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ON THE BETTI NUMBERS OF SOME SEMIGROUP RINGS

VINCENZO MICALE - ANDA OLTEANU

For any numerical semigroup S, there are infinitely many numerical
symmetric semigroups 7 such that § = g (see below for the definition
of %) is their half. We are studying the Betti numbers of the numerical
semigroup ring K[T| when S is a 3-generated numerical semigroup or
telescopic. We also consider 4-generated symmetric semigroups and the
so called 4-irreducible numerical semigroups.

1. Introduction

Let S = (n1,n2,...,n;) be a numerical semigroup. A subalgebra of K[r] gen-
erated by a finite number of monomials ¢ ,...,t" is called a positive affine
semigroup ring associated to S and it is denoted by K[S] = K[¢"™,...,t"]. Then
K|S] is graded and for each o € N, dimgK|[S]y is 1 or 0, depending of if
a € S or not. We can write K[S] = K[X,...,X]/I = A/I, degX; = o, where
I is generated by those binomials X# — X7 for which ¥, a;3; = ¥, 0;%;. The
Koszul complex on Xi,...,X; is a minimal resolution of K. Tensoring with
K[S] and taking the i-th homology gives Tor? (K[S],K). This is graded with
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Tor? (K[S],K) = @sesTor (K[S], K ) and the Betti numbers of K[S] are given by
Bis(K[S]) = dimg Tor{ (K[S],K)s.

Not much it is known in general about f; ;(K[S]). In [6] the author finds the
Bis(K[S]) for S a 3-generated not symmetric and in [3] the author studies the
Betti numbers for the symmetric not complete intersection 4-generated case. A
good reference on the homology of K[S] is [5].

In this paper we are interested on B ((K[T]) where T is any (among the
infinitely many) numerical semigroups for which S is its half. Furthermore we
study f; s(K[S]) for the case when S is a 4-irreducible numerical semigroup (see
the definition below).

In Section 2 we give some preliminaries about numerical semigroups. In
particular we define the concept of half of a semigroup and we show how to
find the infinitely many numerical semigroups for which a fixed semigroup S is
their half (see Proposition 2.1). Finally we relate the B; ;(K[S]) to the simplicial
complex Ay associated to S (see Proposition 2.2).

In Section 3 we concentrate on the case when § is telescopic and we find
and compare the Betti numbers of K[7}] and K[T»], where T} and 75 are any two
numerical semigroups for which § is their half (see Proposition 3.6 and Corol-
lary 3.7). We can apply the previous result to all the three generated symmetric
semigroups, since all of them are telescopic (see Remark 3.8).

In Section 4 we concentrate on the case when S is 3-generated not symmetric
and we find and compare the Betti numbers of K[T}] and K|[T3] (excluded the
second Betti numbers), where 77 and 7, are any two numerical semigroups for
which S is their half (see Proposition 4.13).

In Section 5 we consider the case of 4-generated symmetric, but not com-
plete intersection semigroup S and we determine the total Betti numbers of K[T']
where T is any numerical semigroup for which S is its half (see Proposition 5.1).

Finally in Section 6 we determine f3; ((K[S]) when S is 4-irreducible (see
Remark 6.3).

2. Preliminaries

We start this section by recalling some well known facts on numerical semi-
groups and semigroup rings. For more details see [1] and [10] for instance.

A subsemigroup S of the monoid of natural numbers (N, +), such that 0 € S,
is called a numerical semigroup. Each numerical semigroup S has a natural par-
tial ordering <g where, for every s and ¢ in S, s <gt if there is an u € § such
that t = s+ u. The set {n;} of the minimal elements in S\ {0} in this ordering
is called the minimal set of generators for S. In fact all elements of S are lin-
ear combinations of minimal elements, with non-negative integers coefficients.
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Note that the minimal set {n;} of generators is finite since for any s € S, s # 0,
we have that n; is not congruent to n; modulo s.

A numerical semigroup S generated by n; < np < --- < ng is denoted by
(n1,na,...,ng). Since (nj,ny,...,ny) is isomorphic to (dnj,dna,...,dny) for
any d € N\ {0}, we assume, in the sequel, that gcd(n,na,...,n;) = 1. Itis well
known that this condition is equivalent to [N\ S| < . Hence there is a well
defined integer g(S) = max{x € Z | x ¢ S}, called the Frobenius number of S.

