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ON SOME SYMMETRIC ¢-SPECIAL FUNCTIONS

KAMEL BRAHIM - YOSR SIDOMOU

In this paper, we define the g-analogue of gamma and Bessel function,
symmetric under interchange of q and ¢~!, and present some of its main
properties.

1. Introduction

The study of g-analysis appeared in the literature a long time ago. In particular,
a g-analogue of some special functions like a g-exponential, g-Gamma, g-Beta
and g-Bessel functions have been studied intensively for 0 < g < 1.

Recently, G.Dattoli and A.Torre [2] introduced a g-Bessel functions of inte-
ger index which are symmetric under the interchange of ¢ and g~ '. The authors
use a generating function obtained owing a product of symmetric g-exponential
functions [9, 10].

In the present paper, we introduce a symmetric g- Gamma and g-Beta func-
tions and we extend the symmetric g-Bessel function of real index.

The paper is organized as follows: In section 2, we present some preliminar-
ies and notations that will be useful in the sequel. In section 3, we introduce a
g-analogue of the Gamma and Beta functions, symmetric under the interchange
g and ¢g~!. A g-analogue of Bohr-Mollerup theorem is proved. In section 4, we
define and study a symmetric g-Bessel functions of real order. Finally, in sec-
tion 5, we introduce and study a g-analogue of the normalized Bessel function
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jv symmetric under the interchange g <> ¢~ !. We establish a g-Bessel operator
and we provide a g-integral representation of Mehler and Sonine type and as

applications, we present a - transmutation operator.

2. Notations and Preliminaries

Throughout this paper, we will fix ¢ > 0,q # 1. We recall some usual notions

and notations used in the g-theory (see [4] and [2]).
For a € C, the g-shifted factorials are defined by

—_

n—

(a39)0 =1, (1—aq'), neN-*.
i=0
1—q"
[x]q = ﬂ7 X e C
We also denote .
b, = qx_qfl . xeC,
q9—(q
and
— no__ —
i, =T1K, neN, [0],!=1
k=1
One can see that
(o, = bd:

We have

W, =a " g

The symmetric g-derivative 5(1 f of a function f is given by

flax) = fla~")
(Duf)) = ==

(D,f)(0) = f'(0) provided f'(0) exists.
The following properties hold
Dy (f(x) +8(x)) = Dygf (x) + Dyg(x)
Dy(f(x)g(x)) = g(q™ " x)Dgf (x) + f(qx)Dyg(x)
= 2(qx)Dy f () + (g~ ' x)Dyg(x)

qun — /[—’:quZrHl )

, if x40,

(D

2)

3)

4

(&)

(6)

(7

®)
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We have the following relation

D,f(x) =D, f(q 'x) (10)
where
DS = ()(“) - )(ffx) an

Finally, we consider the sets:
R, ={£q":n€Z}U{0}, R, ={q":necZ}U{0}.

3. Symmetric g-Gamma and g-Beta functions

The g-Gamma function [4] is defined for positive real numbers x and g # 1 by

C,(x)= 1—¢)'™  for 0<g<l, (12)
LI( ) (qx,Q)oo( )
_ (q717q71)°° 1—x 2ol
and  Ty(x)=——"—+—(¢—1)""q ? for g>1. (13)
(g ")
Note that -
Ti(x)=q 2 TD4x), 0<g<l, (14)

q

and when ¢ — 1 we obtain classical Euler’s Gamma function.
The g-Gamma function satisfies the following equation

Ly(x+1) = [x]gTy (%), L) =1 (15)

A g-analogue of Legendre’s duplication formula is given by (see [4])

rq(zx)rqz(%) _ (1+q)2x—1rqz(x)rqz(x+%). (16)

In [1], Askey proved a g-analogue of the Bohr-Mollerup theorem.

Theorem 3.1. For 0 < g < 1. The only one function f € C>((0,)) satisfying
the conditions:

(i) f1)=1

(i) flx+1) =[x, f(x)

(i) L Logf(x)>0, x>0
is the g-Gamma function I',.

