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SUBORDINATION PRESERVING PROPERTIES
ASSOCIATED WITH A CLASS OF OPERATORS

RAVINDER K. RAINA - POONAM SHARMA

The purpose of this paper is to find some subordination preserving
properties of analytic functions associated with a class of operators with
complex parameters. Due to the compositional structure of the involved
operator, we take its advantage in deducing results which involve more
familiar operators, thereby, exhibiting the usefulness of the main results.

1. Introduction
Let H(U) denotes a linear space of all analytic functions defined in the open
unitdisk U={z€C:|z]<1}.Forae C,neN,let

Hla,n]={f e H(U): f(z) =a+and" +an 12" +..}.

We denote the special class of # [0, 1] by .A whose members are of the form:

oo

f@)=z24+Y a."z€U. ¢))
n=2

Let K denotes a subclass of A whose members are convex (univalent) in U,

satisfying
Zfll (Z)
R 1+= >0,zeU.
( F@ )
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For two functions f, g € H(U), we say f is subordinate to g in U and write
f(z) < g(z),z € U, if there exists a Schwarz function @, analytic in U with
®(0) =0, and |®(z)| < 1,z € U such that f(z) = g(®(z)),z € U. Furthermore,
if the function g is univalent in U, then we have following equivalence:

f(z) < ¢(z) < f(0) = g(0) and f(U) C g(U). 2

LetformeZ={...,—2,—1,0,1,2,...} and for u > —1, k > 0, a linear operator
o A — A be defined by

kuf@) = f(z), m=0, (3)
= “H Z'” ““/L“*ZS’”“ 2)dt, m=—1,-2,...
0
_ Kk pewnd g ea _
- 0 G ( 3 f(z )), m=1,2,...

Let for A > 0, a,c € C, be such that R (c —a) > 0, an Erdélyi-Kober type
([11], Ch. 5) integral operator I, : A — A be defined for R (¢ —a) > 0 and
R(a) > —A by

TFa,c _F(C+A) 1 _ \c—a—1 a—1 A
I f(z) = a+A)F(c_a)/(1 D f N, @)

0

and B
L f(2) = f(2). (5

By iterations of the linear operators (defined above), a class of operators

a,c,A): A — Ais defined for the purpose of this paper b
k U y

S (aeA) 1) =Sy (I°7Q@) =1 (Stuf@). ©

whose series expansion for m € Z, u > —1, k>0, A >0, R(c—a) > 0,
R(a) > —A and for f of the form (1) is given by

r A) & k(n—D\"T A
Sﬂu(a,c,A)f(z):HrEZuZz (1+ L”H)) FEZJJ:ZA; an 2. (7)

We note that this new class of operators 3} i (a,c,A) was, in fact, introduced
recently in [18] by the authors in different perspective and its relationships with
some known operators are exhibited therein. We may point out here that some

of the special cases of the operator defined by (7) can be found in [3], [5], [8],
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[10], [12], [19], [20] etc. In view of (3), (5) and (6), it is easy to notice the
following relationships:

Spy(a,a,A) =37, 30, (a,c,A) =I;°. (8)
From (7), we get for f € A:

Syt (ac,A) f(2)

k m k m '
— (1= ) Stlaem @+ 2 (St wea @) ©)
and
(0t 1L,e.A) ) = =S, (a,e.A) F@) + 2 (S (a,c,A)f(zgl)O)-

Following definitions are due to Miller and Mocanu.

Definition 1.1. ([14], Definition 2.2i3, p-21) Denote by Q the class of functions
f that are analytic and injective on U\ E (f), where

E(f)Z{CGaU;ZlE%f(Z):w}7

and are such that f ({) # 0 for { € JU\ E (f).

Definition 1.2. ([14], p. 16) Let y : C> — C and let 4 be univalent in U. If p is
analytic in U and satisfies the following differential subordination

v (p(2).20 () <h(z), (a1

then p is called a solution of the differential subordination (11). A univalent
function ¢ is called a dominant of the solutions of the differential subordination
(11) or, more simply, a dominant if p(z) < g(z) for all p satisfying (11). A
dominant ¢ that satisfies g(z) < ¢(z) for all dominants g of (11) is said to be the
best dominant of (11).

