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ON THE ¢-DERIVATIVES OF A NEW SEQUENCE OF
OPERATORS

ASHA RAM GAIROLA - GIRISH DOBHAL

In this paper we obtain moment estimates for a new sequence of g-
operators very recently introduced by Aral and Gupta [1]. We obtain de-
gree of approximation by the g-derivatives of these operators. We show
that for a fixed ¢, these operators do not possess simultaneous approxima-
tion properties.

1. Introduction

The g-Bernstein polynomials
k
By (/%) Zf i, ) P, £ €€

where pp(q;x) = [ ] ka" k=1(1 — ¢’x) proposed by Phillips [19] have been
extensively studied by several authors (cf.[12], [19]-[25]). Since the summation
type operators are not suitable to approximate Lebesgue integrable functions,
two modifications of the Bernstein polynomials were given by Durrmeyer [6],
and Kantorovich[15]. In a similar way the g-Bernstein polynomials have been
modified by Derriennic [4] which is g-analogue of the Durrmeyer operators
[6]. Subsequently, g-analogue of some well known positive linear operators e.g.
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Meyer-Konig and Zeller, Baskakov and Szdsz operators, based on g-integers
have been introduced and studied by several authors ([2], [5], [9]-[11], [16]).
Very recently, Aral and Gupta [1] introduced a Durrmeyer type generalization
of g-Baskakov type operators as follows

Mu(f.q,x) =[n—1]4 i Pui(q:x) / Pui(q;t) f(2)dyt,
k=0 0

-1 K2 /2 k
where p,i(g;x) = "7} ]q(1q+X)Zx+k'

In [1] it has been observed that these operators satisfy the conditions of the
Bohmann-Korovkin theorem for a fixed ¢ in (0, 1). Therefore, they converge to
any arbitrary real function defined on [0, o). We shall show that the g-derivatives
of the operators do not converge to the corresponding g-derivatives of the func-
tion for a fixed g. Let Cg[0,0) be the space of all real valued continuous and
bounded functions on [0,0). The space Cg[0,0) is endowed with the uniform

norm || f|| = sup{|f(x)[ : x € [0,e)}. By
o(f,8) = sup sup |f(x+h)—f(x)]

0<h<8 x€[0,00)

we denote the usual modulus of continuity of f € Cp[0,0). We use the notation
C}10,00) for the class of the functions f for which D/ f, i = 1(1)r are contin-
uously differentiable and D f(t) = O(t*) as t — oo for some A > 0. In what
follows, we shall use the notations ¢?(x) = x(1 +x) and throughout this paper
M is a constant different at each occurrence. Moreover, we simply write [n] in
stead of [n], unless otherwise stated.

2. Moments

Remark 2.1. Applying the product rule for g-differentiation we obtain the re-
lation

¢ 02D, [pns(q:)] = (1K = " [nlx) o a: ), M
where D, denotes the g-derivative operator.

Lemma 2.2. For the functions T, ;,(x) = M, ((t —x)™,q,x) we have T, o(x) =1,

Thi(x)= q[zz%f:g] ,n > 2 and for n > m+2, there holds the recurrence relation

q" [ —m—2T, 11 (gx)
= quz(x) (DyTom(x) + [m] T, m—1(gx))
+ [m 4+ 1] (14 2x) T m(gx) + [m]q)z (%) Toom—1(gx). (2)
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Proof. The expressions for T, o(x) and T;, ; (x) are immediate from Lemma 2[1].
Now, using product formula for g-differentiation together with (1), we get

Dy(t —x)" pni(q;x)
= —[m](t =) pus(g:gx) + (t —x)"Dypy(x)

([k} q"[n]x)

k
= —[m](t = )" pus(g:qx) + (t — qx)" 220 Pni(q:9x)

Therefore,

0% (x) (Dg T (x) + ) Ty 1 (gx))

o — In /A
=[n—1]2wpn,k(q;qx) / ¢ Puie(q:) (1 — qx)" dyt
k=0 q 5
+[n—1] Z t/q Al )pn,k(q;qx) /qkpn,k(q;f)(f—QX)'"dqf
= 0

=E| +E,, say.

