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MONOTONE SOLUTIONS FOR NONCONVEX FUNCTIONAL
DIFFERENTIAL INCLUSIONS OF SECOND ORDER WITH
CARATHEODORY PERTURBATION

A. G.IBRAHIM - F. A. ALADSANI

We give sufficient conditions to assure the existence of a monotone
solution for a functional differential inclusions of second order with Cara-
theodory perturbation. No convexity condition is involved on the values
of the right hand side in the construction. This work generalizes some a
recent papers, for example [1,13,15].

1. Introduction

Let K be a closed subset of R", Q an open subset of R" and P a lower semicon-
tinuous set-valued map from K to the family of all nonempty subsets of K, with
closed graph and satisfies the following two conditions

(i) Vx € K,x € P(x).
(i) Vx,y € K,y € P(x) = P(y) € P(x).

Under these conditions, a preorder (reflexive and transitive) relation on K is
defined as
x=<y&yeP(x).
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Let 0 > 0 and C(|—0,0],R") be the space of continuous functions from
[—0,0] to R" with the uniform norm

|Ixllo = sup{||x(s) ]| : 7 € [-0,0]}.

For each t € [0,T]; T > 0, we define the operator 7(¢) from C([—o,T],R") to
C([—o,0],R") as

(t(t)x)(s) = x(t +s), forall s € [—0,0].

Here 7 (¢) x represents the history of the state from the time 7 — o to the present
time ¢.

Let Ko = {9 € C(|-0,T],R") : (0) € K} and F be a set-valued map
defined from K x Q to the family of nonempty compact subsets (not necessarily
convex) in R"” and f be a Caratheodory function from RxK x Q to R". Let
(¢0,y0) be a given element in Ky x Q, we consider the second order functional
differential inclusion with perturbation

/)
Q) { ¥(0) = yo,

P(x(t)) CK,Vr €[0,T],

x(s), whenever 0 <r <s<T.

In this paper, we prove under reasonable conditions that there is a function
x:[—0,T] — R" such that

(1) the function x is absolutely continuous on [0, 7] with absolutely continu-
ous derivative.

(2) t(t)x € Ko, forall t € [0,T].
(3) X' (t) € Q,aeon|0,T].
(4) the functions x,x’, x” satisfy (Q).

In order to explain the mathematical motivation to this study we refer to, Ibrahim
and AL-Adsani [13] proved the existence of monotone solution for (Q) without
perturbation, (that is f=0).

Further, Amine et al [1] proved the existence of a local solutions, not nec-
essarily monotone, for (Q) in the particular case P (x) = K, for all x € K and
without delay. Thus, the result, we are going to prove, generalizes the results of
[1] and [13].

We mention, among others works, [9,11,12,13,15,20] for the proof of exis-
tence of monotone solutions for differential inclusions or functional differential
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inclusions and the works [3,4,7,8,10,14,16,17,18,19,21] for solutions not nec-
essarily monotone. Note that the case where the solutions are not necessarily
monotone has been widely investigated compared with that of monotone solu-
tions which has been rarely investigated.

The present paper is organized as follows: In section 2, some definitions and
facts to be used later introduced. In section 3, the main result is proved.

2. Preliminaries and notations

Let R” be the n-dimensional Euclidean space with norm ||.|| and the scalar prod-
uct < -,- >. Forx € R" and r > 0, let B(x,r) = {y € R" : ||y — x|| < r} denote
the open ball centered at x of radius r and B (x, r) be its closure.

For ¢ > 0 and ¢ € C([—0,0],R"), let B5(¢,r) = {y € C([-0,0],R") :
1y —9llo < 7} and Bo (p,7) = {y € C([-0,0LR") : [y — 9lly < r}. We
also, denote by d(x,A) = inf{||x —y|| : y € A} the distance from x € R" to a
closed subset A of R". We denote also by ||.||2to the norm L*(C[—0,0],R")).

A function V : R" — RU{eo} is said to be proper if its effective domain
D(V) ={x € R": V (x) < oo} is nonempty. The subdifferential of a proper
convex lower semicontinuous function V : R" — R at a point x € R" is defined
(in the sense of convex analysis) by

AV x)={EeR":V(y)—V(x) >< &, y—x>, VyeR"}.

The second-order contingent cone of a nonempty closed subset C C R” and
(x,y) € C x R" is defined by

d(x+1y+52,C
Tg(X,Y)Z{ZGR":Ilir&inf ( ytz 2 ):0}.

For the properties of the second-order contingent see [3,7,15].
Let M be a metric space, a multifunction F : M — 2%"is said to be upper
semicontinuous at a point y € M if for every € > 0 there exists & > 0 such that

F(z) CF(y)+B(0,¢),

for all z € B(y,8). For more informations about the continuity properties for
multifunction we refer to [2,6].