In [11], Moak showed the following result.
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Theorem 3.2. For g > 1. The only one function f € C>((0,%0)) satisfying the
conditions:

(i) f(1)=1

(i) flx+1) = [x],f(x)

(ii) L Logf(x)>Logg, x>0
is the g-Gamma function T',.

Now, we introduce the following definition

Definition 3.3. Let ¢ > 0,9 # 1. The symmetric g-Gamma function f‘q is de-
fined by

T, (x) = g @ D220 5 (). (17)
Proposition 3.4. The g-Gamma function f‘q has the following properties:
(@) Ty(1) =1 s
() Ty(x+1) = [x],Ty(x)
1

(c) fq is symmetric under the interchange q <> q~ .

Proof. (a) it is clear that T, (1) = 1.

(b) We have
L,(x+1) = qfx(xfl)/zl“qz (x+1)
e 1— q2x
= [Ty
(c) We assume that 0 < g < 1, we have
L1(x) = g V22T 5 (x). (18)

Since 0 < g < 1, so ¢g~! > 1 and from the relation (14) we have

T,2(x) = ¢ @I, (x). (19)
Therefore
fq—l (x) — q(xf1)()c72)/2q7()c7l)()c72)l—wq2 ()C) _ qf(xfl)(x72)/21—~q2 (x) — f;(x)
(20)
O

Proposition 3.5. A g-analogue of Legendre’s duplication formula is given by

i,(zx)fqz(%) = (@), T ()T v+ %). 21)
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Proof. From the relation (16), we have

qu (ZX)Fq4(%) = (1 +q2)2x—1rq4(x)rq4(x+ %)

So, by using the relation (17) we obtain

(2x—1)(2x=2) ~ ~ 1

x=)(ex=2) 3
q 2 rq(zx)q4rq2<§)

= (14+¢")" g VT ()g DO I+ 5).

o~ ~ 1 ~ ~ 1
Fq(zx)rqz(i) = (1 +q2)2x—1q—2x+qu2 (x)rqz (x+ 5)

21 ~ 1
:(q+q 1)2 quz(X)qu(x+§)

—~ ~ ~ 1
= ([2],)7 Tl (x+ 3)
The result is a consequence of the fact that l:q and 1~“q2 are symmetric under the
interchange g <+ ¢~ !. O
The following result is a g-analogue of the Bohr-Mollerup theorem for g # 1.

Theorem 3.6. Let g > 0,q # 1. The only one function f € C((0,0)) satisfying
the conditions:

i fy=1
(i) flx+1)=[x] f(x)
(i) L Logf(x)>|Logq|, x>0,

is the symmetric q-Gamma function I';.

Proof. Firstly, it is easy to see that the function 1~“q satisfies the conditions (i),
(ii) and we have

- S )x-2
Logly(x) = DD ) +Logl 2 (x), (22)
SO
> = d?
ﬁLogl"q (x) = —Logq+ @Log(l"qz (x)).

Now, by using theorem 3.1 and theorem 3.2 we deduce that in both cases
the condition (iii) follows.
On the other hand, let f be a function satisfying the three conditions (i), (if) and
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(iii) and letg(x) = q 2 f(x).
We have
g()y=f(1)=1,
D) =g 7 fa+D) =g g F f) = Wpe),
and
d2 2
2 Lo8(8(x)) = Logq+ - 5Log(f(x)) = Logq +|Logql,

which implies, from theorem 3.1 and theorem 3.2 that g =T'».
Thus

(x=1)(x-2) ~

f) =g > Tal) =Tyx),

and the theorem is proved. O

Definition 3.7. Let ¢ > 0,q # 1. The symmetric g-Beta function is defined by
the relation L
Y _ Ly(0)ly(y)

B,(x, = , x>0 > 0. (23)
q( Y) Fq(x—l—y) y

It is clear that the g-Beta function Eq is symmetric under the interchange
-1
q<—+q .

Proposition 3.8. The function gq satisfies the following formulae for x,y > 0 :

1) By(x,y) = By(y,%).
2)By(x+1,y) = HB (x,y+1).

w@wwn—ﬁk< y).