We make use of the linear transformation ¢+ — gu which is valid in g-calculus.
Thus, we obtain

> s — ¢ nlu
Er=[n—11Y pui(q:9x) / qu”)pn,k(q;qu)qm“(u—ﬂmdqu

k=0 0 q

/A
=[n—1] Zp,,k q;9x) /<P qpnk q;u ))ClmH(”*x)mdq”
- °°/A
— =1 Y. puelgsa) [ [(a=x)" 24 (14 20) (w0
k=0 0

+02(6) (1 = )" | (Dgpus(ai ) ¢ dyu
=+ F 4+ F3, say.
Integration by parts and then the transformation u — ¢ /u gives
. =/
==l 2ln 1) T pns(asa0) [ " puslaiq) e s
m+1

=n—11Y pui(q:qx)g""" x
k=0
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DO/A °°/A

X <pn,k(q;u)(qu—X)"”1 - / Puk(q; qu) (Dy(u—x)"*?) dq”)
o0
—m+2lg" ' =11 Y pux(q:9x) /pn,k(q;qu)(u—X)'"quu
k=0 0

—[m+2lg ' n—1] ank 4;9x) /pnk g:t)(t —qx)" " dyt

= _[m+2]q Tn,m+l(qx)7n >m+ 1.

Similarly, we obtain F» = —[m -+ 1]g~" (1 +2x)T,m(gx) and Fs = —¢?(x)q[m]
g ' Tym—1(gx). Next,

Ex=ln=1) Y. pualaian) [ Inl(t/a—0pas(ain)(t — ax)" dyt
k=0
0
= [n]q_lTn,m+1(qx)'
Combining the estimates E| — E», the proof of the lemma completes. O

Corollary 2.3. For the functions T, ,,(x) we have

(i) T, m(x) are polynomials in x of degree exactly m;

(ii) there holds T, ;u(x) = O([n] ™), Vx € [0,00).

Proof. We write T, ,,(x) = Y1 al x' and substitute in (2). This gives

m+1

C]mH [n—m—2] Z afn+1xi
i=0

= q(x+x%) (D Zamx +[m Zam 1(gx) )

i=

1)1 4+20 Y dh (@) + o) Y (a)

i=0 i=0

_Z( x+x2)[i]x~ 1+[m—|—l](1+2x)(qx)i>afn

+ Z [(x+x3)(14q)(gx)d,

It is easily observed that the largest coefficient in 7, ,,(x) with respect to [n]
is the highest power coefficient a). Therefore, equating the coefficient of the
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highest power terms, we get

q"2n—m—2ayT; = q(1+2¢" " [m+1])dy +¢"" (1 +g) mla, ;.
Now, the proof is easily completed by an induction on m and in view of ag =1
a% = 7{]2[572]. O

Following is a g-analogue of the Lorentz type lemma :

Lemma 2.4. For the functions p,(q;x) there holds

j
X (1+q"*0) D! (pus(gix) = Y oj(x ( qk[n]X) Pui(@:x), (3)

2i+j<r
i,j=0

where a;(x) are polynomials in x independent of [n].

Proof. Using ¢"¢*(x) p(q:x) = x(1+¢" %) p (g gx) in (1), we get
x(1+ " 0Dy pus(gi) = (1K = ¢nlx) pus(a: ).

