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APPROXIMATING THE STIELTJES INTEGRAL
BY USING THE GENERALIZED TRAPEZOID RULE

AVYT ASANOV - M.HALUK CHELIK - ALI CHALISH

Accurate approximations for the Stieltjes integral by the generalized
trapezoid rule. The generalized trapezoid rule is established on the basis
of the derivative of function with respect to strictly increasing function,
defined in [9].

1. Introduction and the derivative of function with respect to the strictly
increasing function

Our aim is to describe the generalized trapezoid rule for the approximation of
the Stieltjes integral

b
I:/ f(x)du(x), a < b, a,b€R, (1)

where f(x) is a given continuous function on [a,b] and u(x) is a given function
of the bounded variation on [a, b].
It is known [7, p.205] that the function u(x) presented in the form

u(x) = (P(x) - ‘l/(x>7 X € [a7b] ()
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where ¢@(x) and y/(x) are the known increasing functions on [a, b].

Different methods of the approximate calculation of the Stieltjes integral in
works [1 — 6] is suggested. Particularly, in 1998 Dragomir and Fedotov [2],
in order to approximate the Stieltjes integral (1) with the simpler expression

they introduced the following error functional

b L lu(b) —ula /f S

In this work, for the approximate calculation of the Stieltjes interal (1), the gen-
eralized midpoint rule is suggested. This is based on the notion of the derivative
of function with respect to the strictly increasing function [9]. The generalized
midpoint rule summarizes the midpoint rule [8]. Then we need the concept of
the derivative defined in the work [9] and the theorems with proofs connected
with it. Apparently the first notion of the derivative, with respect to the strictly
increasing function, was introduced in [9].

Definition. The derivative of a function f(x) with respect to ¢(x) is the
function f,(x), whose value at x € (a,b) is the number:

fx+4)—f(x)
A*0¢(*+A) ¢(x)’

where @(7) is a given strictly increasing continuous function in (a,b).

If the limit in equation (3) exists, we say that f(x) has a derivative (is differ-
entiable) with respect to @(x). The first derivative f, (x) may also be a differen-
tiable function with respect to @(x) at every point x € (a,b). If so, its derivative

fox) = (fo(x))s:

is called the second derivative of f(x) with respect to ¢(x). The names continue
as one can imagine they would, by

180 = (g @),

denoting the n — th derivative of f(x) with respect to ¢(x).

D(f,u;a,b): /f )d

fo(x) = 3)

Example 1.1. The function f(x) = |x| is nondifferentiable at point x = 0. If

Iy} 0
o= =0
o

37 XEO,
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then the function @(x) is the increasing continuous function in (—eo,00) . We
shall show that the function f(x) = |x| has the continuous derivative by means
of ¢(x) at every point x € (—oo, ) .

Let x < 0, then from definition,we obtain

1\3 13
, ‘ lx+ Ax| — |x| ‘ <|x—|-Ax|3) —<|x|3)
fo(x) = lim = lim 1 L=
M0 (x4 Ax) — @(x) A0 —<\x+Ax\§—\x\§>

3
(bt — ol 1) (= Axl + e+ Axf ol o+ ) :
— — lim = —3[x[3.

a0 (b At — 1)

If x > 0, then f}(x) = 3|x|3.
Letx=0and Ax > 0. Then

. fA)—f0) A

A oa) —p(0) ~ A% gt =
If x=0and Ax <0, then

. f(Ax) — £(0)

1 JANTR) SN _

A;glO(p(Ax)—(p(O) Ax—>0_|Ax’_%

i.e.
f1(0)=0.
Then we obtain .
—3[x]3, x<0
/ x — ) )
Jol®) { 3|x|%, x>0.

It is clear that the function f{ (x) is the continuous function in (—oo, o).

Theorem 1.2. Let function f(x) be the continuous function in [a,b], ¢(x) is
strictly increasing continuous function in [a,b] and

Flx) = /:f(t)dqo(t), x € [a,b].

