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A NOTE ON MONOTONE SOLUTIONS FOR A NONCONVEX
SECOND-ORDER FUNCTIONAL DIFFERENTIAL INCLUSION

AURELIAN CERNEA

The existence of monotone solutions for a second-order functional
differential inclusion with Carathéodory perturbation is obtained in the
case when the multifunction that defines the inclusion is upper semicon-
tinuous compact valued and contained in the Fréchet subdifferential of a
¢-convex function of order two.

1. Introduction

Functional differential inclusions, known also as differential inclusions with
memory, express the fact that the velocity of the system depends not only on
the state of the system at a given instant but depends upon the history of the
trajectory until this instant. The class of differential inclusions with memory
encompasses a large variety of differential inclusions and control systems. In
particular, this class covers the differential inclusions, the differential inclusions
with delay and the Volterra inclusions. A detailed discussion on this topic may
be found in [1].

Let R” be the n-dimensional euclidean space with the norm ||.|| and the
scalar product (.,.). Let 0 > 0 and Cs := C([—0,0],R") the Banach space of
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continuous functions from [—o,0] into R” with the norm given by ||x(.)||s :=
sup{||x(z)||;t € [-0,0]}. For each t € [0,7], we define the operator T'() :
C([-0,7],R") = Cq as follows: (T (¢)x)(s) :=x(t+s), s € [—0,0]. T(t)x rep-
resents the history of the state from the time ¢ — ¢ to the present time ¢.

Let K C R” be a closed set, Q C R" an open set and P a lower semicontin-
uous multifunction from K into the family of all nonempty subsets of K with
closed graph satisfying the following two conditions

VxeK, xe€P(x),

Vx,yeK,yeP(x) = P(y)CPx).

Under these conditions, a preorder (reflexive and transitive relation) on K is
defined by x <X yiff y € P(x).

Let Ky :={¢ € Cs;9(0) € K}, let F be a multifunction defined from Ky x
into the family of nonempty compact subsets of R”, let f: R x K x Q — R”" be
a Carathéodory function and (¢y,yo) € Ko x Q be given that define the second-
order functional differential inclusion

X" e F(T(t)x,xX')+ f(t,x,x') a.e. (]0,7])
x(t)=@o(t) Vte[-0,0], x(0)=yo, (1.1)
x(t) e P(x(r)) CK Vtel0,7], x(s)=<x(r) VO<s<r<t.

The present note is motivated by a recent paper of Ibrahim and Aladsani
[10] where the existence of solutions of problem (1.1) is provided when F is an
upper semicontinuous multifunction contained in the subdifferential of a proper
convex function V.

The aim of the present paper is to relax the convexity assumption on the
function V that appears in [10], in the sense that we assume that F is contained
in the Fréchet subdifferential of a ¢-convex function of order two. Since the
class of proper convex functions is strictly contained into the class of ¢- convex
functions of order two, our result generalizes the one in [10].

On the other hand, the result in the present paper is an extension of the re-
sult in [5] obtained for differential inclusions without memory and without con-
straints. At the same time, our result is an extension of the result in [7] obtained
in the case of differential inclusions without memory, P(x) = K and without
Carathéodory perturbation. Finally, our main result generalizes Theorem 3.1 in
[6] where a similar result is obtained for monotone solutions of a second-order
functional differential inclusion without Carathéodory perturbation.

One may consider that the result in the present paper extends and unifies all
the results quoted above. The proof follows the general ideas in [5] and [10].

For the motivation, discussion on existence results in the literature and a
consistent bibliography on this topic we refer to [10] and the references therein.
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The paper is organized as follows: in Section 2 we recall some preliminary
facts that we need in the sequel and in Section 3 we prove our main result.

2. Preliminaries

We denote by P(R") the set of all subsets of R", by c/(A) we denote the closure
of the set A C R" and by co(A) we denote the convex hull of A. For x € R”
and r > 0 let B(x,r) := {y € R"; ||y —x|| < r} be the open ball centered at x
with radius r, and let B(x,r) be its closure. For ¢ € Cs let Bo(,r) :={y €
Co:llw = @lloc <r}and Bo(,r) :=={y € Coi ||y — ¢||lc < r}.

