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GENERALIZATION OF SOME INEQUALITIES
FOR THE (g, ...,q;)-GAMMA FUNCTION

TOUFIK MANSOUR - ARMEND SH. SHABANI

Recently were established g-analogues of some inequalities involv-
ing the gamma functions. In this paper are presented the (gqi,...,qs)-
analogues of those inequalities.

1. Introduction

The Euler gamma function I'(x) is defined for x > 0 by

F(x):/ e dr,
0

and it’s logarithmic derivative, the psi or digamma function, is defined for x > 0
by

Alsina and Tomads [1] have proved that

I (T(14x)"
S T =

)

for all x € [0, 1] and for all nonnegative integers n.
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This inequality generalized to

o (C(14x))*
I'(l4+a) = T(1+ax)

foralla > 1 and x € [0, 1] (see[10]).

Later, Shabani [11] using the series representation of the function y/(x)
and the ideas used in [10] established several double inequalities involving the
gamma function. In particular, Shabani [11, Theorem 2.4] showed

(@) _ (Ma+b0)° _ (Ma+b))
(T(B))7 = (Mb-+an)? = (Ma+ b))

<1, (D

)

forallx € [0,1],a > b >0, c,d are positive real numbers such that bc > ad, and
y(b+ax) > 0.
F.H Jackson (see [3-5, 12]) defined the g-analogue of the gamma function

as
q:49)c _
FLI(X) = ((qxq)) (l_q)l x’0<q< 17
and
(¢ 97 e (3
T,(x) = =gl g >,
Q( ) (q’x;q’l)w (q ) q q

where (a;¢)w = szo(l — aqj).
The g-analogue of the psi function is defined for 0 < g < 1 as the logarithmic
derivative of the g-gamma function, that is,

d
Vo(x) = ElOgrq(x)'

Many properties of the g-gamma function were derived by Askey [2].
Kim (see [7, 8]), recently studied g-Bernstein type polynomials.
It is well known that I'y(x) — I'(x) and y,(x) — y(x) asg — 17,
Kim and Adiga [6] gave the g-analogue of (1) as

L (42
Ly(1+a) =~ Ty(l+ax) =

forall0<g<1,a>1and x € [0,1].
Later, Mansour [9] studied the g-analogue of (2) and obtained:
(Ty(a))* < (Ly(a+bx)) < (Ty(a+b))
(Ty())? — (Ty(b+ax))? ~ (Tgla+b))*’

3)

forallx € [0,1],0< g <1,a>b >0, ¢,d are positive real numbers such that
bec > ad, and y, (b +ax) > 0.
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Next we define (g1, ...,qs)-gamma function and (g, .. .,qs)-psi function as

(0192 453q1,92, - -, qs) .,
(@192 45)5:91,92, - - qs) ,

—X

(1—q1q2--qs)’

F‘Il7~-~7%~ (x) = (

and

where

(@:q1,q2,--45)-= [ [T ]1C1 —aql g} ql).

Clearly, when s = 1 we get the standard g-gamma function and g-psi func-
tion. From above definitions we find that

FQ1~,~-7%(1) - F£1| ,,,,, qs(z) =L 4

In this paper, by using similar techniques as in [9] and [11] we give the
(q1,---,qs)-inequalities of the above results.

2. Main results

At first, we note that the (g1, ... ,¢s)-analogue of the psi function has the follow-
ing series representation

s Jitx

N
Vyi,..q, () = —log(1 —q1g2- -~ g5) +210gq,'- Z ‘:—’HX 5)
i=1 jtegiz0 1 =Tliz1 g
Using this representation we will be able to give the (qi,...,qs)-analogue of

several known results.

Theorem 2.1. Letx>0,0<q; < 1foralli=1,2,...,s. Let a be a real number.
1)Ifa>1 then

1 < Fle--vqx(l +'x)a
Fqlv"'vqs(a+ 1) n

<1.
Fql7"",q.)'(1+ax) o

2)Ifa€|0,1) then

1 < Fqlv-~-7qs(1+x)a < 1 )
N Fqlv---7QS(1 +ax) N F‘ﬂv-w%‘(a—’_ 1)



122 TOUFIK MANSOUR - ARMEND SH. SHABANI

Proof. Let f(x) = ;ql,.u,qs(l-yx)a

Ty o (TFas) and g(x) = log f(x). Then

g(x) =alogly, 4 (1+x)—logly, 4 (1+ax),

which implies that

g/(x) = a(‘/’ql,-..,qy(l +x)— ‘Vql,-..7qy(1 +ax)).