Then
Fy = ([ 70a0)) =100, we fatl
a ¢
where
, L Ax) — F(a) / . F — F(b)
Fola) = Jim et ay— @ ¥ = Coian = o)
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Proof. From the definition of Fy(x) , we obtain Fy(x) =

= tim (700 [ a0~ [ - o)) /gt a0 - o)
= )~ Jim w(xAY),
where
v = (7700 - o) fipl+ s - ool
Then
wean] < |ag(an) ([ ap(0))| /ot a0 - o] = or(an)

where

or(8) = sup |f(x)—f(1)l,

[r—x|<d

and limg_,y @s(8) = 0 . Therefore

li Ax)| < li Ax|) =0.
Aim y (o Ax)| < lim oy (JAx])

Hence, Fy(x) = f(x) . Analogously, the other cases will be proven. Theorem
1.2 is therefor proven. O

Corollary 1.3. Let Fy(x) = f(x) € Cla,b], ¢(x) be the strictly increasing con-
tinuous function on |a,b] and

Fx) = [ Fa(0de(0).x € a.bli=1,...n
Then F,(x) € C(S,") [a,b], where C((p") [a,b] is the linear space of all continuous

functions v(x) defined in [a,b] such that ng) (x) € Cla,b].

Theorem 1.4. Let ¢(x) be the strictly increasing continuous function on |[a, D]
and fo(x), 8¢ (x) € Cla,b]. Then

[ 10010 ) = [ a) + Ot~ [ Fp(s) + o),
where c is the arbitrary constant.

Proof. Integrating the following formula

[f(0)(g(x) + )] = fo (X)(8(x) + ) + £ (x)8 (%),

we obtain the desired formula. Theorem 1.4 is therefor proven. O
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2. The generalized trapezoid rule

Let b
Xi=a+ihi=01,. .nh=2""2
n

then with the approximate value of the integral (1) we can define the formula

-

An =

N —
'M=

17+ s t) —t ) = 5 R )+

i 1

1

fxi-D)[e(xi) — o(xi-1) li Fxi+ fOa)lw(x) —wlxi-)]. @)

1:1

Theorem 2.1. Let ¢(x) and y(x) be the strictly increasing continuous functions
on [a,b], fo(x), fyy(x) € Cla,b]. Then

My

- A\<E(Wﬂ)—<P(a))(w<p(h))2+f(1//(b)—W(a))(ww(h))z, )

where

Mo = sup |fg(x)[,M1 = sup [fy(x)],

x€la,b] x€la,b]

(0)
0p(h) = sup |@(x) —@(y)],0y(h) = sup |y(x)—y(y).
|x—y|eh |x—y|eh
Proof. Let us introduce the notations:
P= | fx)do(x), Qi= [ flx)dy(x),

Xi—1 Xi—1

(7

M; = 5[f(x) + f(xi )] [@(x) — @(xi1)],

N; = 3 () + fim)] W) — wixion)], i= 1,2,

o= —%(fp(xl') +o(xi-1),B = _%[(P(xi) —oi)f i=12,n. (8)

On the strength of Theorem 1.4 from (7) we obtain

Xi h
F= / fadex) = | ft+xi)do(t+xi1) =

F+xi)[e(t +xi-1)+allg— /Ohf{o(erxil)[(P(fﬂinl) +oldo(t+xi-1) =
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[p(t+xi1) +af?

o300+ + ol o ) | P2 g g
h _ 2
/0 Folt+xi1) {["’(IH’ZIH“] +I3] do(t+xi_1). ©)
Taking into account (8), we obtain
£l )G+ alf = o) PO i ) Pl1) = 0n)
1
= E[f(xl) +f(xi*1)][(yo(xi) - (P(xifl)]a i= 152)"‘7’17 (10)
, 2 N 2
f(lp(t"i_xi—l) {((p(t+x,21) +(X) +B:| ‘g _ f(:)(-xl) |:((p(xl) ;p(xll)) +ﬁ N
. _ )2
folxiz1) [((P(x’_l)g 9(xi)) +ﬁ] =0,i=1,2,...n. (an
Then on the strength of (10) and (11) from (9) we obtain
h
P; :Ml+/0 f(g(t+xi71)Qi1(I)d(p(t+xi*1)7 i= 1,2,...,”, (12)
where
1 1 1
qir(t) = 5@t +xi-1) = S (@) + Q(xi1))” - g (o) — o(xi1))> (13)

