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ON CERTAIN ¢g—BASKAKOV-DURRMEYER OPERATORS

ASHA R. GAIROLA - GIRISH DOBHAL - KARUNESH K. SINGH

In this paper we introduce a g— analogue of Baskakaov-beta opera-
tors. We establish Voronovskaja-type theorem and obtain local error esti-
mates by these g—operators in uniform norm by using the Ditzian-Totik
weighted modulus of smoothness for 0 < g < 1.

1. Introduction

Among various modifications of the celebrated Bernstein polynomials, (cf.[5],
[15]) the g— variant based on g-integers was introduced by Phillips in 1997 [19]
as

(kg
Buglf)= ¥ £ (G ) buslasn). £ € l0.1)

where by, 1 (g;x) = [”] XIT'Z871 (1 —¢’x). Since then these operators have been
studied by several authors (cf [17], [20]-[25]). Derriennic [3] introduced a g-
analogue of the Durrmeyer operators and established some approximation prop-
erties of these operators. In the sequel g-analogue of many well known positive
linear operators e.g. Baskakov, modified-beta and Szdsz operators have been
introduced and studied by several authors (cf. [1], [8], [12], [9],[10]). For
f € Cg[0,0) (the class of continuous and bounded functions on [0,)) we in-
troduce the g— Baskakov-Durrmeyer operators L, , as follows:
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oo/A

Loglf0) = ¥ pralai) [ ¢ buslgin) f(u)dyu,
k=0 0

where
qk(kfl)/zxk
(k+1,n)(1+x)

(¢:2) [n—l—k— 1] gFk=1/2xk
——. Pui(gix) = .
q+k+1 k g (1 +x)q+k

In the sequel we need some definitions of g— calculus which can be found in
[14] and [20]. Let g be a real number in (0,1) and N be the set of positive
integers.

For n € N, we define the g integer and g-factorial by

bn,k(q;x) = B
q

. _{ L= gt @t g g £
1

and

1, n=>0

respectively. The g— binomial coefficients m g and the ¢ product (a + b)Z are
defined by

" [n]4!
|:k:|q:[k]q![nq_k]q!70<k§n
and )
(a+b)" = [](a+q'b)
=0

respectively. The g— analogue Ej of classical exponential function which we
shall use in this paper is given by

. J
EX — qJ(Jfl)/2L'
L !

For further properties see [14]. The g— Jackson integrals and g— improper
integrals are given by (cf. [13], [16])

[ @ dr=-g)a Y. flag)q"
0

and
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respectively, where the sums are assumed to be absolutely convergent.
For ¢ € (0,1) and any arbitrary real function f : R — R, the g—derivative D, f(t)

is defined as ) — fa)
t)— flqt
D, f(1) = (I—q)t 7
lim; 0Dy f(t);t = 0.

The product formula for g—differentiation is given by

Dy(f(x)8(x)) = f(gx)Dy(8(x)) + &(x)Dqg(f (x))-

Analogous to the ordinary gamma and beta functions the g—gamma I', () and
the g— beta functions B,(z,s) are defined as

1/(1—q)
L,(t) = / XN TE ™ dgx
0
Bq(t’s):K(A7t)/<1_~_x)tq+qux7
0

where K (x,1) = ﬁx’(l + ;IC);(I +x), " Incase t € N, we have

n(n—1)

Kx,n)=q 7 ,K(x,0)=1

and
Ly(1)Ty(s)
Ly(t+s)

In the limit ¢ 1 1 the functions I',(¢) and B,(t,s) reduce to I'(¢) and B(t,s) re-
spectively. Moreover, these functions also satisfy certain properties, similar to
those of I'(¢) and B(z,s). By Cy[0,),r € N we denote the set of r times dif-
ferentiable functions such that (") € Cp[0,). The space Cz[0,c0) is normed by
Il £l = sup{|f(x)| : x € [0,00)}. The K-functional and the modulus of smoothness
used in this paper are given as follows:

BCI(tvs) =

Ky oo (f317) = inf {11 =gl +219*&" + 4118”11}
8EW

¢

where 0 < A < 1 and Wél = {g € Cp[0,0) : g’ € AC1c[0,0), 9** g € Cp[0,0)}.
It is known [4] that there exist absolute constants C;,C> > 0 such that