The result holds for r = 1, where o (x) =0 and o (x) = 1. Suppose (3) is true
for a certain r. Then, the product formula for g-differentiation gives

(qx)r(l+qn+k+1x)(r)D;+lpn7k(q; )+qunk(q x) ( (1+qn+k )( ))

= Y [ os(0) (K~ ¢ ) Dyps(gi)

2itj<r
i,j=0

+ a0y () (18— a1l )| @

j . . s j—s
We write ([ —¢**[alx) =7 (1) (Il —g*lnlx) ()1 -q)) " anduse
in the first term of the r.h.s. of (4). By rearrangement of the terms the proof
follows. O

Lemma 2.5. For the functions Q;;(x) defined by

Qii(x) = i ([k] — g [n]X)i Pni(g;X),

k=0

there holds the order Qy;(x) = O ([n]z’) , where l is fixed positive integer.
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Proof. We apply an induction on i. For i = 1 we get three terms E;, E> and
E; corresponding to the three terms [k]2, —2[k]g**! [n]x and ¢***?[n]?x? respec-

tively in ([k] — ¢ [n]x)z. Thus, using [k] = 1+ g[k — 1] we get

o (k+1)/2 et 1 k! 00 gD (k+2)/23k+2
Ef = q n+A o Z [tk +1]!
= k) = 1]1(1 +x) (ke n—1]1(1 +x)(1Hk+2)
=F + P, say.
Now, in view of the identity Y7, ¢~ /2 [”Zk} (HS% =land0<g<1,
we get
nxX o -np [tk (g0)* nk+1
F|=|—= BN\ W A—
Ail=1 xk;)q k q(1+qx)(n+k+1)< )
<140 = i
Similarly,
e o k(k—1)/2
B Z Pl (@)K [n+k+1)!
(1+x 1+qx k:O [k'n—l J1(1 4 g2x)(nth)
7+ 1n] & 72 (q X)*n+k+1]! n+k+2 n+k+3
(14+x)( 1—|—qx kgz)[k +q2x)(”+’<+2)( (1t %)
o 2200+ 1] 2200 +1]i
g x“n+1||n » g x*n+1ln
b< —r——+x) = ————(1+x).
Bl i Y (rgg T
Next,
o kL k(1) /25K 1R
E2 = —Z[H]Cllx 9 A al [’/Er:-k-}-l)
i=o k! [n = 1]1(1 +x)
_ —2[n)*q'**x i k12 [ ]! (qx)" (144" 1),
(I+x) & ]! (14 gx)lrtter)

Hence, we obtain |E;| < 2[n]?¢"**/%x. In a similar way we find
2 oo
E3 = (¢'[nx)" Y, ¢ pui(q:x)
k=0

> (n — 1! 2y )k
_ (C]l [n]x)ZkZ(’) [[k]‘:‘[:_ 11]]!‘ (1 —i_(;jzx;(nH{) (1 +qn+kx)(1 +qn+k+1x).
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Therefore, |E3| < (@l (14x) Combining these estimates, it follows O, ;(x) =

(1+4x)

0 ([n]2) . Hence the lemma is true for i = 1. Suppose it holds for a certain i.

Then, by g-differentiation, we get

2i-1
D05 1(x) IZCI ( g ]X) Pni(q:9x)

. i (1K —¢*'[nf)™"

e BN (CRLACY

Rearrangement of the terms gives

= ([K] — ¢ [nx) >
- Pni(q;gx)
k=0 q

= @*(x)Dy Q2 (x)

oo

+ W2 Y o (K- )" pus(a:a)
k=0

(1) X (10— inke) pustaza).

k=0

Therefore from the definition of Qy;;1;(x) and (5) we get

o Ml P!
(K] —q k[ ] posl@:a%)

|Q2ig11(x)] <

k=0 q
< M[n]2i+M/[n]2i+l :M[n]ZiH.

This completes the proof.
Lemma 2.6. For f € C}[0,), there holds the relation

n+i— 1

Dy (M£,0,8) = = Tt . pross(asn)
/A B
< [ uker g DD, (F0) dyt.
0

Proof. We prove the lemma by induction on r. For r = 1 we use

Dq (pn,k(q;x)) = [n]qk (q71/2pn+1,k71(q;X) _PnJrl,k(q;x)) .

