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SOME DIFFERENTIAL SUBORDINATION AND
SUPERORDINATION PROPERTIES OF SYMMETRIC
ANALYTIC FUNCTIONS INVOLVING
NOOR INTEGRAL OPERATOR

ALI MUHAMMAD - AMJADULLAH KHATTAK

In this paper, we obtain some interesting properties of differential sub-
ordination and superordination for the classes of symmetric functions an-
alytic in the unit disc, by applying Noor integral operator. We investigate
several sandwich theorems on the basis of this theory.

1. Introduction

Let H(E) denote the class of analytic functions in the open unit disc £ = {z |
z€C, |z| < 1} and let H|a, 1] denote the subclass of the functions f € H(E) of
the form

f@) =a+aiz+a?+... acC.

Also, let A be the subclass of functions f € H(E) of the form

F@) =2t Y ad ()
k=2
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If f and g are analytic in E, we say that f is subordinate to g, written f < g or
f(z) < g(z), if there exists a Schwarz function w in E such that f(z) = g(w(z)).
Suppose that i and k are two analytic functions in E, let

o(r,s,1;2) :CPxE —C.

If h and @(h(z),zh (z),z%h"(z);z) are univalent functions in E and if & satisfies
the second order superordination

k(z) < @(h(z),2H (z),2°h" (2):2), 2)

then £ is said to be a solution of the differential superordination (2). A function
q € H(E) is called a subordinant to (2) if ¢(z) < h(z) for all the functions &
satisfying (2).

A univalent subordinant g that satisfies g(z) < g(z) for all of the subordinants
q of (2), is said to be the best subordinant.

Recently, Miller and Mocanu [10] obtained sufficient conditions on the func-
tions k,q and @ for which the following implication holds:

k(z) < @(h(z),zh (z),22h" (2);:2) = q(z) < h(z).

Using these results, the authors in [2] considered certain classes of first-order
differential superordinations, see also [5], as well as superordination-preserving
integral operators [4]. Aouf et al. [2,3], obtained sufficient conditions for certain
normalized analytic functions f to satisfy

zf'(2)
f(2)

where g and g, are given univalent normalized functions in E. Very recently
Shanmugam et al. ([19,20]) obtained the so called sandwich results for certain
classes of analytic functions. For interested readers we refer to the work done
by the authors [1,2,13,14,18|.

n [17], Sakaguchi defined the class of starlike functions with respect to
symmetrical points as follows:
Let f € A. Then f is said to be starlike with respect to symmetrical points in E
if, and only if,

q1(z) <

< q2(z),

z2f'(z)
f(@)=f(=2)
Obviously, it forms a subclass of close-to-convex functions and hence univalent.
Moreover, this class includes the class of convex functions and odd starlike
functions with respect to the origin, see [17].

Re >0,z€E.
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Let f € A. Denote by D% : A — A the operator defined by

Sk @) (a> 1)

DYf(z) = (—gert

or equivalently,

2 ()

D"f(z) = | , neNyp=4{0,1,2,..},
where the symbol (x) stands for the Hadamard product (or Convolution). We
note that D°f(z) = f(z) and D' f(z) = zf'(z). The operator D" f is called the
Ruscheweyh derivative of nth order of f, see [16]. Analogous to D" f, Noor [11]

and Noor and Noor [12] defined an integral operator I, : A — A as follows.
Let fu(z) = W n € Ny, and let f,ST) be defined such that

110 =
Then
) z ()
WO =56 = | | 1) )
From (3) it is easy to verify that
A1 f(2)) = (n+ DI f (2) — nlpr1 f(2). 4)

We note that Iy f(z) = zf’(z) and I; f(z) = f(z). The operator I, f(z) defined by
(3) is called the Noor Integral operator of nth order of f, see [7]. Moreover,
Liu [7] introduced some new subclasses of strongly starlike functions defined
by using the Noor integral operator and studied their properties. Liu and Noor
[8] investigated some interesting properties of the Noor integral operator.

2. Preliminary Results

Definition 2.1 ([10]). Let Q be the set of all functions f that are analytic and
injective on E\U (f), where

0(r)={¢ €08 tim ) = .

and are such that f'(§) # 0 for { € dE\U(f).

To establish our main results we need the following Lemmas.
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Lemma 2.2 (Miller and Mocanu [9]). Let g be univalent in the unit disc E, and
let O and @ be analytic in a domain D containing q(E), with ¢(w) # 0 when
w € q(E). Set O(z) = 24'(2)9(q(2)), h(z) = 6(q(z) + O(z) and suppose that

(i) Q is a starlike function in E,

(i) Re5 D >0, € E.