Let Q@ C R” be an open set and let V : Q@ — RU {40} be a function with
domain D(V) = {x € R"; V(x) < +oo}.

Definition 2.1. The multifunction drV : Q — P(R"), defined as

drV(x) ={a € R”,liminfv(y) —V)-<ay—x>
Yo [y —x|

> 0} ifV (x) < +oo

and drV (x) = 0 if V (x) = 4o is called the Fréchet subdifferential of V.

We also put D(dpV) = {x € R";dpV (x) # 0}.
According to [9] the values of drpV(.) are closed and convex.

Definition 2.2. Let V : Q — RU {4} be a lower semicontinuous function.
We say that V is a @-convex of order 2 if there exists a continuous map ¢y :
(D(V))? x R? — R, such that for every x,y € D(drV) and every o € dpV (x)
we have

V(y) 2 V(@)+ < otx—y > =gy (x,y,V (x), V(1)) (1+ ller] )|l =y

In [4], [9] there are several examples and properties of such maps. For
example, according to [4], if K C R2 is a closed and bounded domain, whose
boundary is a C? regular Jordan curve, the indicator function of K

0, if xek
V() = Ixlx) = { oo, otherwise
is @- convex of order 2.
The second-order contingent set of a closed subset C C R" at (x,y) € C xR"
is defined by:

d(x+hy+"2v,C
T2 (x,y) = {veR"; liminf (e Fhy+50C)

=0}.
h—0+ h? }



26 AURELIAN CERNEA

For properties of second-order contingent set see, for example, [2].
A multifunction F : Ky — P(R") is upper semicontinuous at (¢,y) € Ky if
for every € > 0 there exists 8 > 0 such that

F(y,2) CF(9,y)+B(0,€), Y(y,z) € Bs(9,8) xB(y,0).

We recall that a continuous function x(.) : [0, 7] — R" is said to be a solu-
tion of (1.1) if x(.) is absolutely continuous on [0, 7| with absolutely continuous
derivative x'(.), T (f)x € Ko, Vt € [0, 7], X'(t) € Q a.e. [0,7] and (1.1) is satisfied.

Hypothesis. Let 7 > 0, K C R” be a nonempty closed set, Q C R” be an open set
and P: K — P(K) a lower semicontinuous multifunction with nonempty closed
values satisfying Vx € K, x€ P(x)andVx,ye K,ye P(x) = P(y)C
P(x). Let Ko := {¢ € C5;90(0) € K}, F : Ky x Q — P(R") be upper semicon-
tinuous with nonempty compact values and f : R x K x Q — R”" that satisfy

i) For all (¢,¢,y) € [0,T] x Ky x Q, there exists z € F(¢,y) such that

o1 h? rth
liminf3d(¢(0) +hy+ =2+ / (t+h—s)f(s,9(0),y)ds,P(¢(0))) =0,

ii) f is a Carathéodory function, i.e., for each (x,y) € Q, f(.,x,y) is measur-
able; for all € R, f(t,.,.) is continuous and there exists m(.) € L?>(R,R) such
that || f(¢,x,y)|| <m(r) V(¢,x,y) € RXx K x Q.

The next technical result is proved in [10] (Lemma 3.1).

Lemma 2.3. Assume that Hypothesis is satisfied, let (¢g,y0) € Ko x Q and
there exist r,M > 0 such that sup{||z||; z € F(y,y)} <M V(y,y) € (KoN
Bo(gv.7)) X B(yo, ).