3. Main result

We start by the following lemma which plays an important rule in the proof of
our main result.
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Lemma 3.1. Let K be a nonempty closed subset of R", Q a nonempty open sub-
set of R", P a set-valued map from K to the family of nonempty closed subsets
of K and Ko = {¢ € C(|—0,0],R"), 9 (0) € K}. Let F be an upper semicontin-
uous set-valued map from Ky x Q to the family of nonempty compact subsets of
R". Let f be a function from R x Kx Q into R". Assume also the following
conditions:

(HI) Forallx € K, x € P(x).

(H2) There exists a proper convex lower semicontinuous function V : R* — R
such that F(@,y) C dV(y), for every (¢@,y) € Ky x Q.

(H3) Forall (t,,y) € I x Ky x Q, there exists z € F(@,y) such that
2

o] h
hlg(l)l+ mfﬁd((p(O) +hy+ 572 +

t+h
+ [+ h=91(6.0(0).)ds. P(p(0))) = 0.

(H4) f:Rx Kx Q — R" is a Caratheodory function, (i.e. for each (x,y) €
Q, t — f(t,x,y) is measurable and for all t € R, (x,y) — f(t,x,y) is
continuous) and there exists m € L*(R) such that || f(t,x,y)|| < m(t) for
all (t,x,y) e Rx K x Q.

Let (@o,y0) be a fixed element in Ky x Q. Then there are two positive real
numbers r and T such that for each positive integer m there are:

(1) A positive integer Vy,.

(2) A set of points
Pu=A{ty =0,1",....t}' },

with
o <ti'<..<ty <T<t).

(3) Three sets of elements in R"
Xn = {xZ’ L p= 0, 1,...,Vm,1},

Ym = {yz1 : p:O,l,...,Vm,I},

and
Zn=A2y :p=0,1,...,Viu1},

with x§' = @y (0) and y§ = yo.
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(4) A continuous function x, : [—0,T] — R" with x,, (t) = @ (t), for all t €
[—0,0] and such that for each p = 0,1, ..., Vyy_1, the following properties
are satisfied:

() = =t < o
(ii) 2y = uly +w where u}} € F(t(t))x,y)y) and w) € LB(0,1).

(iit) X (1) = Xy 4 (t —177) ¥y + %(t - 121)241 + ftz;z (t —5)f(s, 25, y))ds

Vt € [tl’,”,t[’?ﬂ].

(iv) X0 = X By S (R )2

m 1
tl’ +hp+1

+ (ty +Hy o —s)f(s,x,,5)ds.

e
(v) Xy € P(xy) N B(¢o(0),r) C K and

y;”H :y;,”+h;”+lz;,” € B(yo,r) C Q.
(vi) T(tI’J”H)xm € Bs(po,r)NKp.

Proof. We follow the techniques developed in [13,18]. From [6, Prop. 1.26],
for each y € R”, the subset dV (y) is closed, convex and bounded. Moreover, by
[2, Th. 0.7.2] the multifunction y — dV (y) is upper semicontinuous. So, by [2,
Prop. 1.1.3] there are two positive real numbers r and M such that

sup{]|z[[ : z€ IV (y)} <M},

for all y € B(yo,r). Using condition (H2), we get

sup{|lz|[ : z€ F(y,y)} <M, (1)

forall (y,y) € (KoNBs(@o,r)) x B(yo,r). Since Q is open we can choose r such
that B(yo,r) C Q. It is obvious that the closedness of K implies the closedness
of Ky in C([—0,0],R"). From the continuity of ¢y on [—0,0] there is u > 0
such that for all 7, s € [—0,0], we have

1=l < = 1190(t) - @)l < . @)

Let r and M be the positive real numbers defined above and choose 77 > 0 such
that

/Tl (m(s)+M+1)ds < z
0 4

Set

r r r
T, = mi y ; 3 .
2 “““{“ 8(M+1)" 8([lyol[ + 1) 8<M+1>}
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Choose T such that
T €]0,min{7}, T }|. 3)

Thus the numbers r and T are well defined. Now let m be a fixed positive
integer. We put 7' = 0, x{ = @ (0) and y{' = yo. The sets P, X, Y, and Z,,
will be defined by induction. We first define x7', 1}, y1', z{ and x, on [0,}"] such
that the properties (i)-(vi) are satisfied for p = 0. Using condition (H3), there is
ul € F(@o,yo) such that

2

1 h
lim inf —d(o(0) +hy} + —ul!
Jim inf -5 d(@o(0) +hyg + —-ug +

0-+h
[ =) 75 90(0).55 s, Pgo(0))) = 0.