)

(6)
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This gives

Dy(My(f,q,%))

o0 0o /A
=[n—1] Z[n]qk—l/Z <Pn+1,k—l(q;x)fql/Zer_l’k(q;x)) /pnvk(q;t)f(t)dqt
k=0 J
o wo/A
= [n—1][n] ZPnH,k(CI;f) / g+ (pn,k+1(q;X) —qil/zpn,k(q;t)) f(r)dgt
k=0 5
/A .
—n—1][nlq 1/22Pn+lk (¢:x) / D, (p”*l’k“(q’t))f(t)dqt.
k=0 , [n—1]

Integration by parts gives

Dy (Mo(£o0.9) = g Y. pus1algin) x

/A oo/A
X (Pn—l,k+1(q;t)f(t) - /pn_1,k+1(q;qt)Dq (f(t))dqt>
0 0

=[nlg "2 Y puria(g:x) /Pnfl,k+l(q;qt)Dq(f(t))dqt'
0

k=0

Hence the result is true for » = 1. Suppose the result holds for a certain ». Then,
by g-differentiation of (6), we get

D (Mo(f,g,x))
:[n—l]H[n+l %Zn—l—r

i1 [n k=0
X (qil/zpn+r+l,k71(q;x) _pn+r+1,k(q;x>) / pﬂ*r7k+r<q;qrt)D’r] (f(t)) dqt
0
n—+i
=—[n— 1]1_[[] Z 4 pusri1i(gix) [+ 1] %

i1 =i
oo/A

X / (qil/zpnfr,k+r(q;t) — Pn—rk+r+1 (q;t>> D; (f(t)) dqt

0
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B _[n - 1] IL! [n[:l_i_i]l]];qk+l/2pn+r+l,k(q;x) [n + r] X

D (f(t)) dyt.

« Dq (pnfrfl,kJrH»l(q;t)) r
[n_r_ 1]qk+r+l q
0

Again integration by parts gives

Hlindi—1] P &

DZI—H (Mn(fa%x)) = [n* 1] H q an+r+1,k(q;x)><

i ] k=0
X / Pn—r—1k+r+1 (CIQCIVHI)D;H (f(t)) dqt-
0
This completes the proof. O

For f € C}[0,o0) we define the operators M, 4 (f,x) as follows

mn,q,r(fvx) = Z pn+r,k(q;x) / pnfr,k+r(q;qrt)f(t) dqt'
k=0 0

Let us write V, ,, »(x) for the functions Mn,w(t”’,x).
Lemma 2.7. For the functions V,, , »(x), we have

R SN [ e VA A
PP n—r— 1]’Vn"l’r( )= g* ' ([n—rlg—[2])

Vi 0.r(x) Viu0,r(x)

and there holds the recurrence relation

qu—l ([n—rlg—[m+2]) Vn,m+1,r(qx)
= @*(X)Dy V. (x) + ([n+rlx+[m+ g '+ [r]) Vamr(gx).  (7)
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Proof. We have

¢* (X)DgVium,r(x) + ([n+ rlx =+ [r]) Vi r (gx)
oo /A

=) (ffk[k]> Pntrk(q59x) / Pr—rkr(q:q )" dgt + [V m ()
k=0 0

= Z Prrk(q5gx) / q <<q*k*r[k+r] —[n— r]tq’) +[n— r]tqzr) X
k=0 5
X Pn—ritr(q3q )" dyt
—k—r u
=¥ pueataian) [ (0= ) prtind (1)
k=0 o q
1 (e}

= o L poens(@a) | 0@/ 0D (i) ) " dy
k=0 0

= A1 +Ay, say,

where A and A, are the two terms of r.h.s. corresponding to @*(u/q) = (u/q) +
(u/q)?. Using u — qy we get

qm
A= ,;Opn+r,k(q;qx) <pnr,k+r(q;y)ym+l

0

—[m+1] / pnr,k+r(q;qy)y”’dqy>
0

—[m+1] &
= W Z Pn+r,k(q;qx)qmr+r / Pnrk+r(q:q )" dyt
k=0
0

= —[m+1lq" Vi (gx).