If p is analytic in E with p(0) = q(0), p(E) C D and

8(p(2)) +z0' (2)p(p(z) < 8(q(2)) +24 (2)9(q(2), (5

then p(z) < q(z), and q is the best dominant of (5).

Lemma 2.3 (Shanmugam et al. [20]). Let u,y € C with y# 0, and let q be a
convex function in E with

"
Re <1+qu (Z)> >max{0;—Re‘u}, zeE.
q'(z) Y

If p is analytic in E and

1p(z) +vzp'(z) < 1q(z) + vz4'(2), (6)
then p(z) < q(z), and q is the best dominant of (6).

Lemma 2.4 (Bulboaca [6]). Let g be a univalent function in the unit disc E and
let O and @ be analytic in a domain D containing q(E). Suppose that

(i) ReM >0forzcE,

¢(q(z)
(ii) h(z) = zq¢'(2)9(q(z)) is starlike in E.

If p € H|q(0),1]NQ with p(E) C D, 0(p(z) +zp'(2))@(p(2)) is univalent in E
and

0(q(2)) +24'(2)9(q(2)) < 8(p(2) + 20 (2)9(p(2), (7
then q(z) < p(z) and q is the best subordinant of (7).

Lemma 2.5 (Miller and Mocanu [10]). Let g be convex in E and let ¥ € C, with
Rey > 0. If p € H[q(0),1]NQ and p(z) + yzp'(z) is univalent in E, then

q(2) + 724 (2) < p(2) + v2p'(2), (8)
implies q(z) < p(z), and q is the best subordinant of (8).

Lemma 2.6 (Royster [11]). The function q(z) =
only if [2ab—1| <1 or|2ab+1| < 1.

% is univalent in E if and

(1-z
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3. Main Results

Theorem 3.1. Let q be univalent in E, with q(0) = 1, and suppose that

Re (1+Zq (Z)> >max{0;—(n—|—l)Rel}, neNy, z€E, ©))
q(z) A

where A € C* = C\{0}. If f € A satisfies the subordination

(1-2) <In+1f(Z) —In+1f(—z)> 2 (Inf(z) —Inf(—z)>

2z 2z
A
< q(2) + (Hl)zq’(Z), (10)
then
<In+1f(z) _2Z1n+1f<_z)) < Q(Z),

and q is the best dominant of (10).

Proof. Set

<In+1f(z) _2£n+1f<_Z)> — ]’l(Z),

where h(z) is analytic in E with ~2(0) = 1.
A simple computation along with (4) shows that

(1-2) <1n+1f(z) —In+1f(—z)> 2 <Inf(z) —I,,f(—z)>

27 2z
=h(z) + nt 1)zh’(Z),
hence the subordination (10) is equivalent to
h(z) + H (D) < ql2) + 2 (2).
(n+1) (n+1)
Combining this last relation together with Lemma 2.3 for special case y = (n/lTl)

and u = 1, we obtain our result.

Taking ¢(z) = %j:g; in Theorem 3.1, where —1 < B < A < 1, the condition

(9) reduces to

Re

A

1
1_i_BZ>rnax{0; —(n+1)Re}, neNy z€E. an
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It is easy to verify that the function (&) = %, |€| < B, is convex in E, and

since @(&) = @({) for all |{| < |B|, it follows that @(E) is a convex domain
symmetric with respect to the real axis, hence

) 1-Bz 1 —|B|
inf< Re 1 z€E = > 0. 12
{ 1+ Bz } 1+|B| (12)

Then, the inequality (11) is equivalent to

1
1)Re— >
(n+DRez 2 o

hence we have the following result.

Corollary 3.2. Let A € C*, ne Ny, —1 <B <A <1 with

max{O; —(n—i—l)Re}lL} < L~ |B]

~ 1+|B|
If feA and
(1 . A,) (In+1f(z) _2Z1n+1f(_z)> +7L <Inf(z) _ZZInf(_Z)>
14+Az A (A—B)z
S T s 1P
then
L1 f(2) = Lis1 f(—2) < 1+Az
2z 1+Bz’
1+Az . .
and I - is the best dominant of (13).

