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POINCARE SERIES OF MONOMIAL RINGS WITH MINIMAL
TAYLOR RESOLUTION

YOHANNES TADESSE

We give a comparison between the Poincaré series of two monomial
rings: R =A/I and R, = A/I, where I, is a monomial ideal generated by
the ¢g’th power of monomial generators of /. We compute the Poincaré
series for a new class of monomial ideals with minimal Taylor resolu-
tion. We also discuss the structure a monomial ring with minimal Taylor
resolution where the ideal is generated by quadratic monomials.

1. Introduction

Let A = k[xy,...,x,] be a polynomial ring over a field k and / be an ideal of A.
The Poincaré series of R = A/I is the power series

PR(z) = Y dimy(Torf (k,k))Z' € Z[[z]].

i>0

It is the generating function of the sequence of Betti numbers of a minimal free
resolution of k over R. A question that this becomes a rational function was
asked by Serre. An affirmative answer was presented by Backelin in [3] when
I is a monomial ideal in A and a counter-example was given by Anick in [1, 2]
when I = (x7,x3, X7, X2, X1 X2, XaX5, X1X3 + X3X2 +Xox5) C A =Kk[x1,...,x5].
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In this paper we compute the Poincaré series of some monomial rings. Re-
call that a monomial ring is the quotient ring R = A/I where I is a monomial
ideal in the polynomial ring A. There exists a unique finite set of monomial gen-
erators for a monomial ideal / which we denote by G(I) = {m,...,m,}. We also
denote the graded maximal ideal of A by my = (x1,...,x,), the set containing
the first d positive integers by N, and by |S| the cardinality of a set S.

We will use polarization of monomial rings introduced by Froberg in [6] to
prove that, for any positive integer ¢, if R = A/I is a monomial ring such that
I Cm? and R, = A/I, is a monomial ring such that G(I,) = {m? | m € G(I)},
then PR(z) = Pf (z), (Theorem 2.3). This result does not hold if there exists
some x; € G(I), that is I C m2, as the following example shows.

Example 1.1. Let R =A/I where I = (x) C A = k[x]. Then P¥(z) = 1 but, since

Ry = A/(x?) is a complete intersection, we have P,fz (z) = 117—?2 = 1%Z

We will give the minimal generating set of the homology H(KX) of the
Koszul complex K® of a certain class of monomial rings R = A /I with minimal
Taylor resolution (Theorem 3.3). Namely, we consider monomial ideals / such
that there exists a total ordering m; < my < --- < m,; on G(I) and a positive
integer d < t such that ged(m;, ...,miy4—1) # 1 and ged(m;,mj; 4 ;) = 1 for all
i=1,...,t—d and j > 1. We use this description to compute the Hilbert series
of H(K®). Then Froberg in [5] proved that P¥(z) is a quotient of the Hilbert
series of two associative graded algebras; namely K® and H(K®).

It is of some interest to know classes of monomial rings with minimal Taylor
resolution which are either a complete intersection or Golod. The reader can see
the definition of a Golod ring in e.g. [5]. It is well known that a monomial ring
R =A/I is Golod if G(I) has a common factor # 1. We call such a ring trivially
Golod. Since Poincaré series of such rings are already known, one may deter-
mine the structure of R = A/I from PR(z). In section 4 we consider monomial
rings R = A/I with minimal Taylor resolution when [ is either a stable ideal, an
ideal with a linear resolution and an ideal generated by quadratic monomials.
We study the conditions on G(I) for such a monomial ideal 7 so that R = A/I
becomes a complete intersection or trivially Golod.

