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ON SOME APPLICATIONS OF SUBORDINATION AND
SUPERORDINATION OF MULTIVALENT FUNCTIONS
INVOLVING THE EXTENDED FRACTIONAL
DIFFERINTEGRAL OPERATOR

ALI MUHAMMAD

In this paper, we apply fractional differintegral operator and study
various properties of differential subordination and superordination.

1. Introduction

Let H(E) denote the class of analytic functions in the open unit disc E = {z
|z€ Cand |z| < 1} and let H|[a, p] denote the subclass of the functions f € H(E)
of the form

f@)=a+ap’ +apn ™ +..., (a€C, peN={1,2,..}).

Also, let A(p) be the subclass of functions f € H(E) of the form

flz)=2"+ i ax? (peN), (1
k=p+1

and set A = A(1).

Entrato in redazione: 7 dicembre 2011
AMS 2010 Subject Classification: 30C45, 30C50.
Keywords: Ditferential subordination, Superordination, Convex function, Multivalent function,
Differintegral operator.



60 ALI MUHAMMAD

If f and g are analytic in E, we say that f is subordinate to g, written f < g
or f(z) < g(z), if there exists a Schwarz function w in E with |w(0)| = 0 and
lw(z)| < 1, z € E, such that f(z) = g(w(z)).

Suppose that i and k are two analytic functions in E, let

o(r,s,1;2) :CPxE —C.

If h and @(h(z),zH (z),z>h"(z);z) are univalent functions in E and if & satisfies
the second order superordination

k(z) < @(h(z),2H (z),2°h" (2):2), )

then k is said to be a solution of the differential superordination (2). A function
g € H(E) is called a subordinant to (2), if g(z) < h(z) for all the functions &
satisfying (2).

A univalent subordinant g that satisfies g(z) < ¢(z) for all of the subordinants
q of (2), is said to be the best subordinant.

Miller and Mocanu [6] obtained sufficient conditions on the functions k, g
and ¢ for which the following implications hold:

k(z) < @(h(z),zh (z),22h" (2);2) = q(z) < h(z).

Using these results, the authors in [1] considered certain classes of first-order
differential superordinations, see also [4], as well as superordination-preserving
integral operators [3]. Aouf et al. [1,2], obtained sufficient conditions for certain
normalized analytic functions f to satisfy

f'(2)
f(z)
where g and ¢, are given univalent normalized functions in E. Very recently,

Shanmugam et al. [12] obtained the such called sandwich results for certain
classes of analytic functions.

q1(z) < < q2(2),

Definition 1.1. [8] The fractional integral of order A > 0, is defined, for a func-
tion f, analytic in a simply-connected region of the complex plane containing
the origin, by

. 1
D) = 0/ ; LA g)”dr, 3)

where the multiplicity of (z—7)*~!

when (z—1) > 0.

is removed by requiring log(z —t) to be real
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Definition 1.2. [8] Under the hypothesis of Definition 1.1, the fractional deriva-
tive of f of order A > 0 is defined by:

Dl f(z)= 7| o7 )

where the multiplicity of (z —¢)*~! is removed as in Definition 1.1.

In [10], Patel and Mishra defined the extended fractional differintegrall op-

erator Qg’l’p) : A(p) — A(p) for a function f of the form (1.1) (withn =1)
for areal number A (—e0o <A < p+1)by:

(A.p) o L(ptk+1)I(p+1-2) ket

Q =P p

< fle) =1 +,?::1 Tp+ DD(p+1—a) rt

=" oFi(L,p+Lip+1—24;2) % f(2), (5)

(mo<A<p+1,z€E),

where ,F] is the Gaussian hypergeometric function and (x) represent the
Hadamard product (or convolution).
It is easily seen from (5), see [10], that

QM £(2)) = (p—2)QPT P f(2) +AQMP f(2), (—o <A < p+1, z€E).
6)
‘We also note that

and in general

L(p+1-2)

Q@) =

PDYf(z) (o< A <p+1,z€E), (7)

where D? f(z) is respectively, the fractional integral of f of order —A when
—oo < A < 0 and the fractional derivative of f of order A when 0 < A < p+ 1.
For integral value A, (7) becomes

p=NY)

ng’p)f(z):( Py (JeN; J<p+1).
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and
+ Z
ol ") = P / 1l Y f(de meN
0

= Fly[’(f) OF2’p(f) OF37pO ---OFm,p(f)(Z)

=F] , % R * P o % Z x..xF, % Z * f(z)
IR 2\ 1=z) TP\ 1 =2

where Fy, , is the familiar generalized Bernardi-Libra-Livingston operator and
o denotes the usual composition of functions.

