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TWO NEW SHARP OSTROWSKI-GRUSS TYPE
INEQUALITIES

ZHENG LIU

The purpose of this paper is to use a variant of the Griiss inequality
to derive two new sharp Ostrowski-Griiss type inequalities related to a
perturbed trapezoidal type rule and a perturbed generalized interior point
rule, respectively, which provide improvements of some previous results
in the literatures.

1. Introduction

In 1935, G.Griiss proved the following integral inequality which gives an ap-
proximation for the integral of the product of two functions in terms of the
product of the integrals of the two functions (see for example [11,p.296]).

Theorem 1.1. Let h,g : [a,b] — R be two integrable functions such that ¢ <
h(t) <P and y< g(t) <T forall t € |a,b], where ¢, ®, ¥ and T are real
numbers. Then we have
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and the inequality is sharp, in the sense that the constant % can not be replaced
by a smaller one.

It is clear that the constant Alf is achieved for

a+b

hit) = g(1) = sgn(t — ——).

From then on, (1) is well known in the literature as the Griiss inequality.

A premature Griiss inequality originated from the work of Griiss (see also
[11, p. 296]). It is embodied in the following theorem and was also considered
and applied for the first time in the paper [10, Theorem 5] by M. Mati¢, J.
Pecari¢ and N. Ujevi¢ in 2000.

Theorem 1.2. Let h,g : [a,b] — R be integrable functions such that hg is also

integrable, and y < g(t) <T forall t € [a,b], where y,I" € R are constants.Then
1

‘T(h,g)‘ < 5 T(h7h) (F_Y)' (2)

In 2002, almost at the same time, by using similar, somewhat complicated
methods, X. L. Cheng and J. Sun in [6, Theorem 1.1] as well as M. Mati¢ in [9,
Theorem 3] have proved the following variant of the Griiss inequality respec-
tively.

Theorem 1.3. Let h,g : [a,b] — R be two integrable functions such that y <
g(t) <T for some constants vy, I for all t € [a,D]. Then

_a/ h dt/
<5 ([ -5 /abh<y>dy|dr) r-y. &

Moreover, Mati¢ has proved that there exists a function g for which the
equality in (3) is attained, Cerone and Dragomir have proved in [4, Theorem 3]

t)dt —
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that the constant % in (3) cannot be replaced by a smaller one. In [8, p.122],
the author has provided a simple proof of Theorem 1.3 with the sharpness of
inequality (3) in the sense that we can choose the function g such that either

"_“

gx) = { L, if Ax) = f Z(y)dy >0,

Yo Af h(x) — 5= o h(y)dy <0

or
=4 P A= b%fa h(y)dy >0,
UL h(x) = 55 [P h(y)dy <0

to attain the equality in (3).

The result stated in Theorem 1.3 is of particular interest and very useful in
the case when | ab ‘h(t) - f h(y) dy‘ dt can be evaluated exactly.

In [4, (2.19)], we can see that Theorem 1.2 improves Theorem 1.1 and The-
orem 1.3 improves Theorem 1.2.

From [2, Theorem 10] and [3, Theorem 13], we see that applying the pre-
mature Griiss inequality (2) has derived two Ostrowski-Griiss type inequalities
related to a perturbed trapezoidal type rule and a perturbed generalized interior
point rule as follows:

Theorem 1.4. Let f : [a,b] — R be a mapping such that the derivative f'~1)
(n > 1) is absolutely continuous on [a,b]. Assume that there exist constants
y,T € R such that y < f"(t) <T a.e. on [a,b]. Then for all x € [a,b] , the
following inequality holds

@ ¥ et 0@+ (1o o)
(e = [
B (n41)! b—a
-y

< {nl(b_a)[(x_a)Zn-‘rl + (b_x)Zn-H]

2(n+1)'2n+1
+(2n+1)(x—a)(b—x)[(x—a) - (x—b)"]*}2.

N\—‘

“

Theorem 1.5. Ler f : [a,b] — R be a mapping such that the derivative f"~)
(n > 1) is absolutely continuous on [a,b]. Assume that there exist constants
y,T € R such that y < f"(t) <T a.e. on [a,b]. Then for all x € [a,b] , the
following inequality holds
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Ifabf(t)dt—zn— k+1 ,[(b x)k+1 +(— l)k(x_a)k+1]f(k)(x)
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The purpose of this paper is to provide, using the variant of the Griiss in-
equality, two new sharp Ostrowski-Griiss type inequalities related to a perturbed
trapezoidal type rule and a perturbed generalized interior point rule, which give
improvements of the above inequalities (4) and (5), respectively. We need the
following two lemmas:

Lemma 1.6. [2, Theorem 7] Let f : [a,b] — R be a mapping such that the
derivative £~V (n > 1) is absolutely continuous on [a,b). Then for all x € |a,b]
we have the identity:

[ rya =k20 Tl @)+ (1 0 o)

+1 b(x—t)”f(”)(t)dt. (6)

I’l!.a

Lemma 1.7. [3, Theorem 7] Let f : [a,b] — R be a mapping such that the
derivative f"=1)(n > 1) is absolutely continuous on [a,b]. Then for all x € [a, b]
we have the identity:

—1)" / bKn<x,t>f<”>(r)dt, (7

where the kernel K,, : [a,b]* — R is given by

= rre
Ko (x,1) :_{ oy e la, ®)

and x € [a,b].
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2. The results

In what follows, we will use the notations

B 1 b . _ (x—a)"“—(x—b)wrl
Hx_b—a/a (e—t)dr = (n+1)(b—a)

and
(x—a)(x—b)" + (b—x)(x—a)"!
b—a :

K, =

Theorem 2.1. Let f : [a,b] — R be a mapping such that the derivative f'~1)
(n > 1) is absolutely continuous on [a,Db]. Assume that there exist constants
7, T € R such that y < f")(t) <T a.e. on [a,b]. Then for all x € [a,b), the
following inequality holds:

n—1
[ 1= T = )+ (1) o )

V() — £V (a)] < =y

n! (n+1)!

G(a,b,x;n) (9)

where

nH.\/H,+ K, n odd
nH\/H,—K,, nevenandxE€ |a,§]

Gla,b,xn) = 2nH/H,, neven and x € (§,M) (10)
nH\/H.+K,, nevenandx € [n,b)
where & and M are the real roots of the equations
(E—a)"—Hg =0 (1)
and
(n—b)"—Hy=0 (12)

respectively and a < £ < # <M < b. The inequality (9) with (10)-(12) is
sharp.

Proof. For all x € [a,b], it is clear that by applying (6) and (3) we can derive
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n—1
s F rlte=at P+ (14— )
H /"D () — 1" D(a)]
B n!
1 b b
= / (r— 1) ) () dt — H, / £ ()i
I— b
< M"/ﬂ (x—1)" — Hi|dr. (13)
For brevity, put
p(x,t) = (x—1)"—Hy, (x,t)€ [a,b] % a,b]. (14)
Then
apgtm) = —n(x—1)"". (15)

If n is odd, we see from (15) that for any fixed x € [a, D], p(x,?) is a strictly
decreasing continuous function for 7 € [a, ], and from (14) we have

- n- Y—a 7 (x_b)n+1
plx.a)=(x—a) _1_ ntDb—a)) Tt 1)(b—a) -0

B o b—x ] (x—a)!
p(x,b) = (x—b) _1_ (n+1)(b—a)] (n+1)(b—a) <0

So, by the intermediate value theorem we can conclude that for any fixed x €
[a,b], p(x,t) has unique zero t; = x — v/H, in (a,b). Thus the last integral in
(13) is equal to

2
n+1

b 1 b
/|p(x,t)|dt: tp(x,t)dt—/ ple,)dt = —— (iHA/H,+Ky).  (16)

If n is even, we see from (15) that for any fixed x € [a,b], p(x,t) is strictly
decreasing for ¢ € (a,x) and strictly increasing for ¢ € (x,b). From (14), we have

g (x—a)”'H +(b—x)”+l
plaa) = (r—a)" = == TS
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x—a”] —x”l
P(va)Z(x—b)"_( )yl (b —x)t

(n+1)(b—a) ’
and then
dp(x,a) 4 x—a, (b—x)"
bR =(x—a)" '|n b_a]—l— - >0,
dp(x,b) . qp b—x, (x—a)"
ox = (x=b)""n b—a] b—a <0

Thus we see that p(x,a) is strictly increasing for x € [a,b] and p(x,b) is strictly
decreasing for x € [a,b], and

(b—a)"
=p(b,b) = — 0
pla.a) = plb,b) = —=—= <o,
a+b a+b n b—a,,
p( 2 7a)_p( 2 ’b)_l’l—i-]( 2 )>0

So, by the intermediate value theorem we can conclude that there exist unique
5 € (a,%t") and unique N € (“f2,b) such that p(&,a) = 0 and p(n,b) =0,
. & and n are the real roots of equations (11) and (12) respectively and
a< 5 < b < <b.Ifx€[a,&], then p(x,a) <0and p(x,b) >0.If x € (£, 7).
then p(x, a) > 0 and p(x,b) > 0. If x € [n,b], then p(x,a) > 0 and p(x,b) <O0.
Therefore, there are three possible cases to be determined.
(i) In case x € [a,&], p(x,7) <0 for ¢ € [a,x] and p(x,7) has a zero t, =
x++/H, in (x,b). We have

b t b
[ ptenlde == [ peenyde+ [ plxrydr =
a a 5]