Then there exists T > 0 such that for any m € N there exist I,, € N, a set
of points {tg' =0 < 1" < .. <' | < T <}, the points xy),y),z) € R,
p=0,1,....1, — 1 with xj' = ¢o(0) and y§ = yo, a continuous function x,,(.) :
[—0,1] = R" with x,,(t) = @o(t) Vt € [—0,0] and with the following properties
forp=0,1,....1,—1
Q) Ry =ty =1 <
(ii) 2 = wy +wi, with u! € F(T (67" %, Yy) and wiy € B(0, ),
(iii) 2 (1) = Xy + (£ — 1)y} + %(t — l?;)zzg + fz;" (t —s)f(s,xp, ¥ )ds,
te ] o
0 X =0+ 0 P L ) s
(V) X7 € P NB(@o(0),r) C K, ¥, =y +hr, 20 € B(yo,r) C &,
(vi) T(IZﬂrl)xm € Bs (9o, r) N K.
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We note that in order to prove Lemma 2.3 is not necessary to assume that P
is lower semicontinuous as in Hypothesis.

On the other hand, in Lemma 3.1 in [10] it is used the assumption that
there exists a proper lower semicontinuous convex function V : R” — R with
F(@,y) CdV(y) V(e,y) € Ko x Q in order to deduce (via the fact that the set-
valued map dV(.) is bounded) that

sup{||z]; zeF(y,y)} <M Y(w,y) € (KoNBs(Po,r)) x B(yo,r). (2.1)

In our statement of Lemma 2.3 we assume directly that there exist r,M > 0 such
that (2.1) is satisfied.

3. The main result

We are now able to prove our main result.

Theorem 3.1. Assume that Hypothesis is satisfied. In addition, assume that K
is locally compact, P(.) has closed graph and there exists a proper lower semi-
continuous function ¢- convex of order two V : R" — RU {eo} with F(¢,y) C
IV (y) V(@,y) € Ko x Q.

Then for any (@o,y0) € Ko X Q there exists T > 0 and x(.) : [0,7] = K a
solution to problem (1.1).

Proof. Let (¢o,y0) € Ko x Q. Since Kj is locally compact there exists r > 0 such
that Ko N Bs(@o,r) is compact and B(yo,r) C Q. Using the fact that F(.,.) is
upper semicontinuous with compact values, by Proposition 1.1.3in [1], F((KoN
Bos(®0,r)) X B(yo,r)) is compact. Take M := sup{||z|];z € F(w,y);(y,y) €
(Ko N Bo(90,7)) x B(yo.r)}.

Let ¢y the continuous function appearing in Definition 2.2. Since V(.) is
continuous on D(V) (e.g. [9]), by possibly decreasing r one can assume that for
ally € B,(yo) N\D(V), [V(y) =V (yo)| < 1. Set S := sup{¢y (y1,y2,21,22);
yi € B,(30),zi € [V(yo) — 1,V(yo) +1],i = 1,2}.

One may apply Lemma 2.3 and according to the definition of x,, for all
m>1l,all p=0,1,....,,—land all ¢t € [tg,t;”H} we have

t
(1) =Y+ =102+ | f(s,25p)ds,
)4

X0(0) =2+ F 0.

Therefore, from (ii) and (v) of Lemma 2.3 one has

3r
[, ()] < [yoll+ Ve €[0,7], (3.1)
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(|| <MA+1+m(r) ae. ([0,71]). (3.2)

Then the sequences {x,,} and {x/,} are equicontinuous in C([0, 7], R"). Ap-
plying Arzela-Ascoli theorem, there exists a subsequence (again denoted) {x,, }
and an absolutely continuous function x(.) : [0, 7] — R” with absolutely contin-
uous derivative x(.) such that x,,(.) converges uniformly to x(.) on [0, 7], x/,(.)
converges uniformly to x'(.) on [0,7] and x/,(.) converges weakly to x”(.) in
L%(]0,7],R"). Furthermore, since all the functions x,,(.) are equal with @y(.) on
[—0,0], then x,,(.) converges uniformly to x(.) on [—0, 7], where x,, = ¢y on
[—0,0].