Example 3.3. LetA=1,B=—1,n €Ny, A € C* with (n+1)Re} >0.If f€ A
and

(1-2) (In+1f(z) _In+1f(_Z)) 2 <Inf(z) —Inf(—z)>

2z 2z
14z A 2z
=< + , (14
-z (n+1)(1-2z)? (14
then
L1 f(2) = i1 f(—2) 1+z
= )
2z 1—z
1
and 7 t2 is the best dominant of (14).
-z
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Theorem 3.4. Let g be univalent in E, with g(0) = 1 and q(z) # 0 for all z € E.
Let y,u € C* andv,n € C, withv+mn #0. Let f € A and suppose that f and q
satisfy the following conditions:

VUnf(2) =10 f(=2)) + 1 (i1 f(2) = Iay1 f(=2))

£0, neNy, ze€E, (15)

(v+n)z
and
zq"(z) 24 (2)
Re<1+ o E )>0, Z€E. (16)
If
ve(lnf (2) = nf (=2) + N2 (i1 f(2) — b1 f(=2))
G [ v f @)~ T f (=) 1 (e &) — s 1/(—2)) 1]
< 1+yzj((5), 17)
then

V(huf(2) =1 f(=2)) + 0 (b1 f(2) = Das 1 f(=2)) 1¥

<q(2),
(v+mn)z

and q is the best dominant of (17). The power is the principal one.

Proof. We begin by setting

{V(Inf(Z) —Lf(=2)) + 1 41/ (2) —1n+1f(—Z))} g
(v+n)z

=h(z),z€E, (18)

where h(z) is analytic in E with #(0) = 1. Differentiating Equation (18) loga-
rithmically with respect to z, we have

i [VZ(Inf(Z) —Lof (=) + N2 (le1 (&) — 1 f(=2)" 1] _ ()
V(I (2) = 1 f(=2) + 1 (a1 £(2) = ln1 f(=2)) h(z) -

To prove our result we use Lemma 2.2. Consider in this lemma

O(w)=1and @(w) = %,

then 0 is analytic in C and ¢(w) # 0 is analytic in C*. Also, if we let
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and

6(2) = 0la(@)) +0(2) = 1+745,

then, since Q(0) = 0 and Q'(0) # 0, the assumption (16) would yield that Q is
a starlike function in E. From (16), we have

/ i /
Rezg @) —Re<1+zq @) _ (Z)> >0,z€E,

0(z) 9@  q(2)
and by using Lemma 2.2 we deduce that the subordination (17) implies that
h(z) < ¢(z), and the function g is the best dominant of (17). O

In particular,v=0,11 =y =1and ¢(z) = }fl‘;ﬁ in the above Theorem 3.4, it

is easy to see that the assumption (16) holds whenever —1 <A < B < 1, which
leads to the next result:

Corollary 3.5. Let —1 <A<B<1,neNy, and u € C*. Let f € A and suppose
that 1n+lf(Z)—21n+1f(—Z) £0,z€E. If
z ’ .

(L1 f(2) = Ly 1 f(—2))
(In+1f(Z) - In+lf(_z))

(A—B)z
(1+Az)(1+Bz)’

1+u[ _1}<1+ (19)

then

L1 f(2) — L1 f(—2) “<1+Az
2z 1+ Bz’

14+Az
14+Bz

and is the best dominant of (19). The power is the principal one.

Puttingv=n=0,n=1,y=1,abeC*, u=a,and q(z) = W in
Theorem 3.4, then combining this together with Lemma 2.6, we have the next

result, see [1].

Corollary 3.6. (see [1]) Let a, b € C* such that |2ab— 1| < 1 or |2ab+ 1| < 1.
Let f € Aand let YLD 2.0 forall z € E. If

1 (2(f'(2) + f'(=2)) > 1+z
1+ - —1 —,
*b((ﬂ@—f«@) AR
e FQ—FD\
Z)—J(—Z
(F) < 0
and W is the best dominant of (20). The power is the principal one.
H(A—B)

Puttingv=n=0,n=7y=1landg(z) =(1+Bz) 7 ,—-1<B<A<LI,
B # 0 in Theorem 3.4, and using Lemma 2.6, we have the next result.
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Corollary 3.7. [1]. Let —1 < B <A < 1 with B# 0, and suppose that e
or et )<1 Let f € Asuch that ((7;&OforallZEE and let p € C*.
If
2(f'(2) + f(=2)) ) 1+[B+u(A—B)J
1+u< 1) < , Q1)
(f(z) = f(=2)) 1+Bz
then

A-B)

u
(
) < (1+B) 7,

<(f(z) —f(=2))
2z

and (1+ Bz) H is the best dominant of (21). Here the power is the principal

one.
Bytakingv:n:O,nzl,y:%a,be Z u=aand

q(z) = W in Theorem 3.4, we obtain the following result.