We denote by T'(S) the set {x € Z\ S | x+s € S forevery s € S\ {0}},
sometimes called the set of pseudo-Frobenius numbers. Of course g(S) € T(S)
for every S. The cardinality of 7(S) is the type t(S) of S. A numerical semigroup
S is called symmetric if T(S) = {g(S)}, that is S is symmetric if and only if its
type is one.

Set % = {x € N | 2x € S}. It easy to see that % is a semigroup containing S,
called the half of S.

Proposition 2.1. [10, Corollary 6.8] Let S be a numerical semigroup. Then
there exist infinitely many symmetric numerical semigroups T such that S = %

In the proofs of [10, Theorem 6.7]) and of last proposition it is explained
how to choose the infinitely many 7 for every S = (ny,na,...,n;). If T(S) =
{g1,-..,&} and f is an odd integer greater than or equal to 3g(S) + 1, then it is
shown that T = (2ny,2ny, ..., 20, f —2g1,...,f — 2g;) is a symmetric numeri-

cal semigroup with Frobenius number f and S = g
For s € S = (n1,ny,...,n), let Ag be the simplicial complex with faces

{ni;,...,n;;} such that s — (n;; +---+n;,) €S.
The following proposition relates the graded Betti numbers of K[S] with the
dimension of the reduced homology of A, over K.

Proposition 2.2. [4, Lemma 1.1] B; s(K|[S]) = dimg H;_1 (A, K).

Proof. As we wrote in the Introduction, K[S] = K[Xi,...,Xi]/I and the Koszul
complex on Xj,...,X; is a minimal resolution of K; tensoring with K[S] and
taking the i-th homology gives Tor? (K[S],K). Then it is enough to note that
the s-graded part of the Koszul complex tensored with K[S] is isomorphic to the
chain complex of A shifted by one. UJ

3. Telescopic semigroups

Due to the fact that telescopic semigroups have a nice structure, they have been
intensively studied, [7]. We are interested in computing the Betti numbers of
KI[T], when T is a symmetric numerical semigroup such that S is its half and S
is a telescopic semigroup.
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Definition 3.1. Let (n,...,n;) be a sequence of positive integers with n; <
ny < --- < m and such that their greatest common divisor is 1. Define d; =
ged(ny,...,n;) and A; = {ny/d;,...,n;/d;} fori=1,... k. Let S; be the semi-
group generated by A;. If n;/d; € S;—; for i = 2,...,k, we call the sequence
(n1,...,ny) telescopic. A numerical semigroup is telescopic if it is generated by
a telescopic sequence.

Example 3.2. It is easy to check that S = (6,10, 11) is telescopic.

Remark 3.3. We note that the telescopic semigroups are symmetric (see [7,
Lemma 6.5] for instance).

Lemma 3.4. Let S = (ny,...,n;) be a telescopic semigroup and f > 3g(S)+1
an odd number. Then T = (2ny,...,2ny, f —2g(S)) is a telescopic semigroup.

Proof. We have to show that (2n1,...,2n, f —2g(S)) is a telescopic sequence.
The definition is verified by any subsequence of (2ni,...,2n;) since the se-
quence (ny,...,n;) is telescopic by hypothesis. Let dy, 1 = ged(2n1,...,2n, f —
2g(S)), then dy41 = 1. Since Ty = S and f—2g(S) € T C £ =, the statement
follows. O

A special class of numerical semigroups is that of complete intersection. A
numerical semigroup S is a complete intersection semigroup if K[S] is a com-
plete intersection ring. For a purely numerical definition of S complete intersec-
tion see [10, page 129].

Remark 3.5. According to [11, Lemma 1], the semigroup 7 of Lemma 3.4 is a
complete intersection semigroup.

Proposition 3.6. Let S = (ny,...,ny) be atelescopic semigroup and f > 3g(S)+
1 an odd number. Let Ty = (2ny,...,2nx, f —2g(S)) and To = 2ny, ..., 2n, f +
2—2g(S)). Then

Bii(K[T]), if j ¢ {2(f —28(5)),2(f —28(5)) +4},
Br(K[L])=q O, if j =2(f—28(5)),
Buy(K[N])+1, if j=2(f—2g(5)) +4.