So, there exists a positive number 47" such that A}" < min{%, T} and

m._..m (h’1n)2 m
a(go(0) + 1+ g 4
+ [ =) (5, 90(0).§)ds, Plgn(0) <

Since P(¢p(0)) is closed, there is x|' € P(¢(0)) with

lu )+ i+ 0 [ 5765, 0) s i < BT
Consequently, there is wj' € R" such that [|w{'|| < 5 and

m (hli”)z m hm m
= a0+ + L O e [ ) s qu(0) 300

Now we define zf! = uf +w{, then z&f € F (o, yy') + 7-B(0,1)and

(H}")?
2

hy'
X7 = 90(0) + g+ g+ [0+ h5)f(5.00(0), ).

We put
hm

Vi =yo +hi'zg + f(5,00(0),y0 )ds.

and 1" = 1! + Y and for t € [t]]',1]"], we define

_gm)2 t
an(0) = 0 0) + ~ @+ CE g [ ()5, (). )
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Thus, the properties (i)-(iv) are clearly satisfied for p = 0.
Since 7(#;')xm = @o, using relation (1), we obtain

sup{[[v] v € F(t(tg)xm,y0)} <M.

Therefore, ||z|| < M + 5, < M+ 1. We get from the definition of y',

IN

'
1" =o'l h’f’l!Z’o"lHll/tm f(s.xG,55)ds]|
0

< T(M—|—1)+£<r.

Thus y' € B(yo,r). Since x|' € P(xj') € K , then to prove property (v) for
p =0, it is sufficient to show that

X7 — o (0)[| < r.
We get using (1) and (3)

m 0 < mi|y,m (hT) N d
X" = @o(0)]] < ATl + HoH+ !fl s 11£(s,90(0),y5)ds
T2 h’”
< T|]y81\|—|——(M—i—1)+/0 m(s)ds

r M+1) r
< |+ + o
: mhm+0W” smrn) 2 4
< §+16+4<}"

and hence (v) is satisfied for p = 0.To prove (vi) for p =0, let v € [-0,0]. B
(2) and (3), we get

[17(6")xm — @olle = sup [ (1" +v) — @o(v)]]|

—o<v<0

< sup (" +v) = @o(v)[[+ sup (" +v) — @o(v)]]

—o<v<0 —o<v<0
—o<i] 4+v<0 0<e{"+v

< sup  leo(r" +v) = @o(W)|[+ sup |lxn(t" +v) — @o(v)]]
—o<v<0 —o<v<0
70'§t1"+v§0 0§11”+v

§+]‘xm(t1 +v) = @o(0)]| +[|@o(0) — @o(v)||

r (h}
< L+l + g [ o+ ]
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r r
§+T’|YOH+ |\Zo’|+ +§
r r r
<—4— W+ M+ D)+~ +-<
=8 s;(|\y'(;1||+1)”y(’H 16(M—i—1)( ) 4 8~

§ + + I 6 + - 1 + <,
which shows that 7(¢]")x,, € BG((po, r) and hence (vi) is proved.
Now we suppose that ¢ s p+1’ yZ’H, z,, are well defined for p=0,1, ..., (g—1)
and x,, is defined on the interval [—o t’"] such that all the properties (i)-(vi)
are satisfied for p =0,1,...,(¢ — 1). We define tq+l’ xZZrl, qu, z; and x;, on
[t(;”,t;ﬁl} such that the properties (i)-(vi) are satisfied for p = g. We denote by
Hj' the setof all h € ]O, % [ for which the following conditions are satisfied:
@0<h<T- t’"

(b) there exists uy' € F(7(ty')xm,yy ) such that

2 1y +h W2

h
d(xg +hyg +Sug + (13" +h—=8)f (5,277 )ds, p(xg)) < .

From the fact that (v) and (vi) are true for p = ¢ — 1, we get yZl € Q and
T(t))xm € Ko. Moreover, since (iv) is true for p = g — 1, then 7(2;")x, (0) =
Xm(ty') = x;. Therefore there is uy’ € F(7(;')xm,y, ) such that

lim 1nfh2d( +hyj +Euq +/zm (ty' +h—s)f(s,x7,y5)ds, P(x})) =
q

h—0t

which assures the existence of a positive number % such that 4 < min{ %, T—1;'}
and

h2 tg'+h h2
d(ocy +hyly +uy+ | (1 h= ) f (s, )ds, Pe)) < oo
q

hence h € Hj'. Since Hj' is bounded by the number 7, there is a number dg'

such that d' = sup{a : o € H]'}. Since H}' N[ 5’ ,dy'] # ¢, an element 1}, | €

m

Hy' N[ é’ ,dy'] is found such that

(h )2
> Ut

d(x +hq-&-l +

ty' +hgs (™ 1)2
+/,m U =) f (s, Y ds, P(x)) < %_
q
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From the closedness of P(x7'), there is x| € P(x7') C K with