CIFZ,(P(fatz) < a)él (fvt) g CZFZ,(p(fatz)? (1)
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where

@ (f,1) = sup sup [|A7; f(x)ll
0<h<t xe[0,00)

is the second order modulus of smoothness of f and ¢@*(x) is the admissible
weight function of the Ditzian-Totik modulus of smoothness. It is easy to see
that (p)L (x) satisfies properties (I)-(IIT) p.8 [4]. In what follows, we shall use the

notations @(x) = /x(1 +x) and 52(x) = ((pz(x) + [n—lz] ) The symbols = and
q

C stand for uniform convergence and proper inclusion respectively. Further, the

constant C is different at each occurrence.

2. Moments

Remark 2.1. Applying the product rule for differentiation, we easily obtain the
relation

¢ 9> (D, pas(g:)] = ([Kly = ¢'ln)ox) ar(a: ).
where D, denotes the g—derivative operator.

Remark 2.2. Making use of the g—Taylor’s formula

(z—x)k
lq

20 =%y (Pleco)

=X

1
1+2)2

(_x)l(; _ qk(k—l)/Z(_l)kxk

for the function g(z) = { and then put z = 0, and in view of the relation

we obtain the identity

o ntk—1lg..[n]g ru—1)p x*
LW, T+
S ”+k—1 v X S
= q =) Puk(g:x).  (2)
k—;) |: k q (1 +x)q+k k—;)
Lemma 2.3. Let us define T, (x) = L, g(€m,X), em = 1", m=0,1,2... Then,
we have
Thox)=1, Th1(x) = 55— (g + [n]gx
o) = 1. T () = et (0 )
and
1
Th2(x) = (‘13(1 +q)+aq(q+ 1)2[”]qx+ [n]g[n+ l}qxz) :

q°ln—1]4[n—2],



0— BASKAKOV-DURRMEYER OPERATORS 65

Further, there holds the recurrence relation:

([n]qx +[m+ l]q) Tym(gx) + @’ (X)Dy T (%)
gt n—m— 1]q

Tym+1(gx) = a=>m+2. (3)

Proof. From the definition, we have

o gkghlk=1)/2 ghlkt1)/2

Tholx) = k;) (1+x)5F Bq(k+1,n)[

n+k—1] By(k+1,n)
ko] KAk+1)

= Y pui(q:x). 4)
k=0

Therefore, using (2), we get 7, o(x) = 1. Next, we have

k

k [n—1], (1+X)Z+k

k=0 k q[n_ g (1+X)Z+k

o k(k— g [n+k—1 (kg XK
I gDk 1[ ] .
kgf) k =g (1425

= Ej+E, say,

o _ o n+k—=1] lk+1 X
TaG) = Y g2 1[ ] k+1],
k=0 q
1

where we have used the relation [k+ 1], = ¢* + [k],. Now, as in the estimate of
T,0(x), using (2) we get

1

El=——
Q[”_l]q

and

_ ke k—1 k] XK
£ — k(k—1)/2, —k 1[""’ ] q
P PE e T N

n > n+k _ x* n
. [n]q Y [ ] 012 S g
g*n—1], =L k q (14+x)g g*n—1],

Therefore, T, 1 (x) = (q+ [n]gx).

q*n—1],
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Now, using remark 2.1, we obtain

(P2 (X)Dan.,m (x)

= ;(q"[k]q—[n]qX>pn,k(q;qX) / G by i (q;u)u™ dyu
o oo/A :
= k_zo(q_k[k]q>pn7k(q;qx) /qkbmk(q;u)umdqu_[n]qXTn,m(qx)
- oo 1 1
= kZOpn,k(q;QX) / [(q_k[k]q—[n+q ]qu>+[n+q ]qu}qkbn,k(q;u)umdqu
= 0
- ["]qXTn,m(qx)
- ' n+1,u
= kZOpn,k(q;qX) / (q"[k]q—qu)qkbn,k(q;u)u’"dqu
- 0

[n+1]g

+ Tn,m+1 (qx) - [n]qXTn,m(qx)'

To simplify the integral, we make use of the chain rule (which is applicable
only for this particular transformation) for the transformation u = gz, which
gives dyu = qd,z (see page 3-4, [14]). Thus, in view of remark 2.1, we get
I = ¢""Y puilgigx) / 47" 0*(2)Dybui(q;2) dyz
k=0
0