Proof. Since T1 and T, are complete intersection, by using the proof of [11,
Lemma 1], one has that

BT ={ e O

)

and
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| (1, fjef2r,..2ne 1, 2(F+2—2g(S))},
Bri(K[D]) = { 0, otherwise

)

where rq,...,r,_1 are the degrees of the relations in S.
O

For simplicity, we denote the degrees 2r; of the relations in 77 (and in 73), as
in the previous proposition, by N; fori=1,...,k—land [k—1]:={1,...,k—1}.

Corollary 3.7. Let S = (ny,...,ng) be a telescopic semigroup and f >3g(S)+1
an odd number. Let Ty = 2ny,...,.2ng, f —2g(S)) and T, = (2ny,...,2n;, f +
2—2g(S)). Then

ﬁij(K[Tl]), ifje {Nt1 +"'+Nt[ : {t17"'ﬂti} - [k_ 1]}
0, lf] € {Z(ffzg(s))+Nt1 +'”+Nti—l :
Bij(K[T2]) = {r,....ti1} S k—1]},

Bij(K[T])+1, ifje{2(f—28(S)+4+N,+---+N,, :
{[1,...,ti,1}g[k—l]}.

Proof. The graded Betti number f3;; of a semigroup ring associated to a numeri-
cal semigroup which is a complete intersection is obtained as a sum of i different
degrees of the first syzygy. O

Remark 3.8. We can apply the previous result to all the 3-generated symmetric
semigroups, since all of them are telescopic. Indeed any 3-generated symmetric
semigroup is of the kind (dn;,dny,a;n| + ayn,) where ged(ny,ny) =1, a; +
ay > 1 and ged(d,ajn) +axny) = 1 (see [6] and [11]; or [5, pages 10-11]).

Example 3.9. We will determine the Betti numbers for 77 = (12,20,22,205)
and T, = (12,20,22,207). They are both equal to %, constructed from S =
(6,10,11) with f =255 and f = 257, respectively. We start with U = (3,5).
Then K[U] = K[X,Y]/(X> —Y?) with deg(X) = 3 and deg(Y) = 5, so deg(X° —
Y3) = 15. Thus Boo(K[U]) = B1.15(K[U]) = 1 are the only nonzero Betti num-
bers. Then § = (2-3,2-5,11) = (6,10, 11) is also a complete intersection, and
B()_’()(K[S]) = ﬂlj(K[S]) = ﬁlk =1 for J =2-11= 22, ] =2-15= 30, and
k =224-30 = 52 are the only nonzero Betti numbers.

Finally
Boo(T1) =1
Bij(K[Ti]) =1, forje {44=2-22,60=2-30,410=2-205},
Boi(K[Ti]) =1, for j € {104 = 44 + 60,454 = 44 4 410,470 = 60+ 410},
Bs;(K[Ti]) =1, forj=514=44+60+410,
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and f; j(K[T1]) = 0 otherwise, and

Boo(K[T2]) =1

ﬁ]ﬁj(K[Tz]) =1, forje {44 =2-22,60=2-30,414 = 2~207},
ﬁz,j(K[Tz]) =1, forje {104 =444 60,458 =44 +414,474 = 60+414},
ﬁ3_’j(K[T2]):1, fOI‘J:518:44+60+414,

and fB; j(K[T»]) = 0 otherwise.

4. Semigroups with 3 generators which are not symmetric

Let S = (n1,n2,n3) be a numerical semigroup which is not symmetric, n; < ny <
n3. Since the type of a 3-generated numerical semigroup is less than or equal
to 2 (see, [10, Corollary 10.22]) and the type is equal to one if and only if §
is symmetric, then the set 7'(S) of pseudo-Frobenius numbers of S is equal to
{g1,82} where g; = g(S) is the Frobenius number of S. Let ¢; be the minimal
positive integer such that ¢;n; € (nj,n), i # j,# k and consider c¢;n; = r; jnj +
T kM.

Theorem 4.1. ([6]) Let S = (ny,ny,n3) be a numerical semigroup which is not
symmetric. Then, in the above notation,

ﬁl,j(S) = { L, ifje {n1cl,n202,n3c3}’

0, otherwise,

ﬁ (S) = 1’ lf'] € {n2C2—|—n3r1’3,n3c3 +n2}’172},
2 0, otherwise

and B;(S) =0, fori > 3.