2. Ideals generated by Powers of generators

For a monomial m € A, let Supp(m) = {j | x; divides m}. Given a monomial
ideal I C A, if j ¢ U, () Supp(m), then we have R=A/I1 = A" /(INA") Ry k[x}]
where A’ = k[xi,...,%;,...,x,]. Since P,f[x'f] (z) = 1+ z and the Poincaré series of
a tensor product of two algebras is the product of Poincaré series of the algebras,
it follows that PR(z) = (1 —|—z)P,:\ /una )(z). So we may assume, without any
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loss of generality, that U,,cg() Supp(m) = {1,...,n}. Furthermore, let / C A
be a monomial ideal such that G(I) = {xi,...,x5,mi,...,m,;} for some s < n
where deg(m;) > 1 for each i = 1,...,r. Since U!_, Supp(m;) = {s+1,...,n},
it follows that R = k®; R’ = R’ where R’ = k[xs41,...,X4|/(m1,...,m;). Hence
PR(z) = P¥(2). So we shall consider monomial rings R = A /I such that deg(m)
> 1 for each m € G(I), that is I C mZ.

The following Proposition is due to Froberg in [6], pp. 30-32. We put it for
a quick reference since it plays an important role in proving Theorem 2.3.

Proposition 2.1. Let R = k[xy,...,x,|/I be a monomial ring. There exists
a monomial ring S = klyi,...,yn]/I' such that R = S/(fi,...,fN—n), where
fis-.oy fn—n is a regular sequence of homogeneous elements of degree one.
Moreover,

1. R is complete intersection if and only if S is complete intersection.

2. Ris Golod if and only if S is Golod.

PS(z
5. PR = k.

Recall that a squarefree monomial ring is the quotient of a polynomial ring
by a squarefree monomial ideal. We shall explain how to get the squarefree
monomial ring S from R. Let

I(x;) = max{o € Z>¢ | x{* divides some m € G(I)} (1)

If each I(x;) = 1, then R is squarefree. If there exists some i with I(x;) > 1,
we introduce new variables and replace each monomial m € G(I) by a square-
free monomial of degree equal to deg(m) in N = Y7 | I(x;) new variables, say
Y1,---,yn. This set of squarefree monomials generate a monomial ideal I’ in
A’ =kly1,...,yn] and we take S=A"/I’.

Example 2.2. Consider the monomial ring R = k[x,x2,x3]/ (xf,x§x3,x1x2x3).
Then N =3+2+1 = 6. Replacing x? by y1y2y3, X%X3 by y4ysye and x1x2x3
by y1y4ye We obtain a squarefree monomial ideal I’ = (y1y2y3, V4y5Y6,Y1Y4Y6) C
A" =kly1,...,y6]. It is not difficult to see that R =2 S/(y; — y2,y1 — ¥3,Y4 — Js)
where S =A"/I.

Theorem 2.3. Let R = A/I be a monomial ring such that I C mf‘, andR,=A/I,
be a monomial ring such that G(I;) = {m? | m € G(I)} for some integer q > 1.

Then PR (z) = P,f" (2).

Proof. We consider two cases to prove the theorem depending on the values of
I(x;) defined in (1).
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(a): Let I(x;) =1 for all i € N,,. Then [ is a squarefree monomial ideal. It
suffices to prove that Tor *(k,k) = Tork (k,k) for all i > 0. Put A, = k[x{, ..., xf]
and R' = A, /AL, There exists a natural isomorphism of k-algebras A — A,
and, since [ is a squarefree monomial ideal, this induces an isomorphism of k-
algebras R — R’. On the other hand, since A I, C I, we have aring map R’ — R,
which defines an R'-module structure on R,. In fact one has R, = ®|¢<,R' (X*
mod /;), where o € Z%,, so Ry is free over R'. Considering k both as an R'-
module and an Rq—mocfule, and using the ring map R’ — R, it follows, by [9,
Prop. 3.2.9], that
Tor® (k, k) 2 Tor\" (k @ Ry, k)

for all i > 0. Using the projection map R, — R’ = R, we obtain

k—k®QrR; —kQrR=k.

So we have Torf" (k®@g Ry, k) = Tork (k, k).