= ¢""Y pus(g;qx) / g (" + 2" Dybn i (q:2) dyz
k=0
0

= L+

In order to obtain /; and I, we make use of the g integration by parts

b b

[ uOD (1) dyt = )01 = [ v(an)Dyfu0))dt

a a

S

Therefore, we get Ij = —[m+ 1],T,m(gx) and L = —[m +2],q ' T, m+1(gx).
Combining these expressions and using ¢~ ' ([n+ 1], — [m+2];) = ¢""'[n—
m— l]q, we obtain (3). From this recurrence relation, 7;, > is easily obtained. []



0— BASKAKOV-DURRMEYER OPERATORS 67

Corollary 2.4. The operators L, 4(f,x) are linear and preserve constants. Us-
ing Too(x) = 1, it follows that

Log((t—x),2) = (q[”]_ 1>x+ I g+ (2"

n—1l qln—1] g*[n—1

and

Lag((t—2)%)
1
- 6[n—11 [n (900 + (el 12l =24 0= 2 )

q
+ (I Wglnly = 24*rlgln — 2y +q°ln = 1]l =21, )
(In+ 11alnly — 24 Inlgln = 2)g +0°ln = 1g[n— 2, ) 9% ()
q®ln—1]y[n—2],

1)?[n], —2¢*[n—2],— [n+1],n 2¢*[n],[n—2
n (Q(C]+ )*[n]g —2q [qqn]_ql]q[[’:‘_iizq[ Jq +24" [n]4 ]q_1>x

7(1+4q)
¢®ln—1]y[n—2]
It can be verified that the coefficient of x
q(q+1)*[nlg —2q*[n —2]g — [n+ 1y [n)y +24* [n]y[n — 2],
¢®ln—1]y[n—2],

—-1<0.

And

(I -+ Iy = 26° [l — 20y + g1 — Vg In =21, ) 92 ()
¢°[n—1]q[n—2],

q°[n—1]4[n—2],
It is observed that aj <2 : j=5,6,...2n+ 1. Hence, Numerator < 4(1 +q +

@@ = 4[2n+2]
Now, 2n+2], = (1+4¢" 2)[11 2]+ q*" 416, Thus

[,,,,q((t—x)z,x)
n—2 2n—4
<4<(1+q )[n*Z]q_i_ [6]46] >¢2(X)+ - 2

q5[n — 1]y[n—2], q8[n— 1]y[n—2], q°[n—1]y[n—2],
2 6 » 2
<4<q6[n—1]q+q6[n—1}q[n—2]q)"’ W 1,2,
8 1 8
S 616[”_ 1]q <(P2(X) " [”_2]q> B qé[”_ 1]q5nZ(X)
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Corollary 2.5. For g = 1 we obtain the moments of the mixed summation-
integral type operators B,, given in [11].

Lemma 2.6. Let m € N,0 < g < 1. There exists a constant C independent of x
and n and g € (0,1) such that

2
Lna((—0)*0) < c(qﬁ[f_ma,%(x)) vg € (0,4).

Proof. The proof is similar to Lemma 5 of [7]. L]

3. Convergence

The operators £, , do not satisfy the conditions of the Bohman-Korovkin the-
orem in case 0 < g < 1. To make this theorem applicable we can choose a
sequence (g, ) in place of the number g such that lim,,_,.. g, = 1. With this mod-
ification we obtain

Theorem 3.1. Let (g,), 0 < g, < 1 be a real sequence such that lim, .. g, = 1.
Then, the sequence L, 4,(f,x) = f for any f € Cg[0,%0),x € [a,b] C (0,00).

Theorem 3.2. For f € C3[0,%),q € (0,§] we have

2 Y
Lo g(frx) — Z Mf(k) (x)

k=0
N RPN I (E)
<Ca)< 7 616[n—1]q5n( )> [q(’[n—l]q]'

Proof. From finite Taylor’s expansion for the function f around x, given in [21],
we obtain

2 —x)k x
Log(f,x) — Z Mf(k) (x)‘

k=0

Lagllt— \

N
Q
8
*'1
00
—

VAN
1
<Q
O‘\
\_/
+
(%)
o
VR
BN
(o)}
S
|| %°
—
=
—~
Ra
~
N

Choosing 6 = 82 (x) the theorem follows. O

6[n g
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Theorem 3.3 (Voronovskaya-type). If f € C3]0,0), and g, be a sequence in
(0, 1) such that lim,,_,e g, = 1, then we have
tim 1~ g, [ £, (£.0) — )] = (1420 () + 2.
Proof. The proof follows from Theorem 3.2 and the limits
,}52,[” —1g,Lng, ((t=x),x), j=1,2.