Let now ¢ : K[X,Y,Z] — K|[S] be the K-algebra homomorphism defined
by (X)) =1", @(Y)=1¢" and ¢(Z) =™ and let Is = ker @.

Proposition 4.2. [6] The ideal Is is generated by the maximal minors of the

matrix ,
X¢ Yy zc
M= <Zd X Yf>
for some a,b,c,d,e, f € Ns.

We can relate the exponents of the variables in the matrix M with the r; ;.

Proposition 4.3. The ideal Is is generated by the maximal minors of the matrix

X311 yn2 gzns
73 X1 yrn2 :
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Proof. Since K[S]/(t™) =2 K[Y,Z]/(Y*Z¢, ¢4 Y+ and ny = dimK[S]/(t™),
and likewise for ny,n3, we get the equations

n; = fd+bd+bc,

ny =ed +ec+ac,

n3 =ef+af +ab.

Hence we have

(a+e)ny = bny +dns,
(f+b)ny =eny +cn3, (1)
(c+d)ny =any + fn3
witha+e=cy, f+b=cy and c+d = c3 (see, [8, prop 2.1]). Finally we get

X731 yn2 g7n3
M:(Zrl.a X1 Y&z)'

O

We recall that 7(S) = {g1,82} is the set of pseudo-Frobenius numbers of
S, where g; = g(S) is the Frobenius number of S. Our next aim is to express
the difference g — g in terms of the r; ; using the fact that, for numerical semi-
groups with embedding dimension three, the set of pseudo-Frobenius numbers
is known:

Proposition 4.4. [9, Corollary 12] Let S = (ny,ny,n3) be a numerical semi-
group. Then

T(S)={(czs—Dnz+(rz2—nz—ny, (co—)na+(r13—ns —mi }.

The generators of the numerical semigroup S can be expressed in terms of
the numbers ; ;:

Lemma 4.5. [9, Lemma 5]
ny=riar3+riprn3+ri3r.,
ny=ri3n1+rin3+trnsiri,
n3 =ri2r31+r,1r32+1r31132.

Using the above results, we get:
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Corollary 4.6. In the above notation
(i) g1 —82=r13r21r32—r12r2313,1, if g1 = (c2 — )na + (r13 — 1)nz —ny.

(ii) g1 —gx=r12r23r31 —ri3r21r32, if g1 = (c3— )nz+ (rip — 1)np —ny.

Proof. The proof follows immediately by Proposition 4.4 and Lemma 4.5. [
Corollary 4.7. Let r12,713,72,1,72,3,73,1,73,2,11,12,n3 be as above.

(i) If g1 = (c2— )ny+ (r13—1)n3 —ny, then ry 3n3 —r3 jny =ry 10| —riony
=Fr3php —1p3n3 = g1 — £2.

(ii) If g1 = (c3 —1)n3 + (ria — 1)ny — ny, then r3 1ny —ri3n3 = riong —ry 10y
=r3n3 — 132N = g1 — &2-

Proof. The proof follows immediately by Proposition 4.4, Lemma 4.5 and Co-
rollary 4.6. 0

Let S = (n;,n2,n3) be a numerical semigroup, f > 3g(S)+ 1 be an odd
number and T = (2ny,2n,,2n3, f —2g1, f —2g>). Furthermore, let us consider
v :K[X,Y,Z,U,V] — K[T] the K-algebra homomorphism defined by y(X) =
2 oy(Y) =122, w(Z) =123, y(U) =t/7281 and y(V) =t/72% and let Iy =
kery.

Proposition 4.8. In the above notation, one has that U> —my, UV —my, V> —m3
are generators of It, where my,my, and mz are monomials in K[X,Y,Z].