Corollary 3.8 ([1]). Let a,b € C*, 2 suppose ‘abcoske*" —1/<1lor
’abcosle i +1’ < 1. Let f € A such that L #%0forall z€E. If
iA / /
— 1
e <Z(f(Z)+f( Z))_1> Ltz 22)

beosA \ (f(z) —f(—2)) l1—z
then ;

(@-fN

27 (1 _Z)Zabcosle‘”L ’

and : - is the best dominant of (22). The power is the principal one.

(1 _Z)Zabcosle*’

Theorem 3.9. Let g be univalent in E with q(0) =1, let u, y € C*, and let u,
ye€ C* and let 8, Q, v, N1 € Cwithv+n #0. Let f € A and suppose that f
and q satisfy the next two conditions:

V(UInf(2) = 1 f(=2) + 1 (p1 £ (2) = b1 f(=2

))7é0, neNy, z€E, (23)

(v+1n)z
and Y 5
Re (1 +4 (Z)) >max{0;—Re}, Z€E. (24)
q'(z) Y
If

_ [V(Inf(Z)Inf(Z))+n(In+1f(Z)In+1f(Z))]“
(v+n)z
V2(Iof (2) = 1 f (=2) + N2 (o1 £(2) = l1 f(=2))
[5 i ( v f (@) = Inf () 1 Ur f @) — T f(—2)

+9Q,
(25)
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and

v(z) < 8q(z) + 724 (2) + L, (26)

then

V() — I (=) + 1 (U () — Do (=) ]
[ V) ] <4,

and q is the best dominant of (26). All the powers are the principal ones.
Proof. We begin by setting
[V(Inf(Z) —1f(=2)) + 1 Un11f(2) —In+1f(—Z))] g
(v+1n)z

Then h(z) is analytic in E with 2(0) = 1. Logarithmic differentiating of (27)
yields

u <VZ(1nf(Z) — b f (=) + N2 (b1 f(2) = lar1 f(=2)) 1> _ (@)

=h(z). 27

V(I f(2) = Iuf(=2)) + 0 (L1 £(2) = Ini1.f(—2)) h(z) ’
and hence
VZ(Inf(Z) _Inf(_z)/ +nz (In+1f(z> _In—&-lf(_z)), > /
h —1) =zh'(2).
e e T e < ey #()
Let us consider the functions:
O(w) = ow+Q, o(w)=7v, weC,
0(z) = 24'(2)0(q(z) =714 (2), z€E,
and
8(z) = 0(q(z) + Q(z) = 8q(z) + v24'(2) +Q, z € E.
From the assumption (24) we see that Q is starlike in £ and, that
z8'(2) <5 zq"(z) )
Re =Re| —+1+ >0,z€E,
0(z) Y q(z) )
thus, by applying Lemma 2.2, this completes the proof. O

Taking ¢(z) = E if;g in Corollary 3.7, where —1 < B < A < 1 and according

to (12), the condition (24) becomes

max 0;—Re§ §1—1B|.
yJ) ~ 1+|B|

Hence, for the special case v =1 =7, 1 = 0, we have the following result:
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Corollary 3.10. Ler —1 < B <A < 1 and let § € C with
— 8|

max {0; —Red } < 1+ Bl

Let f € A and suppose that

(Inf(z) _Inf(_z))
2z

#0, neNg, z€E

and let u € C*. If
(Inf (2) —Inf(—z»} g { 5u <z(1n+1f<z> — b1 f(=2) 1)} Lo

2z (In1f(2) = Ins1 f(—=2))
14Az z(A—B)
<0 —=, (28
1+Bz (1+ Bz)? 28
then
(Inf(2) =L f(=2))\"  1+Az
27 1+B7
and Ltgz is the best dominant of (28). All the powers are the principal ones.

Takingy=n=1,v=n=0and ¢(z) = 1“ in Corollary 3.7, we obtain the
next result.

Corollary 3.11 ([1]). Let f € A such that (7 %0 for all z € E, and let
peCIf
f(2) —f(—Z)]“ [5 <Z(f’(Z)+f’(—Z)) B 1)] o
[ % O i
2z
then

[f(Z) —25(—2)}‘! ii

and 1“ is the best dominant of (29). All the powers are the principal ones.

4. Superordination and Sandwich results

Theorem 4.1. Let g be convex in E with q(0) =1, n € Ny, let A € C* with
(n+1)ReA > 0. Let f € A and suppose that M € Hgq(0),1]NnQ.
If the function

(1-2) (’rmf & —Z?Hf(—z)) H <1nf(Z) —;f(—@)
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is univalent in the unit disc E and

S (1-2) <In+1f(Z> —2Z1n+1f(—2)> L <1nf(Z) —zinf(—z)> .30

then

4(2) < (In+1f(2) _2§n+]f(_z)>’

and q is the best subordinant of (30).
Proof. Set

<In+1f(z) _2§n+1f<_Z)> _ /’l(Z), z€E.