The fractional differential operator le’p ) with 0 < A < 1 was investigated
by Srivastava and Aouf [13]. More recently, Srivastava and Mishra [14] ob-

tained several interesting properties and characteristics for certain subclasses
(A.p)
Z

of p-valent analytic functions involving the differintegral operator when

—oo < A < 1. The operator le’l) = Qg was introduced by Owa and Srivas-
tava [9]. The interested reader are referred to the work done by research workers

[1,8,15].

2. Preliminaries

Definition 2.1. ([7]) Let Q be the set of all functions f that are analytic and
injective on E\U(f), where

0(r)={¢ €or:tim ) =},

and are such that f'({) # 0 for § € JE\U(f).
To establish our main results we need the following Lemmas.

Lemma 2.2. (Miller and Mocanu [6]) Let g be univalent in the unit disc E, and
let O and @ be analytic in a domain D containing q(E), with ¢(w) # 0 when
w € g(E). Set 0(z) = 24/ (2)9(4(2)), h(z) = 6(q(z) + Q(2) and suppose that

(i) Q is a starlike function in E,

(i) Re & >0,z €E.

If p is analytic in E with p(0) = ¢(0), p(E) C D and

8(p(2)) +zp'(2)p(p(z) < 0(q(2)) +24' (2)9(q(2), (8)

then p(z) < q(z), and q is the best dominant of (8).
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Lemma 2.3. (Shanmugam et al. [12]) Let u, y € C with y # 0, and let q be a
convex function in E with

1
Re <1+qu (Z)> >max{0;—Reu}, zeE.
q'(z) Y

If p is analytic in E and

up(z) +vzp'(2) < uq(z) + 724 (2), )
then p(z) < q(z), and q is the best dominant of (9).

Lemma 2.4. (Bulboaci [5]) Let g be a univalent function in the unit disc E, and
let 6 and @ be analytic in a domain D containing q(E). Suppose that

(i) Reeq;(qi&%) >0forze€E,

(q(z
(ii) h(z) ? 2q'(2)9(q(2)) is starlike in E.
If p € H[g(0),1]NQ with p(E) C D, 6(p(z) +2p'(2))9(p(2)) is univalent
in E, and

0(4(2)) +24'(2)9(a(2) < 0(p(2)) +2p'(2)0(p(2)), (10)
then q(z) < p(z), and q is the best subordinant of (10).
Note that this result generalize a similar one obtained in [4].

Lemma 2.5. (Miller and Mocanu [7]) Let g be convex in E and let v € C, with
Rey>0.Ifp € H|q(0),1]NQ and p(z) + yzp'(z) is univalent in E, then

q(2) + 724 (2) < p(2) +v2p'(2), (11)
implies q(z) < p(z), and q is the best subordinant of (11).

Lemma 2.6. (Royster [11]) The function q(z) = W is univalent in E if and
only if |2ab—1| <1 or |2ab+1| < 1.

3. Main Results

Theorem 3.1. Let g be univalent in E, with ¢(0) = 1, and suppose that

Re (1+Z;1,N((ZZ))> >max{0; —p(p—l)Re;}, (€E,  (12)

where —o < A < p,a € C*=C\{0},z€ Eandp € N.
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If f € A(p) satisfies the subordination

(p+a) 2 Cazor()
p \o* (@)

% /
gy O O

Z‘D
<99”ﬂ@><Q@’

and q is the best dominant of (13).

where h(z) is analytic in E with 2(0) = 1.
A simple computation along with identity (6) shows that

(A+1,p)
<p+a>< = )“M et — ),
P \Mr@) P (afrp)

: p(p—A2)
hence the subordination (13) is equivalent to

then

o , o ,
h(z) + mzh (2) < q(z) + - (2).