The series representation of y,, . 4 (x), see (5), gives

Yargs (LX) =Wy, g (1 +ax) (1) il
s 1— PRI VRN o I
_ 'Zl loggi- ¥ ( (q192---q5) ) i=19i
=

Jredz0 (T=TTy g ) (=TI g )

1) Since 0 < g; < 1 we have thatlogg; <0, foralli=1,2,...,s. In addition, for
a>1landx>0wehave 1 > (q1g2-- 'qs)(“*l)x. Hence, g'(x) <0, that is, g is a
decreasing function for x > 0. Therefore, f is a decreasing function for x > 0.
For x € [0, 1] we have f(1) < f(x) < f(0), which is equivalent to

Fqlr"vqs(z)a < 1—‘417---:%(1 +x)a < Ft]lam:%(l)a
Fql 77777 %(1 +a) - Flh ----- %(1 +ax> N Fqlv---,q,v(])
Using (4) the desired result follows.

2)Fora € [0,1) and x > 0 we have 1 < (q1¢2-- ~qs)(“*l)x. Next we proceed in
a similar way as in previous case. 0

In order to establish the proof of the following results, we need the following
lemmas.

Lemma 2.2. Letx € [0,1],0< ¢; < 1 foralli=1,2,...,s. Let a,b be any two
positive real numbers such that a > b. Then

Varogs(@+bx) >y, o (b ax).
Proof. Clearly, a+ bx,b+ax > 0. Then from (5), we have:

: - - ji+b-+b
~Yiogg ¥ (9192 45)" ™" — (@192 ) “ ") Ty 7

s jitath bt
i=i J1h20 (I—TI= g/ ™) (=TT )

Since 0 < g; < 1 we have that logg; <0, foralli =1,2,...,s. In addition, since
a>bandx€[0,1] we get that (q192---q5)°* < (q192- --qs)(“*b)x. Hence,

v, (a+bx)—y,(b+ax) >0,

which completes the proof. O
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Lemma 2.3. Lerx € [0,1], 0 < ¢; < 1 foralli=1,2,...,s. Let a,b be any two
positive real numbers such that a > b and y,, . 4 (b+ ax) > 0. Let ¢,d be any
two positive real numbers such that bc > ad. Then

beyy, . g (a+bx) —adyy, . 4 (b+ax) > 0.

Proof. Lemma 2.2 together with the inequality y,, ., (b+ax) > 0 gives that
Vy,....q.(a+bx) > 0. Thus from Lemma 2.2 one obtains

as required. Ul
Now we present the (g1, .. .,qs)-inequality of (3) .

Theorem 24. Let x € [0,1], 0 < g; <1 foralli=1,2,...;s, a>b > 0,c,d
positive real numbers with bc > ad and Wq17---~,qs(b +ax) > 0. Then

Fql7“~~,qs(a)c <
Fle--w(Zs(b)d N FQI

Ly q(a+bx)° < Ly q(atDb)f
qu(b—i—ax)d N Fql,-.-7qs(a+b)d

)

Ty .. g5 (a+bx)¢
= % and g(x) =log f(x). Then

Proof. Let f(x)

g(x) =clogly, 4 (a+bx)—dlogly, 4 (b+ax),

d b I, g (a+bx) » Ly g (b+ax)
Lgy,....q,(a+bx) Lyp,...q(b+ax)

= bcyy, . g (a+bx) —advyy, 4 (b+ax).

Thus, Lemma 2.3 gives g’(x) > 0, that is, g is an increasing function on [0, 1].
Therefore, f is an increasing function on [0, 1]. Hence, for all x € [0, 1] we have
f(0) < f(x) < f(1), which is equivalent to

as requested. O

Using the similar arguments of proofs as in Lemmas 2.2 - 2.3 and Theorem
2.4 we obtain the following results.
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Lemma 2.5. Let x> 1, 0<¢q; <1 foralli=1,2,...,s, and a,b be any two
positive real numbers with b > a. Then

Var.gs(@+bx) >y, 4 (b+ax).

Lemma 2.6. Let x> 1,0<q; <1 foralli=1,2,...,s, a,b be any two positive
real numbers with b > a and y,, . qx(b +ax) > 0, and c,d be any two positive
real numbers such that bc > ad. Then

bcwfilv---:qs (a +b'x) - adll"h ----- %(b—i_ax) 2 0.

By the similar techniques as in the proof of Theorem 2.4 with using Lem-
mas 2.5 and 2.6 instead Lemmas 2.2 and 2.3 the following result can be proved.

Theorem 2.7. Letx>1,0< q; <1 foralli=1,2,...,s, a,b be any two positive
real numbers with b > a and Yy, ., (b+ax) >0, and c,d be any two positive
. qs (a+bx)6

real numbers such that bc > ad. Then === s an increasing function on
r‘l] ~~~~~ qs (b+ax)
[1,4-00).

In addition, with similar arguments as in the proof of Lemma 2.3 we obtain
the following lemmas.