Similarly, A = —[m+2] qzr _an7m+17,(qx). Therefore, combining these expres-
sions the relation is established. ]
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Corollary 2.8. By simple calculations and the recurrence relation (7) we obtain

(x¢ ' +x*q)[n+rlq

g2 ([n—rlg—[2]) ([n— ] -3

(In+rxg ' +[r]+21¢") (In+rxg ' +[r]+4"1)
gt 2 ([n—rlg—[2]) ([n—rlqg—[3])

Vn,Z,r(X) =

] Vn’()’r(x).

Using Mg r((t =%)%,x) = Voo 1 (x) — 23V, 1 (%) + X2V, 0.+(x), and then writing
M gr((t—x)%,x) = 0ty + o1x+ 0px* we get

(2lg " + ) (g +[r)

%= g2 (n—rlg—2])((n—rlg— [3])V"’0”(x)’
I e (R D N e )
DT a2 (=g =B (1l [ZDIWOM
and oy =
_ q’2[n—|—r](q*1+[n+r]) B 2[n+rlg! }
= [q4r—2([n_,,}q_[2])([n_r]q_[3]) q2r—1([n_r]q_[2])+l Vi0,0(%).

In o and oy, we split [n+r] as 1+ [2] + ¢ 1[2r — 1]+ ([n—rlg—[2]) and
1+ 3] +¢" " [2r— 1]+ ([n—r]qg—[3]) . Hence, we obtain

M (r)
n—r—1]([n—rlg—[2]) ([n—rlg—[3])’

Ms(r)
o < g''2n—r—1](jn—rlg—2))

% < g2

and

M;(r) 4r—2 _~ 2r 1
% S T — 1] <(q % ““([n—r]q—[zn)‘

Consequently, we get the estimate

Mo g.r ((t—x)z,x)
My(r) <(q4r—2_2q2r+1) n 1 )xz’

= qllr/Z[nf r—1]

where M;(r) are the constants independent of q and n.
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3. Simultaneous Approximation Using g-Moments

Theorem 3.1. Let f € C;[0,%) and g, be a sequence in (0,1) such that g, 1 1.
Then, there exists a g, such that the sequence Dy, (M,,( f, q,x)) converges to

Df]n (f(x)) point wise for q, € (¢u,1).

Proof. There exist ¢, € (0, 1) (see [7]) such that for all g, € (¢, 1) we can write

r, (Dg,f)(x) (D Zrlf)(é) (t —x)r ),
=0 [k]qn! [r+ 1} Gn-

Since, M,,((t —x)™,q,x) are polynomials of degree exactly m (see Lemma 2.2)
we obtain

D;, (Ma(f.q,%)) = Dy, (f(x))

f(t) = (1 =)0 4 =2

1
= oM (P N@ =", q.x)
ol B Y el (1o, —hlnlx) puslanix)
/A Dt
X /pn,k(qn;t)m(t—x)(’“)dqz.
0 qn*

Let, T; j be a typical term of the sum over 7, j. Using Holder’s inequality firstly
for integration and then for summation we obtain

Tl <M1 Sllin =, T il X [ #(g2i)x
21+]<;
i,j=0
< [ puslanin e =50 dp
0
. . > J
<MD Y Tl =1, Y | K, — ablla, | ps(anix)
2itj<r k=0
i,j20

