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ON A ¢g-DUNKL SONINE TRANSFORM

LASSAD BENNASR - RYM HASNA BETTAIEB - FERJANI NOURI

In this paper, we introduce and study the g-Dunkl Sonine transform
and we establish a Plancherel formula for its dual. Furthermore we give
many inversion formulas.

1. Introduction

The transmutation operators allow the transfer of some well known results re-
lated to a well known operator to those related to a new one, they play a central
role in many areas of Mathematics and mathematical physics such as spectral
theory, harmonic analysis, special functions and fractional calculus. This the-
ory, introduced firstly by Delsart and Lions (see [5]), was extended by many
authors (see for instance [3, 4, 10, 12, 13, 16-18, 22, 23, 25]), and recently was
extended to quantum calculus in [1-3, 9, 10].

In this paper we introduce and study the so-called g-Dunkl Sonine operator
and its dual, we show that these operators are transmutation operators between
two different g-Dunkl operators that generalize the g-Dunkl intertwining and
its dual introduced in [1]. Furthermore, we give various inversion formulas for
these operators.

This paper is organized as follows: in Section 2, we present some new pre-
liminaries that we need. In Section 3, we collect some elements of g-Dunkl har-
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monic analysis (g-Dunkl kernel, g-Dunkl transform, g-Dunkl convolution,...).
In section 4 we introduce the g-Dunkl-Sonine transform by

82 5(F)(x) =

(1+q)Tp(B+1) 1 | .
Wpla+ 1;]Fq2 (B—a) /—1f(xt)W/3*“*%(t’q2)(l +0)|e P4 dr,

where § > o > —1/2 and

2% 2.
Walt.d) = it
is the g-analogue of the kernel Wy (f) = (1 —£2)%1/2, r €] —1,1]. We show
that Sg’ B and its dual ’SZL are transmutation operators between the g-Dunkl op-
erators Ag 4 and Ag ,. We also deal with the relations between these transforms
and the g-Dunkl intertwining operator and its dual. In Sections 5 we give many
formulations of the inversion formulas of the g-Dunkl Sonine transform and its
dual using g-pseudo-differential operators in some g-analogues of the Lizorkin
spaces and we give Plancherel formula for the dual g-Dunkl-Sonine transform.
Section 6 is devoted to inversions formulas of the g-Dunkl Sonine transform and
its dual by using g-Dunkl wavelets.

2. Notations and preliminaries

Throughout this paper, we assume g €]0, 1[. We write R, = {+¢": n € Z} and
we use the convention N = {0,1,2,...}. The g-shifted factorials of a € C are
defined as

n—1 oo
(@qo=1; (aq.=]](1-ad"), n=12,..; (a:9)e=]](1—aqd).
k=0 k=0
. . ~ (3:9)n
The g-Factoriel of n € N is [n],! = 1 — and more generally, the g-Gamma
function is defined for x € C by (see [11])
l"q(x):%(l—q)l_x, x#0,—1,-2,....
(4%:9)

The normalized third Jackson’s g-Bessel function is defined for x € C by (see
[9, 14])

400 _1)nqn(n+l) X 2n
ia(x;4?) =T 1 ( .oa
Jalxg7) =Tp(o+ )ngbl"qz(a—kn—kl)l“qz(n—kl) l+gq W



ON A ¢-DUNKL SONINE TRANSFORM 181

The g-trigonometric functions cos(x;¢?) and sin(x;¢?) are defined for x € C by

2 2 f (n+1) X
cos(x;q°) = j_1(xq") = ) (=1)"'¢"" ,

) . = i) 2
sin(x;¢7) =xj1(x;q°) = —1)tg" ————.
(x:¢°) = xj1 (x:4°) n;)( S

In connection with qz—analogue Fourier analysis, R. Rubin [20, 21] constructed
a g*-analogue of the exponential function, e(x;¢?), and a g*-derivative d, as
follows :

e(ix;q*) = cos(x, %) + isin(x;q?), xeC,

and
Fla™'n) 47 (a™') ~fla) +/ (a0 -27(x) o
9% (f)(x) = 2(1-g)x ’
lima,(f)(x)  (in R,) ifx=0
so that for every A € C the g-exponential function satisfies
9, (e(irx; %) = ide(idx;q?), xeC.
The g-Bessel function satisfies
Qo) = — s ai1 (v:4") @)
qJo\"*> [2a + 2]q o+ 5 .