(ha)?
me_i_hq-‘rl q+ 2 uq+

t;n+h’c;’+l (hm+1)2
+/lm (’2"+h2’+1 _S)f(sax';,y?)ds—xg”ﬂﬂ < -1 )
q

4dm

Consequently, there is wj € R" with |[w'|| < 5 < L such that

2
W 2 (hm 1)
X :xltf]nthm m ((1""1) m q+ wm+

q+1 g+1Yqg T 2 Uy 3 "
t”l+h;n+l .
+ tm ( +hQ+1 )f(svx’qnqu)dsz
q
(h2"+1)2 ty +hy o
=Xy Thgayg (g W)+ | (6" Ky = 5) f (5,0 3 .
q

We define zg = uq’" + w’q". Then

20 € F(0(tM)m ) + 13(0 1)

and
q+l 1q+hy, m

q+1 _x +hq+1yq +/ q+l —S)f(s,x;",yq )dS

We put
y;n—H yq +h IZ +/ Saxqayq )d

and 7% =1 + 1|

Fort e [q , q+l] we define

(t—t:]")z t

Xm(t) = x5 + (£ =13 )yy + zg + tm(t—s)f(s,x’;,yg)ds.
q

2
Obviously the relations (i)-(iv) are satisfied for p = g.

Now we prove that (v) is true for p = ¢g. Since (v) and (vi) are true for
p=q— 1, then 7(¢]")x,, € Bs(o,7) and y! € B(yo,r), and hence by (1) we get
||2§'|| <M+ 1. Let us prove that |[y7', | — yo|| < r. We note that

m mn
! +hq+]

yq-H _yq +hq+lzq +/ S x?yy:]n)ds:



136 A.G.IBRAHIM - F. A. ALADSANI

" + hm hm

q+1
yq l+hmZZl 1+/ (S,Xq lqu l)ds+hq+lzq +/ ( 7X;nay;n)ds'
By iterating we get
j+l
yq—i—l yO + Zhj+lzj + Z/ Saxj 7)’] d
Thus
m ! t;n+l m
g =01l < ZhﬂrlHZj 1+ X [ Gyl lds
i—0 '
J= J

r

< (M+1) Zh]+1+4

< M+DT+i<Z4lc
= 458 4"

To prove that x| € Bs(o(0),r) we first use the induction technique to prove
the relation

x;)nJrl_ ( ) (Zh]+1)y0+22( J+1)2Z;-n+
+ ZO y h;’ilh;'ﬁrlz + _):Oft,ir‘(tﬁl 8) f(s, X,y ds+ @)
l ] i+ 1=
z S (.60 )ds

for p=1,...,q. For p =1 we note that

Xy =X+ hyyY + / fls,x7, ¥y ds =

1
S (M) +

=xI'+hy 8+ ) 26"+/ S(s, )+2

+ (té" —8)f (s, 7' )ds =

= (x0 +Hi'yg + T’ m+/ X050 )ds) +
1 o
0+ Y + / £l 38)ds) + 5 (1) 25+ [ 7 (08 = 5)F (5.4 57)ds

'

1 o
=xg + (A +13)yg + 5((”{1)2181 +(H5)?2) + hy RS2 + Y /lm f(s,x0',50 )ds
0
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m
51

+ (7" —5) f(s,x0', 50 ds+/ (85 —s)f(s,xT, ¥ )ds =
1 2
th o+ 5 Z( T+ (MRS ) +
J:0

tm
+ X [ = s+ [ f(s o )ds
0 0

Then the relation (4) is true for p = 1. Suppose that (4) is true for p =g — 1.
This gives us

q—1 q—2 gq—1

X, = (PO(O)+(Z Tayo + 5 Z 1) )? m+z Z R h7az)

J= i=0 j=i+1

m
lit1

g—1 q—1
+ ¥ [ = ypds i (L [ 6,07 5p)ds)
Jj=0""%

So, according to the definition of X", ; we have

+

q+1 —X + hy. +1yq Zl—H +/7 q+l xrqn’y;n)ds =
q

Zhﬂrl yO +5 Z ]+1 +Z Z hm+1h +1Z,

i=0 j=i+1
t+1 m
+ l+l x;'nuyi )dS—I—
i= 0

i+l

t777
q+1 (yO +Zh]+lZ’Jn+Zq_I i f(S 'xl Vi )d ) +

1
+5 ()2 +

; (1 =) 5.5 30 )s =

-1 gq
th Yo+ 5 Z T Y Y W

i=0 j=i+1

m
q ll+ 1

1
FY [ =) flsa ds+hq+lzq / (5,2 ¥\ ds.

4 m
i=0"1
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This implies that the relation (4) is true for p = g. Now, from the fact that
|Zy]| <M +1, forall p=0,1,...,q we get

[bgier = @o(O)]] < [lygl( th Z TP (M+1)+

4 i r
NOERIN S W A RSy e st ynds + <
=074

i=0 j=i+1

1
< \|y6"HT+§(M+1)T2+(M+1)T2+4 +4 <

<8+16+8+4+4<r

Thus (v) is true for p = g. We prove (vi) for p =gq.