Lemma 2.8. Let x € [0,1], 0 < g; < 1 forall i =1,2,...,s, a,b be any two
positive real numbers with a > b and ,, .. 4 (a+bx) <0, and c,d be any two
positive real numbers such that ad > bc. Then

beyy,...q(a+bx) —adyy, 4 (b+ax) > 0.

Lemma2.9. Letx>1,0<gqg;<1foralli=1,2,...,s, a,b be any two positive
real numbers with b > a and Yy, . 4. (a+bx) <0, and c,d be any two positive
real numbers such that ad > bc. Then

beyy, .. g (a+bx) —adyy, . 4 (b+ax) > 0.

Again, by similar techniques as in the proof of Theorem 2.4 and using Lem-
mas 2.3 and 2.8 we get the following.

Theorem 2.10. Ler x € [0,1], 0 < g; < l forall i =1,2,...,s, a,b be any two

positive real numbers with a > b and W, 4 (a+bx) <0, and c,d be any two

Ty (a+bx)¢

7 LS an wcreasing

ositive real numbers such that ad > bc. Then =% —-
p - F‘I]n-wl]s(b‘i’ax)

function on [0,1].

Finally, by similar techniques as in the proof of Theorem 2.4 and using
Lemmas 2.5 and 2.9 we obtain the following.
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Theorem 2.11. Let x> 1, 0< g; < 1 forall i = 1,2,...,s, a,b be any two

positive real numbers with b > a and Wy, .4 (a+bx) <0, and c,d be any two

..... X
Loy..gp @b is an increasin
r‘Il yeends (b+ax)d g

positive real numbers such that ad > bc. Then

function on [1,+eo).

3. Further results

In this section we present several generalization of the above results.

3.1. Thecase q1,q92,...,qs > 1

On the case ¢q1,492,...,q9s > 1 we define the (qi,...,q;)-analogue of gamma
function as

(ra2--qs) " "say "y q5 e B x
Fql,...,qs(X)Z( " S_1> (@192--as— D" (q1q2--45) ),
(q192--95) 7597 145 e
for all q1,¢2,...,q9s > 1. Note that
Fql,»-‘,qs(l) =Ty, qs(z) =1 (6)

In this case the (g, ..., qs)-analogue of the psi function

d
Yy (X) = ax logly, . 4,(%)

has the following series representation

1 S
Vai,.q,(¥) = (x=3) ) loggi —log(q1g2++-qs = 1)
i=1

A
1
+) loggi- Y, P (7
i=1 J1seesJs =0 1—TT;i—, q;

for all g1,q>,...,q9s > 1. Using this representation we will be able to give the
(q1,---,qs)-analogue of our results.

Theorem 3.1. Let x>0, g; > 1 foralli=1,2,...,s. Let a be a real number.
1)Ifa € |0,1] then

1 < Fqlv~"743(1+x)a < 1 .
Ty g (1+ax) T Ty g (a+1)

2)Ifa>1then

1 < Fq17-~-7q5(1 +x)a
Fq1~,<--,q.y(a+ 1)~ Fq17<--7q.s(1 + ax)

<.
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Ty gy (140)°
Proof. Let f(x) = 5""an

and g(x) = log f(x). Then
g(x) =alogly, . q,(1+x) —logly, . 4 (1+ax),
which implies that
8'(x) =a(Yg,...q.(14x) = Yg,....q,(1 +ax)).
The series representation of Y, . . (x), see (7), gives
Vgr..o.q (1 +2) = Wy g, (1+ax)

= Y loggi|x(1-a)+ X
i=1 i

Jtendsz0 (1 =TT, ¢

_ c ji+1
(1= (q1g2--q5) )T g/
qji+1+X)(1 R a0 qji+1+tl)€)

i=1%i

1) Since g; > 1 we have that logg; > 0, for all i = 1,2,...,s. In addition,
since a < 1 and x > 0 we get that g’(x) > 0, that is, g is an increasing function
on x > 0. Therefore, f is an increasing function on x > 0. Hence, for all x > 0
we have f(0) < f(x) < f(1), which is equivalent to

Fqlr--,qs(l)a < th___’qs(l—i—x)“ < Fqla--qqs(2)a
Fqu,--»,qx(l) R Y qs(l +ax) rql,-»-,qs(l +a)

Using (6) the desired result follows.
2) In a similar way as in previous case. 0

As we can see from the proof of Theorem 2.1 and Theorem 3.1 that all the
results in the previous section can be extend to the case q1,¢q2,...,qs > 1 by
using a simple modification of the proofs.