The g-integrals of Jackson are defined by (see [15])

a i b b a
[} =g L a' e, [ o= [ g [y

[ rd=0-0) ¥ s

Nn——oo
and

| twdp=0-9 ¥ ¢r@)+0-0) ¥ a'f(-q"),
—o0 n=-—oo n—=—oo
provided that the series converge absolutely.
The operator d, and the Jakson’s g-integral allow us to introduce the follow-
ing useful g-functional spaces :
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e The space & (R,) of all functions f defined on R, such that, for all n € N,
the limit lin(l) dy f(x) (in R,) exists. We provide the space &,(R,) with the semi-
X—

norms P, , , defined for n € N and a > 0 by
Praglf) = sup{|a;f(x)\; 0<k<nix€l|-a,d qu} . fE&R,).
e The space .7, (IR,) of all functions f € &,(R,) satisfying

Onmg(f) = sup [x"y f(x)| < oo, n,m € N.

xeR,

We provide .7 (R,) with the topology defined by the semi-norms Q. 4.
¢ 7,(R,) the subspace of &(R,) of functions with compact supports.
. L;’(Rq) the space of all bounded functions on R, endowed with the norm

[1flleeg = sup f@)L feLf(Ry).

XEIRy

o L7(R,, |x[**T1d,x) the space of all functions f defined on R, and satisfy-
ing

1
o 5
g = (| 171 ) <o

provided with the norm ||. |5 o.¢-

3. Elements of g-Dunkl Harmonic analysis

In this section, we collect some facts regarding some elements of g-Dunkl har-
monic analysis introduced and studied in [1] and [2]. Throughout this section,
unless otherwise stated, we assume o > —1/2.

The g-Dunkl operator Aq 4 is defined for a complex function f, defined on
Ry, by

Aaal )00 = dylfe+a2 £ + a1, /LD )

where f, and f, are respectively the even and the odd parts of f.
For any complex number A, the g-Dunkl Kernel l[//(lx “is defined on C by

7
Vi) = Ja )+ g e (), @

2 +1],

where jq(.;q%) is the g-Bessel function given by (1). Note that for a = —1/2
we have y;"(x) = e(idx;q*) and Agg = 9.
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Proposition 3.1. (see [1]) For every A € C, the g-Dunkl kernel l[/f 4 is the
unique analytic solution of the g-differential-difference equation

{Aa,q(f) =iLf;
£(0) = 1.

When a > —1/2, for every A € C, the gq-Dunkl kernel 1;/;‘ I possesses the
following g-integral representation of Mehler type:

(1+4)T z(oH—l)/' (¢ ¢%)w
0q () — g i 1+1)e(idxt; ¢*)dyt
vi" () Mp(a+3) Ja (tzqw“;qz)m( Jelidxt:q”)d,

for all x € R,. This formula gives rise to the g-Dunkl intertwining operator Vg 4
defined for f € &,(R,) by

(1 —l—q)rqz(OC—l- 1)
(N p(a+13)

Vg () (x) =

1
| et +0)50x0)dyt, xRy, (5)

and the dual g-Dunkl intertwining operator 'V, , defined for f € Z,(R,) by

(Vaa) (F)) = (”?2) [ (55 ) (14 s,

for all x € R,, where

¢*¢%)w

(l«2q2(x+l;q2)m ©)

WOC (t7 qz) =

Note that for every A € C, we have Vg 4(e(—id -;¢%))(x) = l//f‘f(x) for all
xeR,.

The operators V4 and 'Vy 4 are linked to each other by the duality relation

(14¢)*Tp(a+1) /j F(0)(Vag)(8) (0)dyt,

Lp(3)
(N
forall f € £(R,) and g € Z,(R,). Moreover, it has been shown in[1] that the g-Dunkl
intertwining operator Vy 4 is a transmutation operator between Ay 4 and d, on &,(Ry),
that is, a topological isomorphism from & (R,) into itself satisfying the following trans-
mutation relation:

[ Va0 e~

AagVaq(f) = Vaq(9f), feéu(Ry), ®)

whereas, for the dual ¢g-Dunkl intertwining operator ‘Vy 4, only the transmutation rela-
tion

9 (Vag(f) = Vag(Aagf),  fE€Z4(Ry).
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have been shown. In the next section we will extend the operator 'V, to the space
LY (R, |[x[***1d,x) and we will show that it is a transmutation operator between d, and
Agqon ZH(Ry).