In view of the limit limy, 1 [n],, = n, we get

. L qn+ ([2)g, —qn)x
,}E’)Iolo[n_ l}quﬁnaqn((t_x)7x) - },}H}Iolo[n_ 1]‘];1 |: q%[l/l* l]qn
= 1-+ux

We write L, 4, ((t — x)2,x) = ag + a1x + ax*, where a; are the coefficients of x'
given in Cor.2.4. Then,

lim 1= g, Log, ((—07x) = limfn— 1], (a0 + are-+ ae).

We obtain the limits limy,_.[n — 1], a0 = limy_e[rn — 1], (ﬂ‘f&i*[‘l_)z]q =0,

(an(an -+ 120lg, — 248002,
ghln—1]g,[In =2,

. (0 (an+ 1201+ qu+ G2 ln—21,,) — 24812, )

oo qg [n - 2] Aqn

lim[n—1],,a1x = ’}g‘lolo[n -1,

n—soo "

=2.

And simplification yields

’}gl;lo[n - I]Qnaz

(I + 11, 11, — 24T, b — 21, + Sl — 1], [ =21,

= =t £ n—2,,
(@t = ) (2 + a7 2)
T oahe g5 —1]g,[n 2],
i _2613(1 + qn[”l - l]qn)[n - 2](111 +qf61[” - l]qn [” - 2}qn
51;61 [” - 1]% [” - z]qn

. 212+ [2]g,2(1 — 242)[n — 2], — 24}

oo qg[n— I]Qn[n_2}Qn

Rl — g + g4 (1 = 2u+ ) n— 1]y =2l |
* &l — 1T, 12, ]‘“
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4. Local Error Estimates
Theorem 4.1. Let f € Cp[0,0) and x € (0,00), then for n > 2, we have

gl f.0)— ()] <20 (f, 6[8]6n<x>>

g°ln—1j4
Proof. In view of L, ,(1,x) = 1 and Holder’s inequality, we obtain
|Log(fi3) = FX)| < 87 0(f,8)Log(lu—x],%) + @(f,8)Lag(1,%)
< 57'0(f.8)y/ Lug((u—2.x) + 0(f.5)

8
516[”_ l]q

< mﬂ®@4 @@+Q.

Choosing § = On(x) the theorem follows. O

6[11 1],

Theorem 4.2. Let f € Cp[0,), g € (0,1) and n > 2. Then, for all x € [0, )
and f € Cg[0,0) we have

ast) -1l < Can( £yt o7 SEL)

where C is positive constant.

Proof. The proof is similar to the proof of Theorem 1 [2]. O

In the following theorem we generalize Theorem 4.2. We obtain the error
estimate in terms of weighted Ditzian-Totik modulus of smoothness. For A =0,
Theorem 4.2 is obtained as a particular case.

Theorem 4.3. Let f € Cg[0,0) g € (0,1),and 0 < A < 1. Then, forn >2,q €
(0,4] there holds

' 8 5,(v) + [n]gx
‘,Cmq(f,x)—f(x)’g(j[w;z (f,mw(x)) (f, ¢*ln— f] )]

Proof. We introduce the auxiliary operators Ly, , defined by

LZ,q(fax) = En,q(f’x) —f(X+Z) +f(x)7 (5)

q+[ngx
where z =
< qz [”*I]q

preserve the linear functions. Moreover, it follows from direct calculations that

and x € [0,c0). The operators L , are obviously linear and

Ly ,(t—x,x) =0. (6)
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Now, in view of the linearity of the operators £, 4 it follows that

’qu(fax)_f(x)’ < ’an(f ga) (f_g)(x)‘
+ Ly g(8,%) =g () + | f(x +2) = f(x)].