Proof. Since f—2g, €T C % = S, one has that 2(f —2g;) € 25, therefore
Z(f— 2g1) =0 (2711) -+ 062(2112) + 063(21’13), with &1, &, 03 € N and U?— my €
Iy, where m; = X*Y%Z%_ Similarly, one obtains that UV — my and V? —m3
are in I, for some monomials m, and m3 in K[X,Y,Z]. O

In order to look for more relations we can compute modulo (U? — my,UV —
my,V? —mj3). There are no relations of the form U —m orV —m, m € K[X,Y,X],
because U and V are of odd degree and m of even degree. Then we look for
relations of the form f(X,Y,Z)U — g(X,Y,Z)V and for relations f(X,Y,Z) =0
(the latter ones are exactly the same as the relations in K[S]). All this is done in
the next two propositions.

Proposition 4.9. Let gy = (c2 — 1)ny + (r13 — 1)n3 —ny. Then the maximal
minors of the matrix

X1 yn: zrs oy
N:<Zr14,3 X1y V)

are a subset of minimal generators of Ir.
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Proof. Using Proposition 4.2, we know that the minors of N obtained by con-
sidering only the first three columns are a subset of minimal generators of /7.
We are looking for elements in /7 of the kind f(X,Y,Z)U —g(X,Y,Z)V, that

is for
f v
det <g Ul

Since deg(V) —deg(U) = 2(g1 — g2), then we must have deg(f) —deg(g) =
2(g1 — g2)- Thus we are looking for columns

(g) € K[X,Y,Z]?

such that deg(f) — deg(g) = 2(g1 — g2). Let W be the K[X,Y,Z]-submodule of
such columns. We need to find a minimal set of generators for W. But, from
Corollary 4.7 and Propositions 4.2 and 4.3, we get that the minimal generators
for W are the 2 X 2-minors of the matrix

X731 yn2 7n3
M:<2r1,3 X1 Yr3.2>'

This means that the minimal generators of W are the columns of M. O

As before, we get a similar result for the case when g; = (¢ — 1)ny + (r13 —
1)1’13 —ni.

Proposition 4.10. Let g; = (c3 — 1)n3 + (r12 — 1)ny —ny. Then the maximal
minors of the matrix

Xr3,l le.z Zr2,3 V
N = ZNns  Xnaoyne [y

are a subset of minimal generators of Ir.
By what is written above in the section we soon get the following proposition.

Proposition 4.11. If g| = (c2 — 1)na+ (r1 3 — 1)n3 —ny, then I is minimaly gen-
erated by {Xr3,1+rz.1 —Y"n2Zns Xrsiyr2 _Zr1.3+rz.3’ Y2tz R GEAVAEERD ¢ERA 14
—ZN3U, YN2V —X"21U, 2723V —Y32U, U? —my, UV —my, V —m3}, with
my, my and m3z monomials in K[X,Y,Z]. If g1 = (c3— 1)nz + (rip — V)ny —
ny, then Iy is minimaly generated by the set {X"311721 —Y"N27Mn3 X"31y7"32 —
Zr1‘3+rz,3’ yha2trz — X173 XTI — ZNM3V, Y2y — XY, 723U — Y32V,
U? —my, UV —my, V> —m3}, with my, my and m3 monomials in K[X,Y,Z].
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In the next proposition we get the Betti numbers B; ;(K[T']) for i # 2. For
simplicity, we denote

By ={2nyr1 5 +2n3r1 3, 21131+ 21013 2, 211121 +2n3r23, 2n3r1 3+ (f —281),
2niry1+(f—281), 2narsp+(f —2g1),2(f —281), (f —281)+(f —282),
2(f —2g2)},

By ={2nyr1 2 +2n3r1 3, 201131 +2n2r3 2, 201121 +2n3r2.3, 2n3ra 3+ (f —2g1),
2n1r31+(f —281), 2mar1 2+ (f —281),2(f —281), (f —281) + (f —2g2),
2(f —2g)},

and with o0 = 2(n; +na +n3) + (f —2g1) + (f — 2g2) + f. Moreover we denote

by B! the sets & —B; :={a.—b | b € B;} where i = 1,2.

Proposition 4.12. Let S = (nj,ny,n3) be a numerical semigroup which is not
symmetric, T(S) = {g1,82} be the set of pseudo-Frobenius numbers of S (where
g1=2g(5)), f>3g(S)+1 be an odd number and T = (2ny,2ny,2n3, f —2g1, f —
2g2). Then

o /(K [T)) ={ Loifj=0,

0, otherwise,
' . l, lf] =Q,
Baj(K[T]) = { 0, otherwise

and B; j(K[T]) = 0 for every i > 5 and every j.
Moreover, if g1 = (c2 — 1)nay + (r1 3 — 1)n3 —ny, then

. . 1, lf] € Bla
B o (K[T]) = { 0, otherwise,
and

Bs.; (K[T]) = { 0, otherwise.