In the remainder of this paper, we assume, as in [1, 2, 20, 21], that

log(1—q)

€ 27.
logg

The g-Dunkl kernel l//f ‘% € C, gives rise to the g-Dunkl transform F;* defined for
feLY (R, |x[***1d,x) by

o 1 a teo o o
FEN0) = 3oy [ vl s e,
q

which is a g-analogue of the classical Dunkl transform studied in [6-8, 19].
Remark 3.2. For oo = —1/2, the g-Dunkl transform is the g*-analogue Fourier trans-
form (see [20, 21]) given by

1

(1+q)2 [ ,
= 21}2(%) /700 F(x)e(—idx;q*)dyx, AeRy, )

Fy(f)(A)

and on the space of even functions, FDa ! coincides with the ¢g-Bessel transform given
by (see [1, 2, 9])

(I+q)~*

~+oo
o (Ax; ¢ ) x>, A eR,. 10
qu(a+1) 0 .f(x)](x( X:q )'x qx? S q ( )

Faq(f)(A) =

Proposition 3.3.
(a) The g-Dunkl transform FD‘X 1 is a topological automorphism of Zy(Ry).
(b) For f € Z4(Ry), we have Fyy'!(Aqqf )(A) = iAFy () for all A € Ry,
(¢) Inversion formula : For f € 7,(R,) we have

(1+g @ [

- a.q o.q 2a+1
T p(a+1) ) Fy (N 1A dgA,  x€Rg. (11)

f(x)

(d) Plancherel formula: For all f € 7;(R,) we have
1F 1 (Dll2cg = I fll2.00- (12)

For any y € R, U {0} we define the generalized ¢g-Dunkl translation operator Tya;q
for f € 7, (R,) by

; 1 ¢ “ a o o, o
B = gy | RV DR a0
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for all x € R,. The q-Dunkl translation operators allow us to define a g-Dunkl convolu-
tion product x4 4 on . (R,) as follows (see [2]): for f, g € .7, (R,),

1+q
o 8) = s [ TR0y, ke,

This convolution product is commutative and associative Moreover, for f, g in Yq(Rq)
we have f *q 4 g € S, (R,), and Fy(f 0.4 8) = F5 U (f) - Fy?(g).

4. The g-Dunkl-Sonine transform
From now on, unless otherwise stated, we assume that 8 > o0 > —1/2.

Proposition 4.1. For every A € C, the function jo(A-;q*) admits the g-integral repre-
sentation of Sonine type:

js(Ax:q?)

<1 ﬁ+1 23,2 1
T, (a+1 /Ja (Axt: )Wy (g Ny, x€C, (14)

where Wﬁfafé (t;q9 ) is given by (6).
Proof. Tt follows from (1) that

/ ja(Axt;q?) (t )P d e =

+oo (_l)nqn(iﬁ-l)r ((X—l—l) Ax
S Tpntat+)la(n+1) \14+q)

for all x € C, where

! (t 2612 qz) 200+2n+1

Using the g-Beta integral (see the proof of Theorem 1 in [9])

Lo\ U (262 a?).
2 (%) qz(y):(] )/ (261 :q°) 25— ldt Xy >0,
Lp(x+y) 0 (Pg?:q%)e
we get the g-Sonine formule (14). O]

In the following proposition, we extend (14) to the g-Dunkl setting.

Proposition 4.2. For every A € C, the g-Dunkl-Sonine formula
Vi)

(U +qlp(B+
2l (oc+1

holds for all x € C.

n /y/ ()Wp_,_ (t;qz)(1+t)|t|2°‘“dqt, (15)
q
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(1+q)1“qz(ﬁ+1)

Proof. Set a . By parity argument, formula (14) can be
written as
1
o) =dly [ ja(ati Wy y (A0l dg. (16)
Hence,

A9, (jp(-34%)) (Ax)
1
= agﬁ /_1 )Ltaq (ja(.;qz)) ()th)Wﬁ_a_%(t;qZ)(l +t)|l‘|2a+1dqt.

Using (2), we get

Ax .
m]g+1(lx;q2)

1 Xt
_ 4 : 2 ) 20041
—aly | B a1 B Wy () 1+
Combining this with (16) yields the g-Dunkl-Sonine formula (15). U
Definition 4.3. The g-Dunkl Sonine transform Sg’ 8 is defined, for f € &,(R,), by
33,7[,» (f ) (x)

(14T e(B+1)
B 2rqz(a+1)r (B—

/ FEOWy_ o1 () (1 0P g, (17)
for all x € Rq, which can be written as

81 5(NE)

B (I+q)Tp(B+1) ||
T p(a+ (B a)Pei )

SOWs oy () (14 ) DP d, (18)

for all x € R,.
Remark 4.4.
(a) Forevery A € C, we have ‘lff N 5275(‘1’;?#)-

1
b) If ¢ = —5 then the g-Dunkl Sonine transform Sg_ B reduces to the g-Dunkl
intertwining operator Vg , given by (5).