[12(tg 1 )3m = olle = sup_[[7(tg’1)2m(v) = @o(v)]] =

—GV

= sup pn(rgh g +v) — (V)] <

—o<y<0
< sup fln(tgyy +v) = @)+ sup (11 +v) — (W)l <
‘1§};n+‘11 <0 0;?;+; .
< sup @o(z' 1 +v) — o (v) || + sup [l (251 +v) — @0 (0) [[+
V-t +1<0 0§v+tg’+l

+osup @0 =@l <t iy Ll T o

It remains to show that there is a positive number V,, such that ;) <7 <
ty. . Therefore, we have to prove that the iterative process is finite. For this
purpose suppose that the iterative process is not finite. So, for each non negative
integer number p, there are 1) € [0,T], Xy ¥y 2y such that the relations (i)-(vi)
are satisfied. Since the sequence {7, },>1 is bounded and increasing, there is

% €10,T] such that gg{}o 1 =tg. Let us show that the sequence {x,},>1 and

{yp}p>1 are Cauchy sequences. Let p and g be two positive integers such that
p > q. From the relation (4) we have

=
|y — x| = 1]( Zh]+1 o+ 5 Z ;n-l-l 7+ Zh hiazo + thhHHZl +
J=q
" H~l p
ot Z (Y R AET o ST 5 4 2+Z/ iy —s)f(s,x", yi")ds+

Jj=p—2
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))‘l m
1 + 1

+ Ry ( Z/M )ds) — hy Z/ (5,27, y})ds)|| <

p—1
(MA+1)(ty — 1)+ (M+1) th o)+
J=q

p—l e
F L[ I s <
i=q 7t

1
< ol — 1)+ 5

<ol —14") + ;(MJrl)( tg')? + (M +1)(rp = 1) (1 — 16+
+(t - )Sup\lf( DO+ (e =1 1)Sup|\f(ijl ,yl)lH

+(tg = tg=0) sup [ f (s, 4"y <
)

1
< BEIG =)+ 5 M+ 1)1 1) + M+ DT (1 =) +

+m(s)(ty —1g) + (1) — 1, )m(s) + (15" — 151 )m(s).

Since the sequence {f,},>1 is convergent, the sequence {x} },>1 is Cauchy.

Then there is x; € R" such that hmx[J = xp. Also,
p (o]
b=yl = thmz, * Z/ Fls. 2|

< (M—l—l)(tp —tg') +m(s)(t) —17').

Thus the sequence {y,},>1 is a Cauchy sequence in R”. Hence there is y}; €
R™ such that y; = lim y’}. From property (v) we note that
p—res

x, € P(xy) NB(¢o(0),r) C K, ®)
and
Yy € B(yo,r) C Q.

Thus x}; € K and yj € B(yo,r) C Q.
Now we put x,, (¢ ) = x.To show that x,, is continuous at 7} let {sZ1 :p>1}
be a sequence in [0, [ such that lims7) =17 and 1)} <} < 1y forevery p > 1.

p—oo P
We have
| (s5) = xm (£ || < [P (5)) — 2xm () [| + [ | (7,") — xg|| <
1
< (s =Yl + E(sg — ) (M A1)+ (M+1D)T(sh—17) +
+(s — 1, )m(s) + [ (2;') — xg |-
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By taking the limit as p — oo, we obtain

Jim [ (s3y) —xm (1) || = 0.
which prove that x,, is continuous at #y. Hence x,, is continuous on [—0,#y].
Consequently,

I}glgof(t;")xm = T(13)) X

Note that from (vi), 7(¢))x, € Ko NBs (o, 7). Since the subset KoM B (¢o,7) is
closed, we obtain

T(ty ) Xm € Ko N Bs (@, 7).
Furthermore, by (ii) and the relation (1), the sequences {z, },>1 and {u,},> are
bounded in R”. So, there are two convergent subsequences, denoted again by
{zp}p>1 and {u,},>1. Thus there are two elements zj; and uj, of R" such that

lim7" =77 and lim " = u'".
p—)oozp Za p—soo P o

Now since F is upper semicontinuous on Ky x € with compact values and
since ) € F(T(t))xm,yy), for all p > 1, it follows that ug € F(T(tg)Xm,Ve)-
Applying condition (H3),