(b): Let I(x;) > 1 for some i. We use Prop. 2.1 and (a) above to prove P¥(z) =
PkR “(z). Put N=Y",I(x;). By Prop. 2.1 there exists a square free monomial
ideal J C B = k[y1,...,yn] with G(J) = {M},...,M;} and a regular sequence
fi,.--yfn—n € S = B/J of degree one such that R = S/(fi,...,fnv—n). It also
follows by Prop. 2.1 that

P{(2)
PR(z) = —* 2
k (Z) (1 +Z)N7n (2)
Now for an integer ¢ > 1, let J, C B be a monomial ideal with G(J,) = {M{,-
M{'} and put S, = B/J,. By (a) above we have
S
P (@) =R (). 3)

Since each M; is a squarefree monomial, j € N;, we have J,(y;) = g > 1 for
each i € Ny. Again by Prop. 2.1 there exists a square free monomial ideal

J' C C=klzi,...,2ng) and a regular sequence gi,...,gng-~ € S = C/J' such
that S, =2 5'/(g1,...,8Ng—~) and, moreover,
S/
S, Py (2)
Py = k) 4
k (2) (14z)Na—N )
C .. . R . Pksl ()
ombining (2-4), we obtain P’ (z) = T

On the other hand, since G(I;) = {m?,...,m{}, one has I,(x;) = q-1(x;) > 1

for each i. So there exists a square free monomial ideal I; € C=klzi,...,2ng]

and a regular sequence hy,...,hyg—n € S’ = C/I’ such that R, = §'/(hy,...,
P (z P (z

hng—n)- SoP (z) = (Hi)(,vgn We thus have PR" = (1+kz)(N3 - = PR(2). d
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3. Rings with a Minimal Taylor Resolution

Let R = A/I be a monomial ring with G(I) = {my,...,m,;} and T be the exterior

,,,,,

where mj, _; =lem(m;,,...,m; ). This resolution is called the Taylor resolution
of R, see also [4]. It is far from being minimal. But we get a minimal Taylor
resolution whenever m;, i #m; i ; forallii,....iy € Ny, or equivalently,

whenever each m; contains a variable with a maximal power. The reader may
refer [5] for other equivalent conditions. It is evident that if a monomial ring
R = A/I has a minimal Taylor resolution, then so will the monomial ring R, =
A/I, where G(1;) = {m? | m € I} for an integer g > 0.

Let R=A/I be a monomial ring. A differential graded, associative and com-
mutative algebra structure for the Taylor resolution of R was given by Gemeda
in [7]. Using this algebra structure, Froberg in [5, Theorem 3] proved that the
Poincaré series of R = A/I having a minimal Taylor resolution is the quotient
of the Hilbert series of the Koszul complex K® of R and the Hilbert series of its
Homology H(K®). More precisely,

_ Hib(K®() (I+2)"
" Hilb(H(KR))(—z,z)  Hilb(H(KR))(—z,2)

P{(2)

where n is the embedding dimension of R and we consider H (K*) as a bi-graded
algebra by a polynomial degree and a total degree. The basis for H(K*®) can be

described in terms of representatives 71, ..., T, in KX by
lcm(m,- ce.e,m; )
ﬁl ..... i = B — 711 e Til
'xll ... 'xl[

forl <ij<...<iy<n.

Example 3.1. We will describe how to compute PR(z) for a monomial ring
R = A/I where I = (x?y,y?z,7%) C A = k[x,y,z]. Let T}, T», T3 be the standard
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generators for KX. Then

2 2
X Z

2 2412
z lem(x“y,y°z
f3=?T3=ZT3 f12=¥

T1 T2 = XyZ T1 T2

lem(y?z,7%) lem(x%y,7%)

fn= LT =y:DTs fiz= N1 =xyzI T3

lem(x%y,y?z,2%)
xyz

Ji23 = =xyz1 LT3

We then have fif; = fi3 and, otherwise, fif; = 0 for all 1,J C {1,2,3}. So
we obtain H(KR) = k(X1,X2,X3,X12,X23,X123/(X;X; | forall I, J except] =
{1}, and J = {3}). The Hilbert series, then, becomes

Hilb(H(K®))(X,Y) = 143XY +2XY? + XY + XY3

and the Poincaré series is

_ HI(K®) () (1+2)°
Pi(e) = Hilb(H(KR))(~z,z)  1—-3z2—27%

A strictly ordered partition of a finite totally ordered set (S, <) is a sequence
(S1,-..,S;) of non-empty subsets of S such that they form an ordered partition
and max(S;) < min(S;;1) foralli=1,...,1— 1. In this case we call [ the length
and (|Si[,...,|Si|) the weight of the partition. The following is evident.