A function L(z,t) : U x [0,00) — C is called a Léwner (subordination) chain
if L(.,t) is analytic and univalent in U for all# > 0, and L(z,s) < L(z,7),0 < s <t.

Recently, based on certain linear operators, some subordination preserving
results have been obtained in [1], [2], [4], [6], [7], [13], [21] and [22] etc. In this
paper, we obtain some subordination preserving properties associated with the
new class of operators SZ’ u (a,c,A) involving complex parameters. The class
32’ f (a,c,A) which is expressed as the composition of the operators (3) and (4)
is evidently of a dual nature. Some results associated with the operators Sk’”#

and [, are also mentioned.
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2. Preliminary results

We use following lemmas in proving our results.

Lemma 2.1. ([16], Theorem 1, p. 300) Let B,y € C with B # 0, and let
h € H(U) with h(0) = c. If R(Bh(z) +7) > 0 for z € U, then the differential

equation

¢@+ﬁ§gﬁy=h@,dm=a

has an analytic solution in U, that satisfy R (Bq(z) +7) >0,z € U.

Lemma 2.2. ([14], Theorem 2.3i, p. 35) Suppose that the function H : C> — C
satisfies the condition
R (H (is,1)) <0,

forall s,t € Rwitht < —n(1+s*) /2, n € N. If the function p(z) = 1+ p,z" +
P12+ . is analytic in U and

R <H (p(z),zp/(z)» >0,ze U,
then R (p(z)) >0,z € U.

Lemma 2.3. ([14], Lemma 2.2d, p. 24) Let q € Q with q(0) = a, and let
p(z) = a+a,7" +an 12" + ... be analytic in U with p(z) # a,n € N. If p is not
subordinate to q, then there exist the points zo = roe'® € U and {y € dU\ E (f)
such that p(Uy,) C q(U), plzo) = 4(&), and zp'(z0) = mLog (o) ,m > 1,
where U,y ={z€ C: |z <rp}.

Lemma 2.4. ([15], Theorem 7, p. 822) Let q € Hla,1], let ¢ : C*> — C, and
set @ (q(z),zq/ (z)) =h(z). IfL(z,t) = ¢ (q(z),tzq/ (z)) is a subordination chain
and p € Hla,1]N Q, then

hz) < 6 (pl2).2p ()
implies that
a(z) < p(2).

Furthermore, if the differential equation ¢ (q(z),zq/ (z)) = h(z) has a univalent
solution q € Q, then q is the best subordinant.

Lemma 2.5. ([17], p. 159) Let L(z,t) = a1 (t)z + ax(t)z* + ..., with a;(t) # 0
forallt >0 and zhrf laj (t)| = +oo. Suppose that L(.,t) is analytic in U for
—> 00
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all t > 0, L(z,.) is continuously differentiable on [0,%0) for all z € U. If L(z,t)

satisfies
dL/dz
>
R <Z8L/8t> >0,zeU,t >0

and
IL(z,t)| < Kolai(1)],|z] <ro<1,6 >0

for some positive constants Ky and ry, then L(z,t) is a subordination chain.

3. Main Result

Theorem 3.1. Let for me Z, u > —1, k>0, A >0, a,c € C satisfying
R(c—a) = 0and R(a) > —A, the operator 3", (a,c,A) be defined by (6). Let
for0< A <1,

(L+1)(a+A)

T CE N EYAET 12)
be such that R (6) > 1 and for g € A,
9(z) = (1-2) 31" (a,¢,A) g(2) + A3, (a+1.¢,4) g(2),
satisfy
0\
9{<1+ (p’(z)>> p,z€U, (13)
where p =0 if R (6) = 1 and for R (8) > 1,
RO 1<R(8) <2
< ;o =° 14
”{m) R(6)>2 "
and
(Im(8))* < (R(8) —1-2p) (1’)—9{(5) > (15)

the equality in (14) and (15) occur only when Im (0) = 0. If f € A satisfies
(1=2)3p (a,¢,4) f(2) + A3}, (a+1,¢,4) f(2) < 9(2),z€ U (16)

then
ou(a,0,4) f(z2) <S¢ (a,c,A)8(2),z€ U, (17)

Moreover, the function 3}, (a,c,A) g(z) is the best dominant of (16).
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Proof. Let
F(z) := 3¢y (a,¢,A) f(z) and G(z) := 37 (a,¢,A) g(2). (18)