W ty+h
lim infd(x, (1) + vl + o+ [ (1) fs, 2y, Pk (1))

h—0+ 2 7
vanishes. Hence, there is & € |0, T —t}}] such that

d(x’(x +hya+?”a+ e (la +h_s)f<svxa7ya)dsvp<xa>) < @ (6)
We prove that h belongs to H)' for every p sufficient large. Since {IIT} p 1S an

increasing sequence to 7y, limx)’ = xg, limy) =y and limu)) = ug, then
p—ree p—roe p—roo

we can find a natural number p such that for every p > p; we have 1) <1y <
ty +h<tg+h,

h2
|| —xa||§m’ (7
Iy —yall < LE (8)
poS0l = o4
and |
L [ ©)

From the lower semicontinuity of P at x};, there is a natural number p; such that
P(xg) C P(xy) + %B(O, 1), for all p > p,. This gives that if z € R”, then

2

h
d(z,P(xp)) = d(z,P(xg)) + . VP > pa. (10)
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Now let p > max(py, p2). By (7)-(10), we have

m m h2 m [;;l—’_h m m
A+ i+ +/m (17 + h—5) f (5,27, y")ds, P(x"))

h 1y +h h2
< d(x, +hyly + -y +/ (t) +h—s)f(s,xp,yp)ds,x’g—i—hy’g—i—Eu’g
thy+h W
+ y (tg—i-h—s)f(s,xzc’,y’g)ds)—i—d(x’g—i—hy’g—i-Eu’g
ty+h m I . h2
b [ = s sxYEs. P () + o
h2
< [y =l Iy =yl + = lluy — ugl]
1y +h . ” ty+h ”
+H/tm (to’2+h—s)f(s,x’£,y,,)ds—/tm (7 4 h— ) f (5,1, Y1) ds] |
P o
h2 h2
+ 16m + 16m
h? h? n? h? h? oW h?
< + = =

2am  24m T 24m T Tem  l6m  8m ' 8m  dm’

Thus h € H}, for all p > max(pi, p2). From the choice of /) we have
1
3 supH;," < hZ’ < supHZ’.

Hence, h) > % > %, for all p > max(pi,p>), this means that lim, .. A" =

P
lim,o(2,.; —1') can not equal to zero, which contradicts with the fact that
the sequence {,'},>1 is convergent. So, the process must be finite. O

Theorem 3.2. In addition to the assumptions of Lemma 3.1 we suppose that the
graph of P is closed and the following condition is satisfied.

(HS5) for all x € K and all y € P(x) we have P(y) C P(x).

Then for all (¢o,y0) € Ko x Q there exist T > 0 and an absolutely continuous
function x : [0,T] — K with absolutely continuous derivative such that

X'(t) € F(t(t)x,x' (1)) + f(t,x(t),x!(t)) a.e. on [0,T],
x(t) = @o(t), Vi € [-0,0],
(Q) § «'(0) =yo,
x(t) € P(x(t)) CK, Vr € [0,T),
x(t) 2 x(s), whenever 0 <t <s<T.
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Proof. According to the definition of x,,,, forallm > 1andall p=0,1,...,v,_

m .m
we have Vr € [tp ’tp+1:|

x;n(t)zy;’f—i-(t—t [/fsx Yy )d —[ sf(s, xp,yp)ds} -
=y, +(t—1,)z +t—/f 8, Yy )ds +

+ f(s,xp,yp d/Sf Xy, Yy )ds

tm

=y, +(t—t))z, +1f (. x5,y ds+/ f(s,x5,yp)ds —tf(t,x5, v, )ds,

and
X (1) = 2 4+ [ (6,0, y), Ve € Joy [
Then from (ii) and (v) of Lemma 3.1 we get

[l (2) [lypll+ (e =1 IZpHHI/ f(s,x,,y,)dsl| (11)

IN

r
= [bo !+—+T(M+1)+Z

= e+ E

3r
= IbBl+ eI,
and
[ () [| < |z ||+ [1£ (@, y)l| <M +1+m(t),aeon e [0,T]. (12)

Then the sequences (x;,) and (x),) are equicontinuous in C([0,7],R"). Applying
Ascoli-Arzela theorem, there is a subsequence of (x,,) denoted again by (x,),
an absolutely continuous function x : [0,7] — R" with absolutely continuous
derivative x" such that (x,) converges uniformly to x on [0 T], (x],) converges
uniformly to x’ on [0, 7] and (xJ,) converges weakly to x”in L*([0, T], R"). Fur-
thermore, since all the functions x,, equal ¢y on [—0,0], we can say that x,
converges uniformly to x on [—&,T| where x = ¢y on [—0,0].