Definition 4.5. The dual g-Dunkl-Sonine transform S B is defined for suitable func-
tion f, by

. (1+q)a B+1 X
Stp0 = 3 (5ay o OWa-ay G0+ DB Ny 19

for all x € R,.
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Proposition 4.6.  (a) The dual g-Dunkl-Sonine transform ’SZC B is a continuous lin-
ear mapping from L' (R, |x|*P*1d,x) into L' (R,, [x|>**d,x).
(b) For f € &(Ry) NL (R,) and g € L'(Ry, |x[?P+1d, x), we have the duality rela-
tion
81 ()W
. Sap z

() (x)|[x**"dyx. (20)

C (14+9PTe(B+1) st
— (1+¢)°T o ( a+1/ Sl

Proof. To prove (a), let f € LY(R,, |x|?8+1). Using Tonelly’s Theorem and series ma-
nipulations, we obtain

+oo )C_ 2 2 -1 ) 20+1
w. (% J .
/;oc </|;1|2q|x| FO)I B—a—5 (y 7)(1+ )M 0y ) 1% /X

oo 1 [yl X
:[w (W/lylwﬁaé(y§qz>(1+y)|x|2a+ldqx> |f(y)|b"2ﬁ+ldq)’-

Since by (18) together with Remark 4.4 (a), we have

(1+q)T2(B+1) 1 x ety
p(a+1)Ep(B—a)ly[*+2 /—|y|W’3‘°“%(y )(Hy)| ey

=y (y) =1,

for all y € R, , it follows that

too X X
ny__l 7;q2 1_1_7 yz(ﬁfa)fldy x2(1+1dx
/—w </|y|>q|x|| Oy () (1) o J R
_ Wp(a+1Ip(B—oa)
(1 +q)rq2(ﬁ +1)
Hence, by the Fubini theorem, the function ’8" ( f) is defined on R, belongs to
L'(Ry, |x|**T1d,x) and satisfies

1£111p.4-

(1-q)*Tp(a+1)
(1-9)PTp(B+1)

Thus, 'Sy, ; maps continuously L' (R, |x|*P+1) into L' (Ry, |x[>**+1).
Part (b) can be proved using the Fubini’s theorem and series manipulations. O

I'Sg.p(Nlag < 1£111.8.4-

Remark 4.7. The relation (20) holds also for f € &,(R,) and g € Z,(R,).
Corollary 4.8. The g-Dunkl transform Fg ! admits the factorization
Ff = Fotst . 1)

on L' (Ry, |x|?P*+1d,x).
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Proof. Let f € L'(Ry, |x|**1d,x) and A € R,,. It follows from Remark 4.4 (a) that

-B oo
F()(2) = 2(r]+<§)+1> /; F@Sg (WP dyx.

Since, by Proposition 6 of [1], we have |y;"?(x)| < 4/(q,q)e, for all x € Ry, it follows
that l[//'lx e &,(Ry) MLy (R,). Hence, using the duality relation (20), we obtain

oo
FIOM) = [ 10SEp(wHd
_ (I+g)™ [t oq 2041
—W./w Smﬁ(f)(x)w_l (x) || dgx
= F3(8Y 4 ) (R).
Thus, Fh(f) = F§ 40 'S% g (f) forall f € L' (Ry, [x[26+1dx). 0

Next, we extend the definition of the dual g-Dunkl intertwining operator, Vg, to
the space L' (R, [x[***1d,x).

Definition 4.9. Let o > —1/2. We define the dual g-Dunkl intertwining operator 'V 4,
for f € L'(R,, |x[**Td,x), by

1
1+¢)7%"2 X 5 x 2
"V, fx:(i/ Wo (=:¢7)(1+=)f )" %y, x€R,.
Va0 = GO [ WalGia) (5 D)o xe,
Remark 4.10.
(a) For a > —1/2, we have 'V, ='S? o
Y

(b) For B >a>-1/2, wehave‘SZﬁ ="V

—a—tq
Proposition 4.11.

