¢ (x)

where A, is given by (10) and ¢ being an entire even function defined on C,
infinitely g-differentiable at zero, having the following expansion:

|t:0

400
@)=Y aba(x:q?) (34)
n=0

the convergence holds for | x |< Ry.
In this section, We prove the solutions of (1) and (II ) have respectively an ex-

H W 2n(x,1; q ) and Z
]q ]q

converge respectlvely in the strip {(x,)/ | x | + \ t ]< R}, R>0.

pansion of the form Z W2 (x,1:q ) which
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Theorem 2.1. Let (), be a sequence of real or complex numbers such that
the series ¥, 0,b,(x;q*) converge for any sequence of real or complex numbers,
forall | x |< Ry. Then:

i) the series
(35)
T~ W12n\X,15g
= 2n),

is solution of the q-problem (1) in the strip {(x,t)/ | x|+ |t |<Ro} and
converges uniformly in any compact subset of this strip.

ii) the series
oo e

is the solution of the q-problem (I) in the strip {(x,1)/ | x| + |t |<Ro}
and converges uniformly in any compact subset of this strip.

Proof. Given R; < Ry andK—{xt | x|+ |1 |<Ri}, thenforall (x,1) in

. Furthermore, the fact that Z by (x:q%)

n=0
converges for | x |< Rp implies that there exist M > 0 such that
M
o< ——. 37
o |< q "*[2n), 'R 7
The Proposition 1.2, give
ME 1 n.\2n
’Z WlZn-xtQ)|§2zR2n[(X+qt) +(x_qt)q]‘
Hence, the convergence of the last series holds for all (x,¢) in K then
—+oco
Z P ] 'wl m(x,t5q ) converges uniformly in any compact subset of K to
n=0 <1
w(x,t;¢%) and we have
limw(x,1) = ¢(x). (38)

t—0
—+oo
Now using Proposition 1.3, we can deduce easily that Z e Dy wi2a(x,t;¢%)

converges uniformly in any compact subset of K with Dwa(x, t:¢*) as sum and

limD, ,w(x,t;¢%) = 0. (39)
t—0 ’

So i) is then proved.
To prove ii), we proceed with the same way. O
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