Otherwise, if g1 = (¢3 — 1)nz+ (r12 — 1)ny —ny, then

' . 1, lf] S BZa

B (K[T]) = { 0, otherwise,
| _[ L ifjeB,

Bs.j (K[T]) = { 0, otherwise.
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Proof. For the zero Betti numbers there is nothing to prove.

By B4, = dimg H3(A;), the only possibility for B4 ; to be different from zero
is for B4 ; = 1 and A; being the empty solid with vertices {2n;,2n2,2n3, f —
2g1,f —2g2}, thatis j— (2n; 4+ 2na + 2n3 + (f — 2g1) + (f — 2g2)) must not be
in T while each time we subtract the sum of 4 different generators of T to j the
result must be in 7. This can happen only for j = ¢, reminding that f is the
Frobenius number of 7.

The formula f; ; = dimg H;_1(A;) explains why B; ;(K[T]) = 0 for every
i > 5 and every j.

The results for the first Betti numbers follow by Proposition 4.11.

For the third Betti numbers, we note that, since 7 is a symmetric numerical
semigroup, we have B3 j + Bi o—; = Ba,q for every ;. O

For simplicity of notation, we denote by

M = {2nyr1 2+ 2n3r1 3,2n1r3 1 +2n2r32,2n1121 +2n3r23 }

and

P={2(f—281),(f —281)+ (f —282),2(f — 282)}
the subsets of B; N B,, and by

Ny ={2n3r1 3+ (f —2g1),2mr21 + (f —2g1),2mar3 2+ (f —2¢1)}

and

Ny = {2m3ra3+ (f —2g1),2mir3 1 + (f —2g81),2naor1 2+ (f —281) }

the subsets of B and B, respectively.
Using the same terminology as above, we denote by A’ the set o — A :=
{a—a|acA}andby A+ntheset {a+n|acA, necN}.

Proposition 4.13. Let S = (ny,na,n3) be numerical semigroup which is not sym-
metric, T(S) = {g1,82} be the set of pseudo-Frobenius numbers of S (where
g1 =g(S)) and f > 3g(S)+ 1 be an odd number. Let Ty = (2n1,2n,,2ns, f —
2g1,f—2g2) and T, = (2ny,2ny,2n3, f —2g1 +2, f — 282 +2). Finally, assume
that in what follows i # 2. Then, if g1 = (c2 — 1)ny + (r1 3 — 1)n3 — ny, we have

Bi.j(K[Th]), fjeM,

Bij(K[N)+1, if € (Ni+2)U(P+4)U(M +6)U
UN] +4)UU(P'+2)U ({a} +6),

0, otherwise.

Bij(K[Ta]) =
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Moreover, if g1 = (c3 — 1)n3 + (r1 2 — 1)ny — ny, then

gi.jEK{T]B, ifj E(M, o - |

(KT +1, if € Na+2)U(P+4) UM +6)U

Bi;(K[T2]) = j&L U(N£+24)U(P'+2)U({a}+6),
0, otherwise.

Proof. This follows easily by Proposition 4.12 and by definitions of 77 and 75.
O

Remark 4.14. For each concrete example we can also determine B, ;(K[T]).
We give an example. Let S = (3,5,7) and T = (6,10, 14, 15). Then § = % We
use that the Hilbert series of K[T] is

Y(=1)B,t’
(1= 8)(1 —£10) (1 —114)(1 —115)°

H(K[T]’t) =

Since we know by Proposition 4.13 that 8; ; = 1 for j =20,24,28,30 and 33 ; =
1 for j = 64,68, we can compute 3, ; from the Hilbert series of K[T']. Indeed,
we may also write the Hilbert series of k[T'] as

24

t
H(KT]) = 1041025108 20 222 o

A short calculation gives that 3, ; = 1 for j = 34,38,50,54,58.