(a) The dual g-Dunkl intertwining operator 'V 4 is a continuous linear mapping
from L' (Ry, |x[***1d,x) into L' (R, dyx).

(b) The g-Dunkl transform Fg 4 is linked to the q*-analogue Fourier transform F,
by
Fy(f) = (FgoVag)(f), [ €L Ry, [x***dy). (22)

(¢) The dual q-Dunkl intertwining operator 'V 4 is a topological automorphism of
Z4(Ry) and satisfies the transmutation relation

0g(Varg(f)) = Vag(Nagf), € L(Ry). (23)



ON A ¢-DUNKL SONINE TRANSFORM 189

Proof. Part (a) easily follows from Proposition 4.6 (a) together with Remark 4.10. Part
(b) follows from Corollary 4.8 and Remark 4.10. For part (c), it follows from part (b)
that 'V q = F, ' o F'? on 7, (Ry). So, by Proposition 3.3 (a), Va4 is a topological
automorphism of .7 (R,). Moreover, using part (b) of Proposition 3.3 together with
(22), we obtain

Fy(94(Vaq(£))) = irFy(Vog(f))
= iAFy(f) = Fy ' (Magf) = Fy (Vaug(Magf)).
forall f € 7,(R,). Hence, (23) follows from the injectivity of F. O

Theorem 4.12. Let o, €] — %, +oo| such that § > .

(a) The dual g-Dunkl-Sonine transform ’Sg B is a topological automorphism of
Z4(Ry), and satisfies the following relations:

'St ()= Vag) 0 Va(f),  fEFRYy), (24)
Nag(Sg (1) ="Sqs(Npaf),  fEF4Ry). (25)

(b) The g-Dunkl-Sonine transform Sg B is a topological automorphism of &,(R,)
and satisfies the following relations

Sap(N)=VegoVag) (), FE&Ry), (26)
Aﬁ,q(Sgﬁ (f) = Sgcﬁ (Aagf), fe&Ry). 27)

Proof. For part (a), by Corollary 4.8, we have ’S‘é p= (FD‘M)_1 ) Fg’q. Hence, part (a)

of Proposition 3.3 infers that 'S? p is a topological automorphism of Z4(Ry). More-
over, (24) follows immediately from (22). The proof of (25) runs in a similar way as
the proof of (23) using Corollary 4.8 and Proposition 3.3 (b).

For (b), we start by proving (26) which is equivalent to Sg. B o Vg = Vg4 It suf-

fices, therefore, to prove that for all f € &,(R,) and g € Z,(R,) we have

Foo Foo
S8 Vaa )W) dy = [V (0P

Let f € &,(R,) and g € Z,(R,). To simplify the notations, set

(14+¢)* 3 Tp(a+1)
I_‘qz(%)

By Remark 4.6, we can apply the duality relation (20) as follows

q9 _

(1+¢)f~*T2(B+1)
and Ky p= d )

qu(Ot-i- 1)

g —

+oo +oo
N 52’57,3 (Va.,qf) (x)g(x)|x|2ﬁ+ldq = Kgﬁ . Va,qf(x)’Sg,,; (8)(x) |x|2“+1dqx.

Since, obviously, ‘S? B (g) € Z4(R,), we can apply the duality relation (7). We obtain
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o0
Va0 5@ = Kag [ ) (Vg 'S5 ) 8) ()

Using (24) we get
e tQq 20+1 e t
 Vaf'Sh ()0 g = Kag [ F0)(Vig) (8) ()

K
Hence, using the duality relation (7) and the fact that ng. p= P , we deduce that

a.q
e 2841 e 2841
| S s VaahD @ d, = [ Vg (£

This achieves the proof of (26) which, together with the fact that, as mentioned in
Section 2, Vy 4 is a topological isomorphism of & (IR, ), infers that Sg_ B is a topological
automorphism of & (R,). /

To prove (27), let f € é"q(Rq). From the factorization Relation (26) and the trans-
mutation relation (8), we have

Aﬁﬂ(Sgﬁ (f) = /\ﬁ,qVﬁ,q(VoZé(fD =Vpg (%Vg,l](f)) :

Since (8) implies that d; (Vo4 f) = Vs (Aa.qf). it follows that

Aﬁ,q(5§75f) = V[S,q © Vo?.; (Aa,q(f)) = ngﬁ/\a,q(f)-

This completes the proof of the theorem. O

5. Inversion formulas for the g-Dunkl-Sonine transform and its dual using ¢-
pseudo-differential operators
In this section, we give inversion formulas for the g-Dunkl sonine transform Sg‘ B and

its dual tSi B using g-pseudo-differential operators. Next, we give Plancherel formula
for the dual g-Dunkl-sonine transform.
We begin by introducing the g-analogues of the Lizorkin spaces (see [22]) :

o LR, ={feLRy): 72 fx)xP* =0, k=0,1,...};
o W,(Ry) ={feSRy): f(0)=0, k=0,1,...}.