Now, for each 7 € [0,7] and each m > 1,let §,,(t) =t} ,0u(t) = 1)

p+1-
s }zg,r;;;l { and 8,(0) = 6,,(0) =0, for r € }t;;f,z;;*H [we get

If

) = D f )
c F(rap>xm,y$>-+“3<o D)+ £(t.0057)

= F((800) i ¥l + B0, 1) £ (0,0, ).
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Thus for all m > 1 and a.e. on [0, 7],

(1) € F(T(8(1))Xm, %7, (O (1)) + %B(O, D+ f(t,xy,y,).  (13)

Also, forallm > 1 and all ¢ € [0, 7],

T(6(1))xm € Bo (@0, r) N Ko, (14)
X (1) € B(9o(0),7), (15)
X (O (1)) € P(xn(8(1))) C K. (16)

Claim. For each t € [0,T], lim 7(6,,(¢))xn, = t(t)x in C([—0,0],R").
Mm—yoo
Lett € [0,T], then

1T (6 (1)) Xim — T (1) Xl |6 < [T (6 (1)) Xim = T (1) 2| + [T (1) X — T () ] |6 <

< sup |xn(On(t) +8) = xm (1 +5)|| + |7 (£) 2 — T (1) x| <

—0<s<0

< sup|ponls2) = 2w (sl + [[2(0)xm = 2(1)x]|o <

76§sl SSZIST
[sa=s1l<m

< suplew(s2) —xm(s)l[+ supben(s2) —xm(s1) [+

—0<s; <9p<T —6<s) <0<y <T
Isp—s1 1< 7% Isp—s11< 7%

+ sup|[xw(s2) = xm(s)| [+ |[7(0)xm — T(0)x[|6 <
—0<sy <5 <T
lsy—s11< %

< sup |l@o(s2) = @o(s)ll+ sup [lxm(0) —xm(s1)||+

—0<51<52<0 —0<s1<0

i i
s2=s11<7m Isy <

+ sup [ (s2) =xm(O)[[++ sup [hon(s2) =xm(s0)|[+]|7()xn —T(1)x]|6 <

sngl Ogslgszng
[s2]<7m [so—s11<7

<2 sup |[@o(s2) = @o(si)|[+2 sup |lxm(s2) —xm(s1)l|

—0<s51<52<0 0<s1<sp<T

sy s 1< 7 Isy—s11<7

[ 7(0)xn = T(0)xl[o
Using the continuity of @y, the fact that (x/,) is uniformly bounded, the uniform

convergence of (x,,) towards x and the preceding estimate, we get

lim [|7(,(£))xm — (£)x] |6 = O.

m—yoo
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Similarly, for each ¢ € [0,T],

1im | 2(8(1))xm — T(t)x]|s = 0. (17)

m—soo

Also, since lim 8,,(t) = and (x)}) is uniformly bounded, then

m—yoo

lim x/, (8,(t)) = (t) ,¥t € [0, T]. (18)

Thus by the upper semicontinuity of F and by (14) we obtain
x'(1) € CoF (t(t)x,x' (1)) + f(t,x(t),x(r)) a.e. on [0, T]. (19)
which implies to
X'(t) — f(t,x(t),x1(t)) € IV (¥ (1)) a.e. on [0, T]. (20)

By (20) and [5, Lemma 3.3], we obtain

%(V(x’(z))) = <X'(t) = f(t,x(t),x'(¢t)) > ae. on [0, T]
= <X'(t),x"(t) > — <X"(t), f(t,x(t),x' () >
= W @)P= <A"(0), f(t,x(1), % (1)) >
therefore,

T T
VD) =V 0) = [IW0)]Pd~ [ <30, (500X (0) > dr. @)
0 0

On the other hand, for p =0,1,...,v,,_» and t € }t;,”,t[’)”ﬂ [

(on () = f (1,3 (1), 20, (1)) € F ((t5)xm, 3, (1)) + 13(0 1.
Then |
(i (1) = (820 (1), 23 (27))) € OV (33 (27)) + - B(O, 1),
hence, there exists b, € B(0,1) such that

(o (1) = £t xm(£51), x (Q’?)H%b)éw( (1) (22)

Definition and properties of the subdifferential of a convex function imply that
for & in IV (x;,(1}')), we have

V(15 1)) =V (x,(1)) = < x, (60 ) — X, (1)), & > (23)
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Then by (23)
V(0 (1p1)) =V (1))