3.2. The case q1,92,---,9k € (07 1) and Qk+1,9k+25 -1 qs > 1

In this case we define the (qi,...,q;)-analogue of gamma function as

(9192 4K 91,92, - - - Gk )oo -
Lyg,q(X) = l—qiq2--q)
(%) ((QICIZ’"Qk)XQQIaQZa---an)w( )
_ ((Qk+IQk+2'"CIS)il;qkiila--quil)oo
(Ges1Grs2 ) S35 s 205 oo
: (CIk+161k+2 s — l)l_x(CIk+lC]k+2 . 'qx)(z),
1.€.

rql,---,qk-,qkﬂ,----,qs (x> = th-»--fik <x> .F(IkJrl\,---v% (X)
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In this case the (g, ..., ¢s)-analogue of the psi function

d
Vo (X) = ax logly, . 4,(%)

has the following series representation

k H lq.]t"rx
qu,m,qs(x) = —log(l1—qiq2---qx) + Zlogqi- Z I—IH
i=1 J1seeesJs=>0 1 _Hzf ql
1 N
+x=3) Y loggi—log(qrsi g5 —1)
i=k+1
Y X 1

+ logg; - —

i=k+1 Jir 15035 >0 1— Hz k+1 qu,er
Now we are able to give the (¢1,q2,...,q;s)-analogue of previous results:

Theorem 3.2. Let x >0, q1,...,qx € (0,1), gk+1,--.,9s > 1. Let a be a real
number.

(1) Ifa> 1 then

! < Fql"'wqa(l—’_x)a
| R Q.v(a+1) N . (1+ax) -
(2)Ifa€|0,1) then
1< F‘Il ----- (1+‘x)a < 1

N Fqu...,qx(l +ax) ~ Fql,...,qx(a‘f' 1).

r s 14+x)¢
% and g(x) =log f(x). Then

Proof. Let f(x) =
g(x) =alogly, 4 (14+x)—logly, . (1+ax),
which implies that
8'(x) = a(Wy,....q,(1+x) =Yg, ..q,(1 +ax)).

Using the series representation one obtains:

Varg (LX) = Wy, g, (1+ax)
k loggi- Y (1= (g1 qu) @ DT, g/
R e L m{'““)( ~I1q {*”“")
1— s( —Dx\ 178 Jit14x
(I-a)+ Y (1= (gr1---95)“" ) [liges1 4 |

\)
) s Jit14x Ji+14ax
i=k+1 ( Tkt 1e0Js>0 (1- i=k+14i )(1 —IIi- k149

i=
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Since 0 < g; < 1 we have logg; <0, for all i = 1,2,... k. In addition, since
a>1and x > 0 we obtain (g; - - ~qs)(“*1)x < 1. So the first member of previous
sum is negative.

Since g; > 1 we have logg; > 0, for all j = k+1,...,s. In addition, for
a>1and x > 0 we obtain (g - --qs)(“_l)x > 1. So the second member of
previous sum is also negative.

Hence, g'(x) <0, that is, g is a decreasing function for x > 0. Therefore, f
is a decreasing function for x > 0. So, for x € [0, 1] we have f(1) < f(x) < f(0),
which is equivalent to

Fq17~~~,qs(2)a < ]‘—‘q17~~74s(1 +x)* < Fql,...,qs(l)a
Fqlvqus(l +a) ~ Fq17~--~,qs(1 +ax) ~ Fqlqu(l)

Using (6) the desired result follows.
In a similar way, one can easily prove the other case. O

3.3. Increasing functions

In a similar way as in Theorem 2.1, Theorem 3.1 and Theorem 3.2 one can prove
the following generalized theorems.

Theorem 3.3. Let x € [0,1]. Let f be an increasing, positive, differentiable
Sfunction. Let 0 < q; < 1 foralli=1,2,...,s. Let a be a real number.

(1)Ifa>1 then

IS NI t)
Ly g (atl) = Ty g (1+af(x))

(2)Ifa€[0,1) then

<l

o Toea(bfe) 1
= a1+ af () T (1)

Theorem 3.4. Let x > 0. Let f be an increasing, positive, differentiable func-
tion. Let q; > 1 foralli=1,2,...,s. Let a be a real number.

(1) Ifa € [0,1], then

Ly (14 £(2))° i
LS (0 af ) = Tyog (@t )’

(2)Ifa > 1 then

LT g (1470
Lygg(at+1) 7 Ty g (1+af(x))

<.
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Theorem 3.5. Let x > 0. Let f be an increasing, positive, differentiable func-
tion. Let q1,...,qx € (0,1), gks1,---,95 > 1.

(1)Ifa>1 then

L Tpg( 4/
Lgpga+1) = Ty g, (1+af(x))

<.

(2)Ifa € [0,1) then

Uyr.q, (14 /()" 1

1< < .
rlh,---ﬂs (a + 1)

T Ly g (1 +af(x))
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