Then A(z) is analytic in E with 2(0) = 1. Taking logarithmic differentiation with
respect z, we have

b1 f@) = (e f(=2)\ 2 (2)
Z( In+1f(Z) _In+1f(—Z) > 1= h(Z) . (31)

A simple computation along with identity (4) shows that

A
h /4
(2) + nt l)Z ()
_(1-2) L1 f(2) = Lis1 f(—2) 2 Lf(2) = Lf(—2)
2Z 2Z )
and now, by using Lemma 2.5, we obtain the desired result. 0

Taking ¢(z) = %igi in Theorem 4.1, where —1 < B < A < 1, we obtain the
next result.

Corollary 4.2. Let g be convex in E with q(0) =1, n € Ny, let A € C* with
(n+1)ReAd > 0. Let f € A and suppose that W € H[q(0),1]NQO.
If the function

(1-1) (I”“f(z) —2§n+1f(—2)> A <1nf(Z) —zzlnf(—z)>

is univalent in the unit disc E, and
1+Az A(A—B)z
14+Bz (1+Bz)?

< (1-2) <1n+1f(z> _2Z1n+1f(_z)> iy <Inf(z) _zinf(_z)> . (32)
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then
l—i—Az< i1 f(2) = 1 f(=2)
1+Bz 2z ’
and ifgé is the best subordinant of (32), where —1 < B <A < 1.

Using the same techniques as we used in Theorem 3.9, and then applying
Lemma 2.4, we have the following theorem.

Theorem 4.3. Let g be convex in E with q(0) =1, let u,y € C*, and let
6,Q,v,n € Cwith v+n #0 and Re% > 0. Let f € A and suppose that f
satisfies the following conditions:

V(1of(2) = Inf (=2)) + 1 (1. (2) = Iy 1 (=2))
(v+n)z

#0, neNy, z€E,

and

[V(Inf(z) —Lif (=2)) + 1 (a1 (2) — L1 f(—2))
(v+m)z
If the function y given by equation (25) is univalent in E, and

u
] € Hlg(0),1]NQ.

8q(2) + 724 (2) + Q@ < y(2), (33)

then

)

q(z) < [V(Inf(z) —Lif(=2) + 1 (L1 f(2) —Inﬂf(_z))]u

(v+n)z
and q is the best subordinate of (33) (all powers are the principal ones).

Note that by combining Theorem 3.1 with Theorem 4.1 and Corollary 3.10
with Theorem 4.3, we have, respectively, the following two sandwich theorems:

Theorem 4.4. Let g; and g, be two convex functions in E with q1(0) = ¢2(0) =
1, n € Ny, let A € C* with (n+ 1)ReA > 0. Let f € A and suppose that
b f&)—hnin f(=2) (Z);i"“f (D ey [¢(0),1]N Q. If the function

O_M<hHﬂ@—hHﬂ—@>+l<Qﬂd—hﬂ—@)

2z 27

is univalent in the unit disc E, and

e <=2

L.f(2) = L. f(—z)
+2 ( .

q1(2) +

L1 f(2) = Lis1 f(—2) )
2z

) < q2(z) + (n'}rl)zq’z(z), (34)



90 ALI MUHAMMAD - AMJADULLAH KHATTAK

then

6]1<Z) ~ (In+]f(Z) _2§n+]f(_z)> ‘<C]2(Z),

and q1 and q, are, respectively, the best subordinate and the best dominant of
(34).

Theorem 4.5. Let q; and g, be two convex functions in E with q1(0) = ¢2(0) =
1, n €Ny, let u,y€ C* and let §,Q,v,n € Cwith v+n %OandReg > 0.
Let f € A satisfy the following conditions:

{V(Inf(Z) — L f(=2)) + 1 Uni1f(2) —1n+1f(—Z))] L0, 7CE
(v+n)z o

and

V(I f(2) = 1nf (=2) + 0 (b1 f () = b1 f(=2)) ]¥

[ )2 ] € Hlq(0),1]NnQ.
If the function y given by (25) is univalent in E and

6q1(2) + 7241 (2) + @ < W(2) < 8g2(2) + v245(2) + Q, (35)

then

QI(Z) < V(Inf(Z) *Inf(*Z)) +1N (In+1f(Z) 7In+1f(7z)) # < q2<Z),

(v+n)z

and q| and q, are, respectively, the best subordinate and the best dominant of
(35) (all the powers are the principal ones).
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