Proposition 3.2. Fix positive integers d < t. For any non-empty subset S of N,
there exists a strictly ordered partition (Sy,...,S;) such that:

1. Any two consecutive numbers in S; differ at most by d — 1.
2. min(Sjy1) —max(S;) >d foreach j=1,...,L

Theorem 3.3. Fix a positive integer d. Let R = A/l be a monomial ring with
a minimal Taylor resolution. Assume that |G(I)| =t and there exists a total
ordering on G(I) such that gcd(m;,miy1,...,mi1q) # 1 and gcd(m;,miyq4 ;) =1
forany j>0andi=1,...,t —d. Consider the collection

B ={S CN, | any two consecutive numbers in S differ at most by d —1}.

We have the following:
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1. The minimal generating set of the homology H(K®) of KR is {Xs | S € B},
that is H(KR) = k(Xs)sep/J where J is the ideal

J=(Xs,---Xs, | each S; € B, S;US; ¢ Bforalli,jecN;and
SiNS; # 0 for some i, j € N;).

2. For any non-empty set S C N, there exists a partition Sy, ...,S; of S such
that each Sj € B and S;US; ¢ B. Put m = |S|. Then the Hilbert series of
H(KR) is

HilbHR* )X, Y)= Y flu,...,n)X'Y" 6))

(}117..,7}1[)

where f(ny,...,n;) is the number of subsets of N; having a strictly or-
dered partition defined in Prop. 3.2 for a given length | <t and a weight
(I’ll,. . .,nl) S Zl>0.

Proof. (1): Note that H(K®) = k(Xs)scn, /J. Now let (Sy,...,S;) be a strictly
ordered partition given in Prop. 3.2 of a set $ C N;. Then each S; € B and
by assumption any two monomials in G(I) indexed by elements of different
subpartitions are relatively prime. We then have fs = fs, -+ fs, and so Xg =
X, - Xs,. It follows that set {Xs, | S; € B} generates H(KX). Since each S; € B
has a strictly ordered partition of length 1, {Xs, | S; € B} becomes a minimal
generating set. (2): Follows from Prop 3.2. O

Now we give an example.
Example 3.4. Let R = A/I where
I= (xzyz,y2zw, zzwu,wzu,uz) C A =klx,y,z,w,ul.

We want to compute Hilb(H(K®))(X,Y). Consider the ordering m; = x*yz <
my = yzzw < m3 = 722wu < mag = w*u < ms = u®> where d = 3. Then B consists of
all non-empty subsets of N5 except {1,4},{1,5},{2,5},{1,2,5} and {1,4,5}.
Thatis, fia = fifs, fis=hfs, fos=Ffs. fios=fiofs and fiss = fi fas.
Therefore, Hilb(H(K®))(X,Y) =

= 1+5XY +8XY*+2X?Y? +8XY> +2X°Y? + 5XY* + XV°.
We obtain a formula for Hilbert series of H(K®) if d <2 in Theorem 3.3.

Proposition 3.5. Keep all the assumptions of Theorem 3.3 for a monomial ring
R=A/I
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1. Ifd =1, R is a complete intersection. If d =t, R is trivially Golod.

2. Ifd =2, the Hilbert series of H(K®) is

Hilb(HRS)(X,v)= ¥ (t_";“)xlym. 6)
(n1,eemy)

Proof. (1) is clear, so we prove only (2). If d = 2, the strictly ordered partition
of a non-empty subset S of N, is given by a partition (Sj,...,S;) such that each
S; contains consecutive integers and min(S;) — max(S;_1) > 2. Now let S; =
{ai,a;+1,...,a; +n; — 1} where a; = min(S;) for each i. We then obtain the
following inequalities:

1 <a

a+n—1+2<ay=a+n <a
a+nm—142<az3=a;+n +n <az
aztny—142<as=a+n +n+ny<ay

-1
a1,1+nl,1—1+2§a1:>a1+2n,- < ap
i=1

a+n—1<t.