Analogously, we obtain the following formula

h
0, :Ni+/0 f&;(t+xl-_1)qi2(t)dl//(t+x,~_1), i=1,2,...,n, (14)
where
1 1 , 1 )
anlt) = S 1wt +xi-1) = 5 (W) + yl-0)P = (W) =yl (5)
On the strength of (13) and (15) we obtain
4ij(0) =0, gij(h) =0, gi;(t) <0, (16)
forallt € (0,h), i=1,2,...,n, j=1,2. From (16) we have

|gij(t)] = —qij(t), t € [0,h], i=1,2,...,n, j=1,2. (17)
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Taking into account (6), (13) and (17) from (12) we obtain
h /!
P=M < [+ lan (Ol +xi-1)

<o [ {00 - ot

~510(43-0) = 3005) + s ) oo+

= 2(p) — 9 1)(9() ~ 9l 1>>—%[<pu+xi4>—§<¢<n>
Ol )Pl =2 (00s) — 0 1))* = 30 (0(e) — (1))’

= %((p(xi) —@(xi_1)) i=1,2,...,n (18)

Analogously taking into account (6), (15) and (17) from (14) we have
M .
\Q—NHST§W@J—W@FGPJ=Lme- (19)

Taking into account the notations (2) and (7) from (1) and (4) we obtain

I= afbf(x)du(x) = él(Pi - 0i),

(20)
==é;(ﬁb‘—fﬁ)
Then taking into account (18) and (19), from (20) we have
Mo
| — A|<Z|P Mi|+]Q: — Nil] < EZ (xi) = @(xi-1)+
i=1
75 L (@y () (W)~ (xia1)) =
i=1
M M
7 (9(6) = 9(@) (@9 () + 35 (w(b) — w(@) (@y (h))’
Theorem 2.1 is therefor proven. O

Corollary 2.2. Let ¢(x) be the strictly increasing continuous function on
[a,b], y(x) =0 for all x € [a,b] and fy(x) € Cla,b]. Then

1= 4] < 52 (p(b) — p(a)) (g (1)) @
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where
n

A= 5 Y0+ (i)l [90x) — 9l 1) 2)

i=

—_

Corollary 2.3. Let ¢(x) and y(x) be the strictly increasing continuous func-
tions on [a,b], fg(x),fy(x) € Cla,b], ¢(x) € C*a,b],0 < o < 1,y(x) €
CPla,b],0 < B < 1,ie. forall x,y € [a,b]

19(x) — ()| < colx—y|% [w(x) —w(y)| < c1lx—y[P,co > 0,c1 > 0.
Then

0 2a Mlc% 2B
00 ((b) ~ @) + ST (w(b) — wla)iP.

Corollary 2.4. Let ¢(x) be the strictly increasing continuous function on

[a,b], y(x) =0 for all x € [a,b], fo(x) € Cla,b] and ¢(x) € C*[a,b],0 < < 1.

Then

Moc(z)
12

=4, < (9(b) — @(a))n*®.

Theorem 2.5. Let u(x) be the function of the bounded variation in [a,b] and
f(x) € C%a,b],0 < a <1, ie. forall x,y € [a,b]

[f(x) = fO)] < cafr—y|*
Then
= An| < c2h%[@(b) — @(a) + w(b) — w(a)],
where A, is defined by the formula (4).

Proof. Taking into account (2) and (7) from (1) and (4) we can obtain

n

[ —A,| = @[(H—Mi)—(Qi—M)H

i=1

<3 [ 11 - () + 56t

s L G) = 5 (F(xi) + f(xiea) ]| d ()]

< 2h%[@(b) — @(a) + w(b) — y(a)].

Theorem 2.5 is therefore proven. O
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