Proof. This can be proved straightforwardly from (23) and proposition 3.4. [J

4. Symmetric g-Bessel function

In literature there are many definitions of the g-analogue of the Bessel func-
tion(see [3], [8])
1) ( )v+2n

nZO T(v+n+1) @4)
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In [2], G. Dattoli and A. Torre gave a g-analogue of Bessel functions for an
integer order, symmetric under the interchange of ¢ and ¢~! defined by:
o (_] k(x\n+2k
Tn(x.q) =) % (25)
k=0 [n+ k], ![k],!

In this section, and by using the symmetric g-Gamma function, we give a gen-

eralization of the g-symmetric Bessel functions.

Definition 4.1. The symmetric g-Bessel function is defined by:

(_1>n(Nx )V+2n

2l g

Jv(x,q) Z —. (26)

Proposition 4.2. JNV(x, q) is symmetric under the interchange g+ q L.

We deduce the relation between (25) and (26) given by:
In(x,q) = Jo(=—,4)- 27)

Proposition 4.3. The symmetric q-Bessel function satisfies the following recur-
rence relations

v—1)

[2"]\/5 ~ e Vil ~
B Wv(x,q)=q 2 Jv-1(xv/q,9) +q 2 Jvi1(x/q,9)- (28)

2v] &~ (v=1) ~ X (v41) ~ X
T (xq)=q > Jv_l(%,q)Jrq’TJvH(%,q) (29)

Proof. From the definition (26), we have

0
(I L (1)

¥ RN By

n=0 Ly(v+n)n],! n—1 Fq(v+n+1)[ 1],!
_1\nn(_Xx _\v—1+42n n V+n+1 V+2n+2
s i(l)q(m”) +i(1) (5~ ) )
[2] gm0 Ty(v+n)nl,! 7=0 rq(v+n+2)[n}q.
1\ MV \v—142n 1) ( M9 \v+142n
X v =1) ([NZ]W,) s o TV ([Z]W)
——q ? Z — +=—q 2 Z =

2 =0 Tyv+nmn,! [, a0 L(vn+2)n],!



114 KAMEL BRAHIM - YOSR SIDOMOU

Using the relation [2] ﬁ[v] g = [2V] /g» We obtain

[2V ~ _(v=1) ~ (v+1) ~
xﬂJv(x,q)zq > h1(Vax,g)+q T Jvi(Vax,q).

The relation (29) can be obtained from (28) by changing g by ¢~ !. O

Proposition 4.4. The symmetric g-Bessel function satisfies the following rela-
tion

vl)

1— @A) (x, L), 30
(1=q°)Jv(x,q)+¢ 1(\/2161) (30)

T (xv/a,9) =
2 vid
Proof. From the definition (26), we obtain

~ X

—1
X T —,
~1(xv/q,9) — (\/Z] q)
(iﬂ)v—1+2n _x v—1+2n
_ q_(v;nz 1y 2l /g _ _q@z | 2] v
n=0 Ly(v+n)ln],! n=0 Ly(v+n)ln],!
- ($>V71+2n . ( x )v71+2n
— Z(_l)n nN[Z]\/? _ _Z(_l n,_—n [z]ﬁ _
n=0 Ly(v+n)[n],! 220 Ly(v—+n)[n],!
. mq( X )v—1+2n
n (2]
= (g—q )Y (-1 T
2 Ty,
( X )v+1+2n
L ) M) G E—
n—0 Fq(V—l-n-Fl)[n]q'
= =——(1—¢")v(xq)
[2]\/21‘]
The proof is complete. O

4.1. Derivative and differential equation of the symmetric g-Bessel
function

Proposition 4.5. For v > 0, the following relations holds
Dy [ Ty(x,4)] = 5Ty 1 (x,4%). (1)

Dy [x VI ?)| = =5 VT (x,4%). (32)
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Proof. We have

—1) 2v+2n( 1 \v+2n

N Ty(x,qt) = = =
n=0 Lp(v+n+1)n],!
- (—1)”(~L)V+2”[27—\{—_5n] x2v+2n—1
NV 2 2], 4
Dylx"Jy(x,q7)] = Z = —
= Fp(v+n+1)[n],.!
—1)" _1 \v+2n,2v+2n—1
_ UV v a),
n=0  DTp(v+n)n],! [V+n],
—1)" _1 \v+2n,2v+2n—1
e U }
= )y — — (g+47")

n=0  Lp(v+n)n]p!
= X Jh_i1(x,q%).
It’s the same for the relation (32).
By induction, we obtain

Proposition 4.6. For alln € N, we have

1~ ~ -
(;Dq)"(x"]v (x, q2)) = xvfnJV_n(x,qz), v>n—1,
and |
(—;Dq)"(x*"]v (x,4%) =x " " Tyin(x,4%), v>0.