Proposition 5.1. (see [2]) For every a > —1/2, the q-Dunkl transform Fg 4 is an iso-
morphism from ®%(R,) into ¥, (R,).

Lemma 5.2. (see [2, 3]) For every A € C, the multiplication operator My : f — |x|* f
is a topological automorphism of ¥4(Ry), its inverse operator is M_;.
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Proposition 5.3. If f € O (R,), then for all & € Ry, we have

(1+9fTpB+1) 1
(Fa) T alat ) Apea o DA 8

FRA(SY 58 ) (A) =

Proof. By the inversion formula (11), we have

(I+q)"* [*=

fx) = Mot 1) ) (N A )AL dgh,  xeRy.

Using Fubini’s theorem and the fact that l[lf =81 5 (%), we obtain

14q)® [+ .
S1pf00) = 2(F+(;§)H) | Rt
_ 1+q b 2641

[m/ e (WA dy 2,

for all x € Ry, where

wo gy (FTeB+h 1
@\ = (T g)oT p(a+ 1) (A

Fp(f)(A),  AeR,.

Since f € ®%(RR,), it follows from Proposition 5.1 that Fjy?(f) € ¥,(R,) and hence,
Lemma 5.2 infers that hfx g€ ¥, (R,), and the conclusion of the proposition follows
from the above inversion formula. O

Definition 5.4. We define the operators K 4, K> , and K3 , by

1 T , 1
Kl = (st S ) PP B, e )
q
1 T » 1
Kealf) =t (B (ARP R, e (s
q

K3 g(f) =(Fy WP ESU(f),  f e dLR,).

Using the g-pseudo-differential operators K 4, K> 4, we give in the following theorem,
inversion formulas for the g-Dunkl Sonine operator S; 5 and its dual s 5- and, using

the g-pseudo-differential operator K3 4, we give Plancherel formula for ’Sg_ B

Theorem 5.5.

(a) Inversion formulas: For all f € ¢ (R,) and g € dD% (Ry), we have the following
inversion formulas:

() f= (St pK24S ) ().
i) f=(Ki, q'SZ,BS,‘i,;)(f)
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iii) g = (K2.gSg 5'Se 5) (8)-
@v) g= ( aﬁKl q Sa 3)(6’)
(b) Plancherel formula: For all f € QD% (Rg), we have

+oo r 400
[ @RI g = [ IRy (S8 (O PP .

Proof. Part (a) Follows immediately from Proposition 5.3 together with the factoriza-
tion relation (24).
For part (b), let f € CIJ% (Rq). Using the Plancherel formula (12) together with the

factorization relation (24), we obtain

+oo +oo
[ ORI e = [ AP d

= [ Il rga st s PIAP
= / J(8% (M)A d,2
= / |Ks g (82 5 (N @) 124 dyh.
This achieves the proof. O

6. Inversions of the g-Dunkl-Sonine transform and its dual by the use of the ¢-
Dunkl wavelets

We begin this section by summarizing some facts about g-Dunkl wavelets introduced
and studied in [2]. Next, we study the effect of the g-Dunkl-Sonine transform SZC‘ B and

its dual 'S, g on g-Dunkl wavelets and as applications, we give the inversion formulas
for these integral transforms using g-Dunkl wavelets.

Definition 6.1. Let g € La,q(Rq). We say that g is a g-wavelet associated with the
g-Dunkl operator A 4, if it satisfies the following admissibility condition

oo o d
0<Cagls) = [ _IFS0)@PTL <= 29)

Proposition 6.2. Let g # 0 be a function in L(nyq(]Rq). If g satisfies

e The function F;,! (g) is continuous at 0.

o There exists v > 0 such that
FDa’q(g)(x) —Fg’q(g)(O) =0(xY)asx—0,xcR,.