By the hypothesis, we first show that the function G is convex (univalent). For,
let

I

2G (z2)

q(z):1+G,—(Z) zeU. (19)
Using (9) and (10) for g € A, we get
o) = (1- 5 ) 6+ 57 20)

where & is given by (12). On differentiating (20) and using (19), we obtain

9@ _(,_ 1), 1
&6~ (175) 50

which on differentiating further and using (19) yields

UG R +q(5‘1+<§>_1 —: h2). 1)

From (13) and (14), we have

R(h(z)+06—-1)>0,z€T,
and by Lemma 2.1, we deduce that the differential equation (21) has a solution
g € H(U), with ¢(0) = h(0) = 1. Let

1%

H = _
(u,v) u+u+5—1+

P, 22)
where p is given by (14). From (13), (21) and (22), we obtain
R (H (q(Z),zq/(z))) >0,z€U.

Forall s € Randr < — (1+5?%) /2, using (22), we get

) B ) t
R(H (is,1)) = 9i<ls+l_s+6_1+p> (23)

(R(8) -1
lis+ 68— 1)
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IfR (6)=1,p=0, we get R (H (is,r)) =0 and if R (6) > 1,

¥(s,p,6)

_—— 24
2is+ 6 —1)? (9

R (H (is,1)) <

where

W(s,p,8) = (R(8) —1) (1+57) —2pis+8 1],
which on taking R (6) — 1 = u and Im (8) = v, we write

P(s,p,8) = (u—2p)s* —dpvs+u—2p (u*+v?).
If v=0, from (14), we get
W(s,p,8) = (u—2p)s*+u(l—2pu)>0.

If v # 0, by hypothesis u —2p > 0 for any u > 0, and hence, we obtain

_ 2pv 2 4p2v? s 9
Wp.0) = (-20) (s 0} 2 2 (P4 )

2pv 2 V2
= (u— - - >
(u—2p) (s u—2p> —|—u{1 2p (u+u_2p>]_o,

from condition (15). Thus, ¥(s,p,8) > 0 for all s € R. Hence, from (24) and
(23), we have R (H (is,r)) < Oforalls € Rand s < — (1 +s?) /2. Thus, by using
Lemma 2.2, we conclude that R (¢(z)) > 0 for all z € U, which proves that the
function G defined by (18) is convex (univalent) in U.

We next prove that

F(z) <G(z),z€U, (25)

if the subordination condition (16) holds. Without loss of generality, we can as-
sume that G is analytic and univalent in U and G (§) # 0 for || = 1. Otherwise,
we replace F and G by F,(z) = F(rz) and G,(z) = G(rz), respectively, where
r (0 <r < 1). These functions satisfy the conditions of the theorem on U, and
we need to prove that F,(z) < G,(z) for all r (0 < r < 1), which enables us to
obtain (25) by letting r — 1.

Let us define a function L(z,7) by

L(z,t) := <l—é> G(z)+(1+tng(Z),z€U,t20. (26)

Then,
IL(z,1)

dz

:Gﬂ»@+%):1+%¢0¢2@

z=0
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and this shows that the function L(z,1) = a1 (t)z + a2 (t)z> + ..., with a;(t) =
1+ 5 #0forallz >0 andtlir+n la (t)] = oo
——+o0
From the definition (26) and using the assumption (12), for all # > 0, we get

IL(z,1)| 16— 1] (1+1)
< G
a)] =[5+ G()] |5+z|

< 1GG)|+ ‘zG'(z ’ @7)

o

Since the function G is convex and normalized in the unit disk, i.e. G € I, we
have the following growth and distortion sharp bounds (see [9] ):

r r
< |G < — < 1
G P
1 ,
; < |d)< Sl <r<t.
(1+r) (1—r)

Using the the upper bounds from these inequalities in (27), we deduce that

|L(z,1)| r r r
lar (1) = 1—r+(1—r)2 = (1—r)%

and thus, the second assumption of Lemma 2.5 holds.
Furthermore, from (26), we get

% <zaL(Z’t)/aZ) —R(E)— 1+ (1+0)R <1+ZG <

| <r<1,6>0

dL(z,1)/0t G (2)

and according to Lemma 2.5, the function L(z,7) is a subordination chain. From
the definition of the subordination chain combined with (2), we obtain

)>O,z€U,t20,

L(§,t) ¢ L(U,0) = @(U) whenever { € dU,t > 0.