This is equivalent to the inequality system 1 < a; <ay —n; <az— (n;+ny) <
-+ < a;— (XiZn;) <t —m+ 1. The number of solutions we get for this in-
equality is ("~"1). O

Remark 3.6. It is known that for a monomial ring R = A /I with minimal Taylor
resolution, the dimension of the m’th homology of K% is (‘Gg )l), see [5]. This

value also equals to the sum of the coefficients in Hilb(H (R¥))(X,Y) with terms
containing Y. It then follows from Prop. 3.5 that

| y | <|G(1)Ilm+1> _ (|G,§11)|>

where (n1,...,n;) is the weight of a strictly ordered partition defined in Prop.
3.2 for a set S C N; with |S| = m and d = 2. It would be interesting to know if
there is any combinatorial reason why these two numbers are the same.
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4. Complete Intersection and Trivially Golod Rings

From the algorithm to compute P,f (z) given in [5] it follows, for a monomial
ring R = A/I with minimal Taylor resolution, that PR(z) = (1 —z)"/(1 —2%)" if
and only if gcd(m;.m;) =1 for all i # j where G(I) = {my,...,m;},i.e. Risa
complete intersection. Furthermore P¥(z) = (1+2)"/(1 —Yi_; (\)Z*h) if G(I)
has a common factor # 1, i.e. R is trivially Golod. This gives Prop. 4.1.

Proposition 4.1. Let R =A/I and R, = A /I, be two monomial rings such that
G(ly) = {m? | m e G(I)} for some integer g > 0. Then

1. Ry is trivially Golod if and only if R is trivially Golod.
2. R, is complete intersection if and only if R is complete intersection.

For a monomial m, put iy = max(Supp(m)). Recall that a monomial ideal 1
is said to be stable if for each monomial m € I and all i < i, we have x;m/x;, € I.
In [8] Okudaira and Takayama proved that such an ideal / has a minimal Taylor
resolution if and only if each m; € G(I) has the form m; = x;( 5-: 1 x;fj ) fori =
1,...,t and for some integers ny,...n, > 0. It follows that R is trivially Golod if
n; > 0; and R is a complete intersection if each n; = 0.

A monomial ideal I with a linear resolution possesses a minimal Taylor
resolution if and only if each m; € G(I) is of the form m; = ux;, for some j; € N,
and a monomial u € A, see [8]. It follows then that R is a complete intersection
if u =1, it is trivially Golod if u # 1.

Theorem 4.2. Let R = A /I be a monomial ring with a minimal Taylor resolution
and each m € G(I) is a quadratic monomial. Then R is a k-tensor product of a
complete intersection and trivially Golod rings.

Proof. Let P, ..., P, be a partition of G(I) such that any two elements of one
subpartition have a common factor and elements between any pair of different
subpartitions are relatively prime. Put A; = k[x],csupp(p)- Since Supp(G([)) is
partitioned by the collection {Supp(P;)}i, we have A = ®!_,A;. If each P, is a
singleton, by construction, R is a complete intersection. Since the monomials
in each partitions are quadratic, there exists a j € N, such that gcd(m)ep, = x;.
So we obtain a monomial ideal J; = (m),cp C A; such that I =Y I;, R = @A, /I;
and each R; = A;/I; has a minimal Taylor resolution. Moreover, if /; is principal,
then R; is a complete intersection and otherwise R; is trivially Golod. O

Example 4.3. Consider the monomial ideal I = (x%,xlxz,x1x4,x§,x%) CA=
kfxi,...,xs]. It is easy to see that R = A/I has a minimal Taylor resolution. We
have three partitions P, = {x%,xlxz,x1x4},P2 = {x%},P3 = {x%} and monomial
ideals I} = (X%,X]XQ,X1X4) CA = k[X1,xZ,X4], L= ()C%) C Ay = k[X3] and I; =
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(x2) C A3 = k[xs]. We thus have a trivially Golod ring Ry = A;/I;, complete
intersections Ry = A2/12 and R3 = A3/I3. So R = R ®; R where R' = R @ R3
is a complete intersection.
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