Then, the admissibility condition (29) is equivalent to Fy,!(g)(0) = 0.
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For g € .7,(R,), a € R, and b € R, U{0}, we define the function g-; by

Sy @)= V0T (5 (), xRy,
where Tb“;q is the generalized g-Dunkl translation operator defined by (13) and

690 = e (5). xeR, (30)
In the following proposition, we give some properties of function gg'?, the proof is
straightforward.
Proposition 6.3. If g € ./ (R,) and a € R, then:

(@) g7 € Zy(Ry).
(b) Fp'(ga)(A) = Fy¥(g)(ak) and ||ga " ||2,0.4 = Ilgll2.00-

1 a
(©) Kiglga™) = ||27)(K2,q(8))a7q and

aqy _ 1 B.a
Kz,q(ga ) = WTO‘) (Kzﬂ(g))a
where K1 4 and K 4 are given by Definition 5.4

) qu ( 0“1) (tS?xﬁ( ))5’q and’Sgﬁ(gE’q) (’Siﬁ( )>aq

Proposition 6.4. If g is a g-wavelet associated with the g-Dunkl operator Ay g in
Z4(Ry), then for all a € Ry, and b € R, U {0}, the function g:;f is a g-wavelet as-
sociated with the q-Dunkl operator Ag 4 in /4(R,) and we have

g ) = lal [ v [ 1E5 (e P -

Definition 6.5. Let g be a g-wavelet associated with the g-Dunkl operator Ag , in
Z4(Ry). We define the continuous g-wavelet transform associated with the g-Dunkl
operator Ag 4 for f € .7, (R,) by

Y (f)(a,b)

1
+q /f I, aeR,beR,U{0}, (1)

which can be written as
PEI(f)(ab) = Vial (£ g 857) (b),  acRybERU{0N (32

Theorem 6.6. Inversion formula: If g € 7, (R,) is a g-Dunkl wavelet associated with
the g-Dunkl operator Ag 4, then for all f € 7, (R,) we have

(1+9) @ / / 2001 dqadyh
= IP b 9
f(x) 21—~q (a+1caq gab( )‘ | | |2

forallx e R,.
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Note that for the continuous g-Dunkl wavelet transform, there are also Parseval and
Plancherel formulas (see [2] for more details).

Lemma 6.7. (see [2])
(a) If f € PL(Ry) and g € S4(Ry), then f xq 4 g € DL (R,) and we have

Kig(f *aq8) = (Kigf) *aq & (33)

b) IffECIDq( q)and g € S4(Ry), thenf*ﬁ’qged%(Rq) and we have

Kog (f*p48) = (K2qf) *p 4 & (34)

Proposition 6.8.
(a) If f,g € Sy (Ry), then

'Sqp(f*p8) =Sy 5f #a'Sy 58 (35)
(b) If f € S4(Ry) and g € DY (R,), then

S5 (S8 pf +aa8) = £ 454 St p(8): (36)

Proof. Part (a) follows by applying FDa ! to both sides of the equation (35).
For part (b), by the inversion formula (ii) of Theorem 5.5, we have

Se5('St5f*ag) =Sk g [’«S‘Q,;f v (Kig' S8 582 5)( )}
Using Lemma 6.7 (a), we get
'5375 (rSZC,Igf *o g) = 527,31(1,(, (t$§7ﬁf *o! Sgc,/g (52738))
So, by part (a) we obtain
Sgc,/s (tsg,ﬁf % §) = SZC,[SKL‘I[SZC,[} (f *p Sg,ﬁg)7
and (36) follows from the inversion formula (iv) of Theorem 5.5. O

Now, we are in a situation to discuss the effect of the g-Dunkl-Sonine transform
Sg B and its dual 'S, p on the g-Dunkl wavelets.

Proposition 6.9. If g is a g-wavelet associated with the q-Dunkl operator Ag , in
Zq(Ry) (respectively in CIJ% (Ry)), then ’Sg_ﬁg is a g-wavelet associated with the g-
Dunkl operator Ay 4 in 74 (R,) (respectively in ¢ (R,)) and we have

Coq('Supg) = Cp4(g)-
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Proof. Assume that g is a g-wavelet associated with the g-Dunkl operator Ag, in
Z4(Ry). Then Theorem 4.12 (a) implies that ’SZ@ g8 € “4(Ry). Moreover, using the
factorization relation (21) together with the Plancherel formula (12) we deduce that
Cayg (tSaﬁ g) = Cp 4(g). Hence, 'S? « 8 18 @ g-wavelet associated with the operator Ag g

in 7, (R,). To complete the proof, it remains only to show that if g € CID% (Ry) then

1§ wp8 € @Y (R,). This follows from the fact that 'S?, 5= Syl oFg'q on ., (Ry)
and Proposition 5.1.
O