P t)|t — gix|" dyt

X
=~
S
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2i+j<r
i,j=0

. 1/2
<MDl Y [ (Z aX) " Pu(gusx )) X

wo/A 2/r+1 1/2

X n_ 1 Z Hpnk qn>X / pn,k(qn;t)‘t _Q£x‘r+l dqt
0

. 12
M”Dr+1fH Z (Z _qﬁ-H )2]pn,k(%1§x)> X

2i+j<r k=0
i,j=0
1 1/2
, /4 e
| T n—1] ank qn3 X /pn.,k(qn;t)(t—q{;x)z”qut
j=0
Using Lemma 2.2, we get
1 r+1
M- q| <o)
M I<o\Gr,
- - JN22 _ \2r 42 (2542 I NG
Therefore, using equality (f — gix)* 2 = Y70 (7%) (1 —x) (x(l —qn))

and Holder’s inequality we obtain

242 /9, s
M- g )] < 3 <2 l+2> (<1 — al)) ™ l([1l/2>

1=0 ”]qn

Let (1 —g)) = O (#) ,p =0 for all j. This implies (1 —¢) = O ([n]l,, )
qn 4qn
Consequently, we get

IT:5| < M||D £l

ro (242 (2r 42 22— 1 &l
(5 ) ()

1/2

t[>0 i
LN )2
1 [ [n]((Ierrz)( —1/2)\ 71
<MD Y e | TT =
21_'+_j<r j:() [I’l]qn
t[>0
<MD, ]|

4n [ ]1/2

qn
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Since, this inequality is independent of p it follows that Dy, (Mn( fs qn,x)) con-
verges point wise to Dy (f(x)) as n — oo for g, € (G, 1). O
Theorem 3.2. For f € C}[0,%), we have

VAl Uit | O U EA P b
[n—1] H<[n+j_l]>Dq(Mn(f,q,x)) Dq(f(x))‘

j=1
<M(r)[n—r—1]"?x

r 2 r— 2r 1
(“’Df\/ o (102 +1)+([n—r]q—[2])>>’

where M is independent of f, q and n.

Proof. In view of

q3r/2[l’l —r— 1] Z pn—i—r,k(q;x) / pn—nk-ﬁ-r(q;qrt) dqt = 1’
k=0

we obtain
r(r+3)/2
q [n— . )
[”—1 H(n+]—1]>Dq(M”(f’q’x))_Dq(f(x))‘
o oo /A
<qUPn—r—11Y puira(g:x) / Prrier(@:q'1) | DL () — DL £(x)| dyt
k=0 ;

<@ 10 (D3£,6) ¥ prsralai)
k=0

r r—x
X /pn—r,k—i—r(q;q t) <1+ ’ S ‘> dqt :Kl +K27 say.

We have K| = @ (D f,8) . Using Schwarz’s inequality and Corollary 2.8, we
get

3r/20, _
K <o (D)f,8)1 n—r—1j

T(anm 4 X)/pn rk+r(q3q'1) (1 — )qu’)
0
<Ms(r)o (D), f, 8 )\/7

1
5r/45 < 4r— 2_2q2r_|_1)+ - _[2])>x2‘

=
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2

Finally, choosing 8% = q;‘, 7 <(q4r 2 2¢% + 1) + m> it follows that

q3r/2{n —y—

(el Y, o
n—1] E([n+j1]>Dq(Mn(f7an)) Dy (f(x))

<M(r)n—r— l]l/zx

r x? r— r :
" (quf’ \/CISr/4 <(q4 T +1)+([”—r]q—[2])> )

This completes the proof. Ul

Remark 3.3. In Theorem 3.1 and Theorem 3.2 we observe that if we take g in
place of g, i.e. for a fixed ¢ the sequence D, (M, (f,q,x)) does not converge to
Dy (f(x)) point wise as n — 0. In Theorem 3.2 if we take the sequence (gy) in
(0,1) such that g, 1 1 as n — oo with the rate 1 — g, = O(1/[n]?), p > 0, then it

follows that (H‘f;;# = O(1/[n]P). Consequently, we obtain

q3’/2[n—r— 1]
[n—1]

r [l’l—]] - .
]I;[l <[n+j 1])Dq (Man(f,4,%)) =D (f(x))|

<M(r)n—r—1]"0 (szf’\/<[nyln+[nl]> x2> |

Hence, we conclude that for a function f € C} [0, 0) such that D/ f is uniformly
continuous on [0, o), r.h.s. tends to zero if p > 2.
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