Suppose that F is not subordinate to G, then by Lemma 2.3 there exists the
points zo € U and §y € dU, and the number 7 > 0, such that

F(z0) = G (&) and 2oF (z0) = (1+1)6G (&)-

From these two relations, and by virtue of the subordination condition (16), we
deduce that

L(&,t) = (1—) G(&o) + W?G(CO)

- (1—33) F(zo)+Z°F;ZO)
= (1-2)374" (a,¢,A) f(z0) +AST, (a+1,¢,4) f(20) € @(U),
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which contradicts the above observation that L({,¢) ¢ ¢(U). Therefore, the sub-
ordination condition (16) must imply the subordination given by (25). Con-
sidering F(z) = G(z), we see that the function G is the best dominant, which
completes the proof of the theorem. O

In view of (8), taking a = ¢ and m = 0, respectively, in Theorem 3.1 and
using the identities (9) and (10), we obtain following subordination properties.

Corollary 3.2. Letme Z, u > —1, k > 0, the operator 5% be defined by (3),
andfor0 <A <1,A>0,a € CwithR(a) > —A, R(0) > 1 be given by (12).
Letforg e A:

vi(z) := <1 —k+lm> 3Zfz1g(z)+7t (1 —I;:EZLJ_LI)) 1 u8(2)s

satisfy

w1+ @), e,
v (2)

where p =0 if R (6) = 1, and for R (8) > 1, p is given by (14) with (15). If
f € A satisfies

AW+ qm AE+DN qm
<1_2/+)Lk(a—i-A)>Sk’:;1f(Z)+k <1_k(a—|—A)> k7#f(Z)<W1(Z),Z(€2;[§

then
ruf(2) = 8¢,8(2),z€ U.
Moreover, the function S}, 8(z) is the best dominant of (28).
Corollary 3.3. Let for A > 0, a,c € C satisfying R (c —a) > 0 and R(a) > —A,

the operatorzgl’c be defined by (4). Let forO< A <1, u>—-1,k>0,R(5) > 1
be given by (12) and for g € A,

k(a+A)
A(u+1)

k(a+A)
A(u+1)
+A) I g (2),

v i=(1-) (1= 5 ) e+ (1-2)

satisfy




226 RAVINDER K. RAINA - POONAM SHARMA

where p =0 if R (6) = 1, and for R (8) > 1, p is given by (14) with (15). If
f € A satisfies

k(a+A) Fa,c k(a+A) Fa+1,c
(1-1)(1—A(M+I)>IA f(z)+<(1—z)w+z>zjl 1)
<w(z) zeU (29
then

Lf(x) < I;8(2),2€ U.
Moreover, the function Tj‘“cg(z) is the best dominant of (29).

Following results are the direct consequences, if we put A = 0 and 1, re-
spectively, in Corollaries 3.2 and 3.3.

Corollary 3.4. Let f,g€ Aand u > —1, k > 0 be such that ”TH >1,formeZ,
the operator Sk”f“ be defined by (3). Further, let

X (2)

whereézOlf”Tﬂzl,andfor”TH>l,

R <1 + ZM(Z)) > &, zeU, x() =33,

u+1—k u+1
¢ = zkk ! iﬂT =%
e e D a2

Then Sk"f:[lf(z) < S}Z:{]g(z) = 3y f(2) < 37 ,8(2), 2 € U. Moreover, the func-
tion 3}',8(z) is the best dominant.

Corollary 3.5. Let f,g € Aand for A> 0, a,c € C satisfying R (c —a) > 0 and
R(a) > 0, the operator I, be defined by (4). Further, let

K ()
where ¢ =0 if R(a) = 0 and for R(a) > 0,
T R(a) <4,
¢ = { i, ) > A, 0)
m@F < (o) -204) (55~ %(@) 61

equality in (30) and (31) occur only if Im(a) = 0. Then fI:T”f(z) =< a+l’cg(z)
= 1y f(2) < [,°¢(z),z € U. Moreover, the function 1,°g(z) is the best domi-
nant.
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