Proposition 6.10. Ler g be a g-wavelet associated with the q-Dunkl operator Ag , in
CD% (Ry).- If f € CD;’3 (Ry), then

)00 =S [P (S0 N0 | @) abeR. @)

and

\P’«%B (F)(a,b) ='S; 5 [‘I’g’q((l‘gg’ﬁ)*l (f)(a, ~)} (b), a,beR, (38

Proof. Tt follows, from Definition 6.5 together with Proposition 6.8 (b), that
WE(f) (a,b) = \/Jal (¢ 2 1) ()
= V[alSap ('S (€8 % (SL5) 7' ) (B)
=5t VISt 0 S ) ) 0

Since 'S? B( 1) = (’Sq (2), %4 as mentioned in Proposition 6.3 (d), and 'S? wp8isa
g-Dunkl wavelet, by Proposmon 6.9, we can write

1) 00) =5 (VIallSp) o (S500) ) 0
~sty [wd (st e [ 0)

Thus, we have proved (37). Similarly, (38) is derived using Proposition 6.8 (b) instead
of Proposition 6.8 (a). O]

Lemma 6.11.

(a) If g € DY (Ry) is a g-wavelet associated with the q-Dunkl operator Ag 4, then
K148 is a g-wavelet associated with the g-Dunkl operator A 4.

b) If g € CID% (Ryq) is a g-wavelet associated with the q-Dunkl operator Ap. 4 then
K> 48 is a g-wavelet associated with he g-Dunkl operator Ag .
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Proof. For part (a), by Proposition 5.1, we have K; ,¢ € ¥, (R,) and by Definition 5.4,

we have
Fy (K1 q8) (%) = AP Fg () (A).
Since Fy/(g) is continuous at the orgin, it follows that
Fp ' (Kigg)(2) = 0(APP~) (2 —0).

Hence, by Proposition 6.2, the function K 4g is a g-wavelet associated with the g-Dunkl
operator Aq 4.

The proof of part (b) is similar to the proof of part (a). O
Proposition 6.12. If g is a g-wavelet associated with the q-Dunkl operator Ag , in
CD% (Ry), then

(a) Forall f € CID% (Ry) and all a, b € Ry, we have:

) @00) = St Ve sy (Shp e )| 0)

a2~

(b) Forall f € ®Y (Ry) and all a, b € R, we have:

WL ()@ b) = o 'Sh p [WEL (S5 5(1)(a. )] (0.

B8 |a|2(B

Proof. We prove only part (a), the proof of part (b) is similar. Let f € ®¢(RR,). Since
by the inversion formula (ii) of Theorem 5.5 we have

(825)7"F = Ky (% 5)(F).
it follows that

it ((S2p)7'7) (@) = ((K1S% ) () =aa (ST 8077 ) 0)

Using Lemma 6.7 (a), we obtain

\P,‘"S;Zﬁg ((ng,ﬁ)ilf) (a,b) = (tsfx,ﬁ(f) *oq Klaq((tsz,ﬁg)avq» (b)-

a

By simple computation, we can see that

g

) = Kig( (1S4 58)

@.q

Kig( (’S‘é’ﬁg)a

Using Proposition 6.3 (d), we obtain

).

\P[aég ((Sqﬁ)_ f)(a b) |21)<S [3(f)*oc,q(K17’1tSZul3‘g)jq) (b)

1 o ]
= @ kit g0 (Sapf) @ b)
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Hence, (37) can be written as

WI(f)(a,b) = 786] Kﬂ(’s‘f (Sapf)la-)| (),

jaf (P
which achieves the proof. O

Now, using Theorem 6.6 together with Proposition 6.12, we get inversion formulas
for the g-dunkl-Sonine transform and its dual. This is the purpose of the following
theorem.

Theorem 6.13. Let g be a g-wavelet associated with the g-Dunkl operator Ag , in

CD?3 (Ry) and set

(1+9)F
2T, (B +1)Cpy(8)

(a) If f € PL(Ry,), then for all x € Ry, we have

gﬁ,q(g) =

(84.5) " (1)) = Cpg(8)x
/. ( [ St | ¥t sy (St e )] <b>g5,;f<x>|a|'f<';%dqb> dqa.
(b) Iff €Spy(Ry), then for all x € Ry, we have
Sals (1)) = Gy
L ) ( L Sap [0 (D@ )] (0)'Sap () (~ )%d b> dya.
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