(ii) In case x € (&,7n), p(x,t) has a zero t; = x — \/H, in (a,x)and a zero
tp = x+ «/Hyin (x,b). We have

b 1 153 b
L/mwmmz/pumm—/p@ow+/pmow
a a I3t %)

4n
n+1

- (nH/H, K. (17)

T HH,. (18)

(iii) In case x € [n,b], p(x,t) has a zero t; =x— \/H, in (a,x) and p(x,) <0
for ¢ € [x,b]. We have



10 ZHENG LIU

b 1] b 2
/a\p(x—z)\dt:/a p(x,t)dt—/ plxt)dt = ——(nH 4 K. (19)

14|

Consequently, the inequality (9) with (10)-(12) follows from (13) and (16)-
(19). The function f for which the equality in (9) is attained is in fact such that
£ is equal to T (or y) when p(x,t) > 0 and equal to y (or I') when p(x,7) < 0.
The proof is completed. 0

Remark 2.2. It is not difficult to find that the sharp inequality (9) with (10)-(12)
provides an improvement of the inequality (4).

Remark 2.3. If we take x = #, we can obtain the following sharp perturbed
trapezoid inequality:

n—1 —a
_;;(kil)!(bz YHF® (@) + (= 1)F O ()]
1+(=1)" b—a rH_]f(nfl)(b)_f(nfl)(a)
C (n+ 1) ( 2 ) P
F_'}/ [1_(_1)" n—|—(_1)nn ](b—a)nH
~ (n+1)! D) Va2 .

Theorem 2.4. Let f : [a,b] — R be a mapping such that the derivative f"~")
(n > 1) is absolutely continuous on |a,b|. Assume that there exist constants
7, T € R such that y < f"(t) <T a.e. on [a,b]. Then for all x € [a,b], the
following inequality holds:

b n—1
/a f(l‘)dt—kz(’)(k—:l)![(b_x)k-&-l +(_1)k(x_a)k+l]f(k)(x)

H "D (b) — f=D(a)] r—y |
) ! Sy C@bxn) Q0

where G(a,b,x;n) is as defined in (10)-(12). The inequality (20) with (10)-(12)
is sharp.
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Proof. For all x € [a,b], it is clear that by applying (7), (8) and (3) we can derive

nl

B x[f<" 1><b>—f< >(a>]

n!

/th t)dt— _a/thdt/f

—/ Kn(x,y)dy’dt

= 2' [/t—a H|dt+/ |(t—b) Hx|dt].
n

By substituting ty =a+x—tand r, = b+x —t, we get

X b
/|(t—a)”—Hx\dt+/ (1 = b)" — Hy|di

X b
:/ \(x—tl)”—Hx|dt1+/ \(x—12)" — H. | dt
a X

b
:/ (= 1)" — Hy|dr,

and so the proof is reduced to the proof of Theorem 2.1. OJ

Remark 2.5. It is not difficult to find that the inequality (20) with (10)-(12)
provides an improvement of the inequality (5).

Remark 2.6. If we take x = %b, we can obtain the following sharp perturbed
midpoint inequality:

b at+b, "1+ (-1)F b—a a+b
| TWd=b-a)f (57 = ¥y () )
_1+( ) (b a)n+1fn l(b) f ( )
(n+1)! * 2 b—a
F—’}/ 1_(_1)n ( 1>nn n
Shrn| 2 +(n—|—l)\/ 1]( i
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Remark 2.7. Setting x = a and x = b in (9) and (20) yields the same left and
right rectangle inequalities

(b a)k“
Z (k+1)!

< Iy n(b—a)*!
T (D! (n+1)n+1

respectively.

Remark 2.8. If we take n = 2 in (20), then we recapture the following sharp
inequality

a+b

1) - (=45

@+ b+ - E O S

ba/fdt

FZ - ’}/2) (a,b,x)

where G(a,b,x) =
( W,%@[(x—a)(#ﬁ)(b—ﬂ
S ath))3] a<x< 12a+b),
=\ - a>[ (b—a)*+(x— 42)2)3, L(2a+b) <x < L(a+2b)
30— a)[(x a)(x—42) (b —x)
H(G(b—a)+ (- %2)2)3],  La+2b) <x<b,

W=
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which has been proved in [5, Theorem 1.5] and [7, Theorem 2] in different ways.

Finally, it should be noticed that the bounds of inequality (9) in Theorem 2.1

and inequality (20) in Theorem 2.4 are the same which has verified and extended
the results in [1].
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