For each ¢ 6 [0,7] and eachm > 1let 8,,(t) =1}, O (t) =

and 6,,(0) = 6,,(0) = 0. If r € (1,1 ] we get

p+1 ifre (p ’ p-H]

X4(0) = & S0 0) € T im0+ BO, )4 (1,0 0)

and for all m > 1 and a.e. on [0, 7]

(1) € F(T (80 (0) i, (80 (0))) 4 BO, )+ (1,00

Also for all m > 1 and a.e. on [0,7] T(6,,(t))xm € Bs(®o,r) N Ko, xm(t) €
B(90(0),7), X (6 (1)) € P(xm(n(2)) C K.

As in the proof of Theorem 3.2 in [10] V¢ € [0, 7], limyy—ye0 T (6 (2) )X =
T(t)x in Cs and limy, e X, (8, (1)) = X' (2).

Taking into account the upper semicontinuity of F(.,.), Theorem 1.4.1 in
[1] and (3.1) one deduces

x"(t) € coF (T(t)x,x' (1)) + f(t,x(¢),x'(t)) a.e. ([0,7]),
which implies
x"(t) — f(t,x(2),x'(t)) C V(X (t)) a.e. ([0,7]). (3.3)

The next step of the proof shows that x/ (.) has a subsequence that converges
pointwise to x”(.). From property (ii) of Lemma 2.3

2y —wy € F(T(tg)xm, ) C IV (vy)) = 9V (1, (1))

for p=0,1,2,....,0,, — 2.
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From the definition of the Fréchet subdifferential for p = 0,1,2,....[, —2
one has

V(0 (151)) =V (0 (15) =

(& = wi X (1) = x5 (t51) = v (o (54 1), 20 (1), V (0 (85141)), V (0 (251)))
(U [lzp = wh ), (') — 2 ()] =

(4400) 0 ) ) — 7))
0 1) 1) 55,V )+ )

1, a7) Xl =

[ o= [ st sy o= [ s ey

—¢v( (), (1), V (e, (171), V (g, (D)) (1 + 2 = wi|)
e () — 2 ()P

and

V(x,(7) =V (1 _1)) =

m

(& = w20 (7) =2 (17 1)) = v (x5, (2), 2 (67 _1), V (3, (7)), V (3, (87, 1))
(U [lzp = whlP)x,(2) =2, (6 I >

(o () = £ xm (1] 1), 20 (1 1)) — W 20 (T) — 2, (1))
— 0y (0, (2),23, (1 1),V (0, (7)), V (0 (a7 ))) (4|2 = wip| )
[P (7) =2, (1 IP =

J A G T R i R RAD

Th—1

—/T (o (), W)t = by (3, (), (117 1),V (3, (7)), V (0, (81 1)))

(L4 ||z = wi )1, (1) =2, (1 DI
(3.5)

By adding the /,, — 1 inequalities from (3.4) and the inequality from (3.5),
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one has
In—2 Ly ;
V(0 (7)) =V (6,(0) = Jg [ (0[Pt = L5 ™ < f(tm (1), 20 (1),
Xn(0) > dt = [ < () X (1 1)) X (0) > di 4+ u(m) + B om),
where
lm_2 I;:?Jrl T
am =— Y < wy:,/ X (0)dt > — < wZ’rl,/ K (0)dt >,
p=0 1 tlrfn—l
lm*2
/ / / /
B(m) ==Y ¢v (5 1), 5 (15), V (0, (t51)), V (2,(2)))
p=0

S(1lzp = wylP) (5 1) = (eI = v (0 (2), 0, (171 ), V (33, (7)),
Vot Oz -y = win ) e () =, (I

As in the proof of Theorem 3.2 in [10] , since f is a Carathéodory map we
have that

+/ (g, 1),3 (1) 1)), (2))di] =

/OT<f(t7x(t)’xl(t))ax//(t»dt,

One may write

|a(m)] <

In—2

T
Z Wyl (71 — )+HW?Z,_1H(T—tZ_1)] <=,

ZH/ P [ dtW]

(M+1)

[B(m)| < S(1+M?)

s | 5 L5 ppae LT g ipa] <
— X
= Om t"’ m t;;;—l " -

1 T 1
%S(1+M2)/0 bon (O] P < -S(1+ M) (M +1)2.
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Therefore, lim,, . 0t(m) = limy,_,e 3 (m) = 0 and thus
T
V(0 =V (o) > timsup [ |l 0) e = [ < fle.ale).0)).'(0) > dr.
m—soo 0
(3.6)

From (3.3) and Theorem 2.2 in [4] we deduce that there exists 7; > 0 such
that the mapping r — V (x'(r)) is absolutely continuous on [0,min{z, 7, }] and

(VX (2) =< "(t),x"(t) — f(t,x(t),x'()) > a.e. ([0,min{7,71}]).