5. 4-generated symmetric semigroups

Bresinsky shows in [3] that a semigroup ring associated to a 4-generated sym-
metric semigroup that is not a complete intersection has 8; = 5. This gives the
following proposition.

Proposition 5.1. If S is a 4-generated symmetric semigroup which is not a com-
plete intersection, and T = %, then B1(K[T]) =6, B(K[T]) = 10, B3(K|[T]) =6,
and B4(K[T]) = 1. In particular all T have the same total Betti numbers.

Proof. Let S = (nj,ny,n3,ns) be symmetric and not a complete intersection.
Then T = (2ny1,2ny,2n3,2n4, f —2g) with g = g(S). Let y : K[X}, X2, ..., X5] —
K|[T] be the K-algebra homomorphism defined by y/(X;) = > for i = 1,2,3,4
and y(Xs) = t/72¢ and let Iy = kery. By definitions of g(S) and f, we get
X52 — f(X1,...,X4) € Ir. If we compute modulo X52 — f(Xi,...,X4), then we can-
not have a relation Xs — g(Xj,...,Xs) for degree reason and the other relations
Xsf(X1,...,X4) — X5g(Xy,...,X4) follows from the relations f(Xj,...,Xs) —
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g(Xi,...,X4) and these are the old relations coming from S. Since f3; (K[S]) =5,
then B, (K[T]) = 6. Now, since T is symmetric, then K[T] is Gorenstein, so the
Betti numbers are symmetric. We have B4(K|[T]) = 1 and (from the symmetry)
B3(K[T]) = 6. The alternating sum of the Betti numbers is 0, so B2(K[T]) =
10. O

Remark 5.2. As we note above, Bresinsky shows in [3] that a semigroup ring
associated to a 4-generated symmetric semigroup that is not a complete inter-
section has B; = 5. The corresponding is not true for 5-generated semigroups.
Indeed, all the semigroups 7" in Proposition 5.1 are 5-generated symmetric and
not complete intersection with ; (K[T]) = 6 but all the semigroups 7 in Section
4 are 5-generated symmetric and not complete intersection with B (K[T]) =9
(see, Proposition 4.12).

6. d4-irreducible semigroups

A numerical semigroup is called irreducible if it cannot be expressed as an in-
tersection of two numerical semigroups containing it properly. It is known that
the family of irreducible numerical semigroups is the union of symmetric and
pseudo-symmetric semigroups, [2].

In [2] it is defined the notion of m-irreducibility which extends the concept
of irreducibility when the multiplicity is fixed. More precisely, a numerical
semigroup of multiplicity m is called m-irreducible if it cannot be written as an
intersection of two numerical semigroups with multiplicity m properly contain-
ing it. In [2], the set of m-irreducible semigroups is characterized.

Proposition 6.1. [2, Proposition 6] A numerical semigroup S with multiplicity
m is m-irreducible if and only if one of the following conditions holds:

1. S={xeN: x>m}U{0}.
2.S={xeN:x>m,x#F(S)}u{0}.
3. Sis an irreducible numerical semigroup with multiplicity m.

For the case of numerical semigroups of multiplicity 4, the above proposi-
tion can be stated as follows:

Corollary 6.2. A numerical semigroup S of multiplicity 4 is 4-irreducible if and
only if S € {(4,5,6,7),(4,6,7,9)} or S is irreducible.

Remark 6.3. We aim at determining the Betti numbers of the semigroup ring
K[S] when § is 4-irreducible. If S € {(4,5,6,7),(4,6,7,9)}, then B; ;(K[S]) can
be easily determined by using any computer algebra system.
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For the case of irreducible semigroups, one has that they are minimally
generated by at most 3 elements, since they are either symmetric or pseudo-
symmetric, so they cannot be of maximal embedding dimension since 4-genera-
ted semigroups of maximal embedding dimension has |7'(S)| = 3 and irreduci-
ble have |T'(S)| < 2. Since all 3-generated symmetric numerical semigroups are
complete intersection, then the Betti numbers are known as soon as the first Betti
numbers are known (indeed f; ;(K[S]) of S which is a complete intersection is
obtained as a sum of i different degrees of the first syzygy) and this is done
in [11] (see also the proof of Corollary 3.7). For the case of three-generated
pseudo-symmetric semigroups, the Betti numbers are also known (see [6]).
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