Proposition 4.7. The function JNV(x, q*) is a solution of the equation
—~2

4B+ LByl + (1~ ) 7 =0

Proof. By using the relations (31) and (32), we obtain

e Dy By T, g?)) = o).

On the other hand, from the relation (7), we have

—~2

vl

and the result follows.

1 ~ ~ ~ 1~
Dy By (Y () = 4 D) + Dy (1) — 5 (),

115

(33)

(34)

(35)

(36)
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Proposition 4.8. The function Jy (x,q) satisfies the following relations:

~ < - _e (v41) ~ X

2] GDglv(x.q) =q~ > Jv1(Vax,q) —q~ > Jv+1(%ﬂ)- (37)

(xva,q).  (38)

~ ( ) (;rl)A.
- X,q) —4
Vi

L (1 2] (v

D,Jy(x,q) = — - e . (39)
/v (5d) \/;In;) L, (v+n+1)n),!

(—1)"6]"( X )v 14+2n (_l)n —v—n( X )v—1+2n
~ o 2] > q
[2] D ‘IV(x7q): ~ v
it ZZ)Q( —1+n+1 ; F(v+n+ )n—1],!
L (_l)n(%)v4+2n . (_1)n+1q7v (n+1) ([Z]I)
:q 2 Z~ — +Z ~
n=0Ty(v—1+n+1)n],! =0 Fq(v+1+n+1)[n]q!
—1)" ﬁ v—1+2n 1) (== v+2n+1
e CGDTT e O
ST, (v—1+n+1)[],! ST, (v 14nt 1)),

v+2n+1

2] e (x.0) =4~ 7 o1 (Vaxa) —q o ;a"’)’ (40)

The relation (38) can be obtained from (37) by changing ¢ by ¢~ '. O

5. The symmetric q-fv Bessel function

We define the symmetric q—fv Bessel function by

(T (v + (P
- 41)
2+ v+DLa(n+1)

]vxq :Z
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We define a symmetric g-trigonometric functions by

© (  1\n,2n

s, q?) = (=0 (42)
n=0 [Zl’l]q'

__ oo 1\n,2n+1

sin(x,¢?) = % (43)
n=0 [2}1 + l]q'

One can see, after simple computation that

Joilg?) = eos(x,q?),
(. o2

~ 2 _ Sln(x7q)

i) = —

Proposition 5.1. The symmetric q-fv Bessel function satisfies the following re-
currence relation:

(;Dq)Jv(X,qz) = Jva1(x,q%). (44)
2(v+1)],
Proof. We have
5‘].7\/(xvq2) = V+1 i ])" NL)ZH [2n]q 2n—1
nleqZ (n+DTp(n+v+1) 2],

_ S (=D)" X Vet
= Telvtl) g mp(n+v+1) ([2] )

1 -

—— jys1(x.q%).
2(v+1)],

= —X

By induction, we deduce

Proposition 5.2. For all integers n, the symmetric g — fv Bessel function verifies

1~ ~ . —1 " fqz(v+l) ~ ; ’
(1 Da)"Jv( @) = (mq) —fqz(n+v+1) Jvn(X,q7). (45)

Proposition 5.3. The symmetric g — fv Bessel function verifies the following
relation

(D) (2 Tul?)) = 2], 2o (). 6)
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Proof. We have