’ormy M m m 1
> <x (p+1) X (t )7xm(t>_f(tuxm(tp%xm(tp))—i_%bp>’

m\"p
. "o . .
thus and since x;,, is constant in } 1t [ it follows that

V((t541)) =V (e (5)) =

T
V() =V > [110)|Pdi -
0

Vin—2 tm+l Vin—2 tm !
—Z /<xm S xm (1)), 2, (8 ))>dt+2 /<x” b, > dt.
tn‘l
Since [0,T] = U, [t 1), 1], we have
Vim—2 ;1 ! r
X [ <) e i) > di = [ <20, £le, 0, 200) > ]
i 0
Vi L
=Y, [ (<) fexm(t)),x0,(5)) > — < x"(0), f(2,x(0),x0(t)) >) ]
p=0 m
vy P
< [ < (1) f (1 xm(85), 23, (1)) > — < X"(0), f(2,x(2), /(1)) > [|dt <
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< / | <o (0) S (2 (1), 20 (851) > = <3, (6), (8,20 (8), 2, (£)) > ||t +

+ i: /H <xXN() F(t,xn(0), X, () > — < X (2), £t,x(t),x0(2)) > ||dt+
P=0 m
+ i;/” <X (1), ft,x(2), X (2) > — <x"(t), f(t,x(2),x1(2)) > ||dt =
m 2 /|| < (1) f(t,xm (1)), 23, (15)) > = <X (1), £ (8,2 (1), 2, () > ||+

+/|| <X (1), f (8 0m(2),2, (1)) > — <, (1), f(2,x(2),%'(2)) > [|dt+

T
U< A0 S X0 0) = <0, 30(0), 5, (0) > [l
0

Since f is a Caratheodory function, x,, and x/, are uniformly continuous,
Hx;; (s)H <M+1+4+m(s),me Lz([O,T],]R”)7 X — X, X, — X!

uniformly and x) — x” weakly in L2([0,T],R") then the last term converges to
0. Hence

Vm—2
Wlll_rgo Z / <X () (1,2 (10) 20, (277)) > dit =

Since
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by passing to the limit as m — o in (24) and using the contiuity of the function
V on the ball B(yj,r), we obtain the estimate

T T
V() V(X (t0)) = Jim sup [ /(0| dr— [ <x'(0), f(6.500).X 1)) > .
0 0

Moreover, by (21) we have
| H2 > hm supHx 113,
and by the weak lower semicontinuity of the norm, it follows that

Hx H2< hm supHx Hz

Hence,
. 1112 )2
A 9
Let us show that
x"(t) € F(t(t)x,x' (1)) + f(t,x(t),x/(t)) a.e. on [0, T]. (25)
Let t € [0, T[. By the above construction, there exists p € {0, 1,...,¢} such that
te [t’” t,. | and HPEL 1y =t. From (13), for each positive integer m,

X (0) — 0 (1) (1)) € F (R 6 (00) + B0, ).

Using the relations (17), (18), (25) and the fact that f is is a Caratheodory and
the set-valued function F is u.s.c., we obtain the relation (26).

Furthermore, since K is closed and the graph of P is closed we get x(t) €
P(x(t)) CK.

It remains to prove the following two properties

(1) (x(2),x'(t)) e K xQ,Vt €[0,T].

(2) x(s) € P(x(r)),Vt,s € [0,T] and < s.

To prove the first property we note that the property (iii) of Lemma 3.1
implies that x,,(6,(7)) € B(@o(0),r) NK and x,,(8(2)) € B(yo,r) N Q. Since
lim xm(Sm(t)) = x(t) and Wlll_rgoxﬁn(Sm(t)) = x/(t) then x(¢) € B(¢y(0),r)NK and

¥(1) € BN,

To prove the second property, let ¢,s € [0, 7] be such that r < s. Then for m

large enough, we can find p, ¢ € {0,1,2,..., Viy—2} such that p > g1 € 17", 1", |]
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and s € [1)',1]" |]. Assume that j = p —g. Using property (v) of Lemma 3.1 and

condition (H5) we get
P(xm(t;r:l)) - P(xm(t;n—l)) - P(xm(t;f—z)) c..C P(xm(t;")).

This implies P(x,,(0m(s))) C P(xn(8m(2))). Since xp (6 (s)) € P(xm(6m(s))),it
follows that x,,(5,,(s)) € P(xm(6,(7))). By taking the limit as m tends to e we
obtain that x(s) € P(x(¢)) and hence the second property is proved. O

Remark 3.3. If f =0, then the condition (H3) takes the following form: for
all (z,¢,y) € I x Ky x Q, there exists z € F(¢,y),

2

1 h
lim inf—d(@(0)+hy+ -z,

lim inf >4, P(9(0)) =0,

this means that for all (¢, ¢,y) € I x Ky x Q, there exists z € F(¢,y) such that

So, our work in the present paper generalizes the work authors in [13].
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