Combining this last relation together with Lemma 2.3 for the special case y =

p(poi 7 and u = 1, we obtain our result. ]

Taking ¢(z) = %igi in Theorem 3.1, where —1 < B < A < 1, the condition
(12) reduces to

Z 1
R 0; — —A)Re — E. 14
e1+BZ>nmx{ p(p—2) ea},ze (14)

It is easy to verify that the function ¢({) = 8;%, || < B, is convex in E, and

since @(&) = @({) for all || < |B|, it follows that @(E) is a convex domain
symmetric with respect to the real axis, hence

) 1—-Bz 1—|B|
inf< Re 1 z€E = > 0. 15
{ 1+ Bz } 1+|B] (15)

Then, the inequality (14) is equivalent to

p(p—A)Re— >

hence we have the following result.
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Corollary 3.2. Let—oc <A <p,peN,a € C*and — 1 <B<A <1 with

1 |B|
max{O p(p—A)Re }_1+B|
If f € A(p), and
(p+a) 2 Cazo My ltAr, o (A-B)
P \o*rr)) P (Qup)f@)z L+Bz " p(p—A4) (1+B2)*
(16)
then

( b ) - 1+Az
A, )
QM f))  1EE

and }i’gz is the best dominant of (16).

Example 3.3. Forp=1,A=1and B=—1. Let —» < A < 1 and o € C* with
1
(I—A)Re— >0
o

If fe A, and

(1+a)< = )-“ <=4 7
Q7 f(2) p (leﬁl)f(z)) l—z (1-4)(1—-2)

then

and }—fﬁ is the best dominant of (17).

Theorem 3.4. Let g be univalent in E, with q(0) = 1 and ¢(z) # 0 forall z € E.
Lety, u e C*andv,n € C, withv+mn #0. Let f € A(p) and suppose that f
and q satisfy the following conditions:

(v+n)zP
v(@r@)) +m (27 £ ()

and

)7é0, —w<A<p, peEN,zeE, (18)

>>quE. (19)
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If
QA1) ’+ Q) ' )
o p_vz(( @) +nz (@4 £(2)) D o
V(@ 1))+ (@45 (2)) a)
then
u
(v+mn)z* < 4(2)

A+1, A,
v(@ 7 r()) +n (275 (2)
and q is the best dominant of (20). The power is the principal one.

Proof. We begin by setting
u

(v+n)z? —h(z), z€E, 1)

}, 5 A’v
v @) +m (271 ()
where A(z) is analytic in E with 2(0) = 1. Differentiating Equation (21) loga-
rithmically with respect to z, we have
A+, ! A, '
VZ((QE I ”)f(Z)) +nz (Q§ ”)f(Z)) 2H(2)
A, 7, - '
V(@M 1) w0 (QF @) | )

To prove our result we use Lemma 2.2. Consider in this Lemma

o(w) =1 and @(w) = %

Hp—

then 0 is analytic in C and ¢(w) # 0 is analytic in C*. Also, if we let

7q' ()
q(z)

0(2) =24 (2)9(q(2)) = v

)

and

6l2) = 0la(e)) +0(e) = 1+745,

then, since Q(0) = 0 and Q'(0) # 0, the assumption (19) would yield that Q is
a starlike function in E. From (19), we have

28'(z) _ 2q"(z2)  zq'(2)
Re 002) —Re<1+ 70 q(z)>>0,z€E,

and by using Lemma 2.2, we deduce that the subordination (20) implies that
h(z) < ¢(z), and the function ¢ is the best dominant of (20). O
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In particular,v=0,n =y=1and ¢(z) = ligzz in the above Theorem 3.4, it

is easy to see that the assumption (19) holds whenever —1 <A < B < 1, which
leads to the next result:

Corollary 35. Let -1 <A< B<1andpuecC* Let f € A(p) and suppose

that Qum ;éO z€E.
If
A, /
1+ @870 | 22)
MIP— (>~ | 5
<Q§A’p)f(z)) (1+Az)(1+Bz)
then
» H
( Z ) - 1+Az
1, )
ot fe)) 1B
and %i‘gz is the best dominant of (22). The power is the principal one.

Puttingv=0,1=p=1,A=0,y= ﬁ,a,bé@*,u:a,andq(z) = W
in Theorem 3.4, then combining this together with Lemma 2.6, we have the next
result.

Corollary 3.6. Leta, b € C* such that |2ab—1| < 1or|2ab+ 1| <1.Let f € A
andletﬁ #0forallze E. If

1+1<1—Zf,(z)) <ij§,

b f(2)
then
z \* 1
(75) <m=o >
and W is the best dominant of (23). The power is the principal one.