1~

(D) o (x.)
2(v—1) - F (V+1) X \on
= )" 2(v+
H;)qu n—i—l)F (n+v—|—1) (mq) [(V n)]q
—~ —1)"T 2 (v+1
B T 1
im0 Lp(n+1)Ta(n+v) 2],
= [/E‘j]q e 1)]v 1(x,q )
O
Proposition 5.4.
L~ i ovy 0 2y 37" fqz(‘H‘l) 2v—n) T 2
(;D‘I) (X .]V('x7q )) - [2]q f, 2( _n+1) X JV—n('x’q ) (47)
We introduce the q-Bessel operator
I~ 2v+1], ~
val () = =7 Dyl Dof)(x) = gDy (x) + BVl pig ).
(48)

Theorem 5.5. For A € C, the function x — R(lx, q°) is the unique solution of
the problem

Ay f(x) = =A2f(x) (49)
f0)=1, f(0)=0. (50)

The proof is straightforward.
In [3], the ¢ — j, Bessel function is defined for 0 < g < 1 by

oo

n(n—1)

(
. 2 n q X o
x,q°)=Tp(v+1 —1 51
Jelnd) =Tl >,§O< S vt e )\ 14g) OV
Then, thanks to the following relation
~ . v+l
Jv(x.9) = vl " x,q7), (52)

we obtain
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Theorem 5.6. Forv > —% and 0 < g < 1, the symmetric g — ]~v Bessel function
has the following qg-integral representation of Mehler type

2v+1

- - 1 .
Ju(.a) = C(v.q) [ Walt.q)cos(a™ at,q)dyt (53)
where Wy, is the q-binominal function defined by

4%, 4%)w

Wy(t,q) = —d 4 )=
v(t,q) 22 )

(54)

and
~ l+¢g

C(v,q) = — .
BV 1D

(55)
Proof. Using the g-integral representation of Mehler type of ¢ — j, (see [3])

1
v = (1 +q)C(v,q2)/0 Wo(t,q%)j_y (xt,q°)dgt (56)

(14T p(v+1)  ~

where (1+¢)C(v,q*) = = C(v,q), and from the relation (52) we

T L)l p(vy)
obtain

ivx,g) = jviq

v+1
2

1 2v+1

1
= (1+q)C(V,q2)/O Wo(t,q%)j_1(a%q" xt,q°)dyt

2v+l

1
= (14+q)Cvq?) [ Weltg?)caslq™ xt.q)dt.
The proof is complete. O

Proposition 5.7. For v > —% , p>0and 0 < g <1 the g— fvﬂ, symmetric
Bessel function have the following g-integral representation of Sonine type

~ ~ 1 -~ D
Jv+p(%:9) =C1(v,q)/0 YW, 1 (1,9) jv (923, q)dyt (57)

where

I1+g¢g L,(v+p+1)

Ci(v,q) = r Ly(p)
1(v,q) qlfp(\”rl) L,(v+1)y(p)

(58)

Proof. The result follows from the g-integral representation of sonine type of
g — jv (see [3]) and the relation (52). O
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5.1. g-Transmutation

The g-Bessel operator of the ¢ — j, function is defined by (see [3])
1 _
Bavf() =g Dy f0)+[2v+1], pep (¢'%) (59)

where
DNgf(x) = (Dyf)(g %) (60)

We design by D, , the space of functions defined in ]Eq_gr which are the restric-
tion of the even function with compact support in I@q. This space is equipped
with the topology of uniform convergence. For v > —%, and f € D, 4, the g-
analogue of the Kober-Erdelyi transform is defined by

Koal W) = CO.)1+a) [ Wl ) f ). (6D)

Theorem 5.8. The operator Yy, is an isomorphism on Dy, Moreover, it
transmutes the g-operator A, , and Dé in the following sense

Ay v =0 > 20 2D0 (62)

Proof. In [3], the authors proved that the operator yy , is an isomorphism on
D, , and verifies the relation

Av,q%v,q = %v,qu- (63)

From the relations,

D}f(x) =q 'Dyf(q %), Daf(x) = Dpaf(q'x) and [x], =q " [,z

q
(64)
it follows that
Av,=q 22N d Np=qD? 65
vg =4 vg? an P = 9% (65)
Now, using the relations (63) and (65), we obtain
Av,q%v,qz = q_zv_IXV,(fﬁLz[' (66)

The proof is complete. O
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