Using the smoothness of g, and in view of (6), we get

x+z

L5 g(8:%) —8()] < |Lng(Ralg:t,x)|+ /(X+Z—u)g”(u)du

t
where R (g,t,x) = [(t —u)g" (u)du. It is known (see [4] p141) that

X

R (g,1,x)] < ‘tx_ﬂ <(1+1x>/1 + (1—:01> ‘/(P”(u)\g”(u)ldu

, 1 1
< ”(pyL ”( )2<xl(l+x)l+xl(1+f)/l).

It can be verified (cf.[6]) that £, , ((1 + t)fm,x) < C(14x)™™. Therefore,
using Lemma 2.6, we get

L, q(Rg(g,t,x))

H(P”L g"|l ||<P” o=
T <>E (=72 + 2 <u+ﬂw9
< ‘::ZAfx)“C%”((t_x)Z’x)

204 N
H‘P H\/ﬁqn ((t—x x)\//lqyn((1+t)_2’l,X)

8 C
5,12(X)H<P” g"ll-

SEn—1], 9% ()

Since
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1s bounded for all values of x, we obtain

4

X+z 8
_ " < ( ‘/6[”_”!16”()6)) "
(e 2 —u)g ()| < LG ).

X

Collecting these estimates, we get

. 8; (x)
|Ln,q(g7x)_g(x)|< (P (X)H(P

4
8
27 //|| ( qﬁ[n—l]q (Sn(X))

e

Now,

[Lnq(f = &%) = (f = 8)(0)| < Lng(f — &%)
+IF =gl < f = 8l Lng(1,0) +[1f —gll <201f = gl-

Hence, we obtain
| Log(f,%) — f(x)]

(Ve o)

A0

(Varmow)

9 gll+ ')

< C|lIf—gll+

+ [flr+2) =)l

Finally, in view of equivalence (1) of K, 2 (f,t 2) and a) 2 (f,1) we get

5 s5.00)
(v qé[n—uq‘s)"( ) >+w(f,z)

|£n,q(fax) _f(x)| < CFZ,(p’l (f’ (pZA (x

2 8 0n () q+[n ]
s C“’@*<f’\/q6[n11q<pl<x>>+‘"<f’ 2ln m)‘

This completes the proof of the theorem. O

Let Cp 2[0,0) be the space of the continuous and bounded functions defined
on [0,00) such that |f(x)| < C(1+x?), where C is a constant depending on f.
The space C},[0,0) is defined by {f € Cp,2[0,) : sup O] o co}. We define

142
|| f]l52 by sup ‘1f+(x)2‘ in the space C3, [0, ). For a positive number a, we define

@,(f,8) = sup sup [f(t) = f(x)|

[t—x|<8 x,1€[0,d]
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the usual modulus of continuity of f on the closed interval [0, a]. It is known that
for a function f € C,2[0, ), modulus of continuity @,(f,d) tends to zero. From
similar methods in Theorem 2 and Theorem 4 of [2] we obtain the following
results:

Theorem 4.4. Let f € C2[0,00),q = g, € (0,1) such that g, — 1 as n — o
and @,+1be its modulus of continuity on finite interval [0,a+ 1] C [0,00) where
a > 0. Then, for every n > 1

nar (=11 = s +200 (1. e

where K = 48C(1+a*)(1+a+a?).

Theorem 4.5. Let g = q, satisfies 0 < g, < 1 and let g, — 1 as n — oo. For
each f € C[0,00), and o > 0, we have

11m Sup ‘ﬁnvlhl (f?'x)z_ f(x) ’
noe i) (LHx%)%

=0.

In the end we give an error estimate for the functions in a subclass of the
space Lip,,c.

Theorem 4.6. Let f € Cp[0,0) N Lipy0t, o0 € (0,1] for x € [0,A] A > 0. Then,

g a
’En,q(f)_ﬂ <M< q(’[n—l]qan(X)> .

Proof. Inview of £, 4(1) = 1, we can write

. -
Loa) =11 < X puslas) [ @busilfw) = ) dya
k=0 0

ank q.x / q bn7k(6];u)|t—x‘adqu
= %a, in Holder’s inequality, we obtain
1/2 B
Lag(F) =11 < (Lag(t=x2))" (Lng(1,2)) 22

This completes the proof. O
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