Without loss of generality we may assume that 7 = min{7, 7; }. Hence,

V() -V (0) = [CIW0IPd~ [ < floxo).0)' (1) > dr

therefore from (3.6) one has
T
/ W/ (0)|[de = timsup / W ()] [2di
0

and, since x/ (.) converges weakly in L?([0, ], R™) to x”'(.), by the lower semi-
continuity of the norm in L?([0, 7], R") (e.g., Proposition III 30 in [3]), we ob-
tain that x” (.) converges strongly in L?([0, 7],R™) to x”(.), hence a subsequence
(again denote by) x],,(.) converges pointwise a.e. to x”(.).

Lett € [0,7]. By the above construction, there exists p such thatt € [1)',#)", ;)
and lim,, )’ = 1. Since for allm > 1 and a.e. 1 € [0, 7]

4(0) € F(T 6 e )+ BO, )+ 70,600,

for each m € N we have

0, (8) = (. xm(8),2,,(81)) € F(T(6))xm,3,,(27)) + B(O, :1)

From the fact that f is a Catrathéodory function, F is upper semicontinuous,
1imyy—s00 T (O (1) )X = T (¢)x in Co and limyy—seo X, (8 (¢)) = X' (¢) we infer that

X'(t) € F(T(t)x,x'(¢)) + f(t,x(t),x' (1)) a.e. ([0,7]).
It remains to prove that
(x(2),X (1)) e K xQ, Vtel0,1],

x(s) € P(x(t)) Vr,sel0,7], 1<s.
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First, from property (iii) of Lemma 2.3 it follows that x,, (9, (¢)) €
B(@0(0),r) and x),(8,(t)) € B(yo,r) N Q. Since limy o0 X (8 (2)) = x(¢) and
limy—ye0 X}, (6, (1)) = (¢) then x(7) € B(9o(0),r) and x'(¢) € B(yo,r) N Q.

Secondly, let t,s € [0,7],  <s. For m large enough we can find p,q €
{0,1,2,...,0,, — 2} such that p > g, t € [t7", 17" 1], s € [t 1)), ]. If j = p—q, then
property (v) of Lemma 2.3 gives

P(xn (1)) € Plxm(tp-1)) C P(xm(1,-2)) € ... C Plxm(1g))-

This implies P(x,(6(s))) C P(xm(6,(7))) and since x,, (8, (s)) €
P(x (O (5))) it follows xp, (6 (s)) € P(xm(0n(r))) which completes the proof.
O

Remark 3.2. If V(.) : R” — R is a proper lower semicontinuous convex function
then (e.g. [9]) drV (x) = dV(x), where dV(.) is the subdifferential in the sense
of convex analysis of V(.), and Theorem 3.1 yields the main result in [10]. On
the other hand, if P(x) = K and T'(¢) = I then Theorem 3.1 yields the main result
in [5]. At the same time, if f = O then the tangential condition i) in Hypothesis
becomes: for all (z,¢,y) € [0,T] x Ky x Q, there exists z € F(¢,y) such that

1 h?
liminf —d(@(0)+hy+ —2z,P(9(0))) =0
iminf > d(@(0) +hy+ =2, P((0))) =0,
which is equivalent with the fact that for all (z,¢,y) € [0,T] x Ky x Q, there
exists z € F(¢@,y) such that F(¢,y) C ng(<p(0)) (¢(0),y). Therefore, Theorem 3.1
generalizes to Carathéodory perturbation the result in [6].
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