Puttingv=0,n=y=p=1,A=0,and ¢(z) = (1 +Bz) "5, -1 <B <
A <1, B# 0in Theorem 3.4, and using Lemma 2.6, we have the next result.

u(A-B)
Corollary 3.7. Let —1 < B < A <1 with B+# 0, and suppose that et <1

H(A-B)
B+l

<1. LethAsuchthat #OforallzeE and let p € C*. If

1—|—,u(1—zf/(z>)< H—[B—i—,u(A—B)]z’ (24)

or

f(z) 1+ Bz
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(f<Zz>># < (1+B2) "5

and (1+ Bz) Hee is the best dominant of (24). Here the power is the principal
one.

then

By takingv=0,1=y=p=1,A=0,7y= abcosl,a beC Al <7,

U =aandq(z) = W in Theorem 3.4, we obtain the following result.
—z abcos e

Corollary 3.8. Leta,bc C* and |A| < 7, and suppose that ‘abcos o ‘ <
1 or ‘abcos?te i 4 1‘ < 1. Let f € A such that 7é Oforall ze E. If

et z2f'(2) 1+z
bcosA <1_ f(2) ) STz 2>

then

<Z>“ . 1
f(2) (1= z)2abeoshe

— 15 the best dominant of (25). The power is the principal one.

1
Cll’ld (I_Z)Zabcosle*'}b

Theorem 3.9. Let g be univalent in E with g(0) = 1, let u, v € C* and let §,
Q v, neCwithv+n #0. Let f € A(p) and suppose that f and q satisfy the
next two conditions:

(v+n)?
#0,z€E, (26)
v (@M £@)) 0 (@7 £(2))
and Y
Re<1+zq, (Z)> >max{0;—Re6},zeE. @7)
q(2) 14
If
[ (vt ) '
+1n)z
v(z)= Y (28)
v (@417 5@)) +m (287 £(2))
.. (01 s@) e nz(@87@) |
'}/‘u pP— )
_ (@) +n (271 (2))
and

v(z) < 8q(z) + 724 (2) + &, (29)
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then
u

(v-em)z? <q(2),

v(QF @) 40 (@4 £(2))

and q is the best dominant of (29). All the powers are the principal ones.

Proof. We begin by setting
u

(v+n)z” — h(2). (30)

v(@ @)+ (947 1(@)

Then h(z) is analytic in E with i(0) = 1. Logarithmic differentiating of (30)
yields

v( (Q;(/,“l’”)f (Z)>/ +1z (Qﬁmf (Z)>/ 2 (2)
V(@M1 @) +n (@8 f) ) M)

HipP—

and hence

(@) (e r@)
1h(z) | p— v(Qg’”l"’)f(z))Jrn (QE””f(z)) = zh'(2).

Let us consider the functions:

O0(w) = ow+Q, ow)=7v weC,
0(z) = 2z4'(2)9(q(z) = 124 (z), z€E,

and
8(z) = 0(q(z) + Q(z) = 84(2) + 124 (2) + &, z € E.

From the assumption (27) we see that Q is starlike in E and, that

/ 7
8'(z) (5 q (Z))
Re =Re| —+1+ >0,z€E,
0(z) Y q'(2)
thus, by applying Lemma 2.2 this completes the proof. O

Taking ¢(z) = 8123 in Theorem 3.9, where —1 < B <A < I and according

to (15), the condition (27) becomes

max 0;—Re§ Sl_‘B’.
vJ) ~ 1+|B|

Hence, for the special case v =1 =7y, n = 0, we have the following result:
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Corollary 3.10. Ler —1 <B <A < 1 and let 6 € C with

118

0;—Reo} < .
max { e }_I—HB]

Let f € A(p) and suppose that

Vi

—— #0,7€EE, —o<A<p,pEN
A’ b
QM) £ (2)

and let p € C*. If

+Q 31)

- z(ﬂ%l’)f(z))/)
5+“<p Q) f(z)

1+Az z(A—B)
1+Bz (14 Bz)%’

( zP )ﬂ - 1+Az
Qgﬂhp)f(z) 1+B7’

is the best dominant of (31). All the powers are the principal ones.

P ]u
A+1,
QM) £ (2)

then

1+Az
and 1+Bz

Takingv=0,n=y=p=1,A =0and g(z) = 1= 1“ in Theorem 3.9, we
obtain the next result.

Corollary 3.11. Let f € A such that 75 Oforallz€ E,and let u € C*. If

< 8 Zf/(Z) 14z 2z
L&J F+”<“'ﬂ@>_+9*5hﬂ+9+0@p (32)
then ]
[AZ“ Itz
f(@)] 11—z

and %—fi is the best dominant of (32). All the powers are the principal ones.

4. Superordination and Sandwich results

Theorem 4.1. Let g be convex in E with g(0) =1, —o < A < p, p € N. Let
o € C*with (p—A)Rea > 0. Let f € A(p) and suppose that

Zp

M € H[q(0),1]Nn Q.
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If the function

(p+a)< o4 ) a2 f(;

r\e*re)) P (a7 f(z))z

is univalent in the unit disc E, and

o« o pra)( 2\ azelTe)
q(z)+p(p_l)zq(z)< ( ) p(QE”?”)f(Z))Z? (33)

then

and q is the best subordinant of (33).

ZP
(ng’p)f(z)> =h(z), z€E.

Then h(z) is analytic in E with 4(0) = 1.Taking logarithmic differentiation with
respect z, we have

Proof. Set

@M r@)\ ()
p_z< o) () >_ h(z) oY

A simple computation together with (6) show that

(A+1,p)
h(z)+7a 7 W (z) = (p+a) ( 0 f:; ) _ e f(227
p(p—A) P \o™fr)) P (qup) f@)

v4
and now, by using Lemma 2.5, we obtain the desired result. O

Taking ¢(z) = }fl‘;z in Theorem 4.1, where —1 < B < A < 1, we obtain the
next result.

Corollary 4.2. Let g be convex in E with q( ) =1, let o € C* with (p—
A)Reoa > 0. Let f € A(p) suppose that Tf() € H[ (0),1]N Q. If the func-

tion
(p+a) ( 5 ) CazQ Ty
P \@M@) P (ol p)
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is univalent in the unit disc E, and

144z aA-B: (o) 2\ azelig
rbe plp=MHER - p \eMr)) P (el )

(35)
then

1+Az - b
14+ Bz _nglvp)f(z) ’
and }1’2? is the best subordinant of (35), where —1 < B <A < 1.

Using the same techniques as in Theorem 3.9, and then applying Lemma
2.4, we have the following theorem.

Theorem 4.3. Let g be convex in E with q(0) =1, let u, y€ C*, and let §, Q, v,
n € Cwithv+n # 0 and Re% > 0. Let f € A(p) and suppose that f satisfies
the following conditions:

(v+mn)zF
7507 _°°<A<pvp€N7Z€E’
v(@ @)+ (@5 ()
and p
vin)z” € Hlg(0),1]n 0.

V(@ 1))+ (@45 (2))
If the function y given by equation (28) is univalent in E, and
89(2) + 124 () +Q < y(2), (36)
then u
(v+n)
QQ%<\(QQ“*U@0+W(99”ﬂ@)

and q is the best subordinate of (36) (all powers are the principal ones).

Note that by combining Theorem 3.1 with Theorem 4.1 and Theorem 3.9
with Theorem 4.3, we have, respectively, the following two sandwich theorems:

Theorem 4.4. Let g, and g be two convex functions in E with q1(0) = g2(0) =
1, let oo € C* with (p—A)Reax >0, —0c <A < p, pe N. Let f € A(p) and
suppose that W’;ﬂ) € Hlg(0),1]N Q. If the function

7 f(z

(p_|_ (X) ( 7P ) B gnggl-i-hp)f(z
P\ P (o p)
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is univalent in the unit disc E, and

a (p+a) 2 a 220 £ (o)
q1(2) + ——=zq,(2) < ( ) - =
p(p - )L) : p le’p)f(z) p <Q§7L7P)f(z)>2
<”@+m;aﬂmm(”)
then

q1(z) < (ﬁ) < q2(2),
Q; ” f(2)

and q1 and q» are, respectively, the best subordinate and the best dominant of

(37).

Theorem 4.5. Let g1 and g, be two convex functions in E with q1(0) = g2(0) =1
—o<A<p,peN, leru,yeC* andlet §,Q,v,n € C withv+n # 0 and
Reg > 0. Let f € A(p) satisfy the following conditions:

(v+mn)z?

#0,z€E,
v(@ @) +n (28 1)
and
(v+n)z '
v Z
€ H[g(0),1]NQ.
v(@ (@) +n (@5 ()
If the function y given by (28) is univalent in E, and
Sq1(2) + 1241 (2) +Q < W(2) < 842(2) + 1245(2) + (38)
then
u
+ 14
q1(2) < vin)e < q2(2),

V(@ 1) +n (@1 5(2)

and q1 and qy are, respectively, the best subordinate and the best dominant of
(38) (all the powers are the principal ones).
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