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A MULTIPLE MORE ACCURATE
HARDY-LITTLEWOOD-POLYA INEQUALITY

QILIANG HUANG - BICHENG YANG - LOKENATH DEBNATH

By introducing multi-parameters and conjugate exponents and using
Euler-Maclaurin’s summation formula, we estimate the weight coefficient
and prove a multiple more accurate Hardy-Littlewood-Polya (H-L-P) in-
equality, which is an extension of some earlier published results. We also
prove that the constant factor in the new inequality is the best possible,
and obtain its equivalent forms.

1. Introduction

After H. Weyl, published the well known Hilbert’s inequality ([1]), by intro-
ducing one pair of conjugate exponents (p,q) (% + é = 1), in 1925, Hardy and
Riese ([2]) gave an extension of the Hilbert’s inequality as follows: If p > 1,
an,b, >0, such that 0 <Y al <ooand 0 < ¥ b}l < oo, then

Z — dmb, T - (s é
Z X:’ p— < S (a/D) (r;a{;) (n_lbz> ; (1
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where the constant factor W is the best possible. The equivalent form of
(1) is as follows:

F(Ee)<leialge o

P

where the constant factor {ﬁ] is the best possible. In 1934, Hardy et al.
p)

[3] proved the following more accurate equivalent Hilbert’s inequalities:

1

) Zm+n—1 sm(j;/p) (Z )1 (qu) O

n=1m=1
m
_dm ) < 4
E(Elm—i-n—l) [sm n/p} n; @
p
where the constant factors m and [ﬁ} are all the best possible.

Huang [4] gave an extension of (1) and (3), which is a multiple more accurate

Hilbert’s. Many authors ([5]-[11]) proved more accurate Hilbert-type inequali-

ties. Yang [12] also considered the multiple Hilbert-type integral inequality.
Hardy, et al. [3] also gave the following equivalent inequalities:

1 1

Z Z max{m n} <Prq <i az) p (rglb%) ) &)

n=1m=1 m=1

IS o p 0
Z (Z maX{m n}) <(pg)" Z dy (6)
n=1

n=1 \m=1

where the constant factors pg and (pg)” are the best possible. Inequalities (1)
and (5) are important in mathematical analysis and its applications (see Mitri-
novic et al. [13]). Recently, for f > —%, Yang proved the following more accu-
rate equivalent Hardy-Littlewood-Pdlya (H-L-P) inequalities (see Yang [7]):

Yy m PfI(ZlafZ) (E}%) ., M

n=1m=1 m=

SRy m ’ Py al
)} <Z max{m,n}+l3> < (pa) n; " ®)

n=1 \m=1

where the constant factors pg and (pq)” are the best possible.
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This paper deals with the use of multi-parameters and conjugate exponents
to estimate the weight coefficient and to prove a multiple more accurate Hardy-
Littlewood-Pdlya (H-L-P) inequality. It is shown that the Hardy-Littlewood-
Pélya (H-L-P) inequality in an extension of inequalities (5) and (7). We also
prove that the constant factor in the extended inequality is the best possible and
then consider its equivalent forms.

2. Some lemmas

Lemma 2.1 If n € N\{1}, pi, r;>1(i=1,---,n), Xl - = X1+ =1,
0 <A <minj<i<, {r;}, B > ‘/; — %, then

1

AT oy G000 <m,.+ﬁ>f,»]’:1. ©
i=1 J=10#0)

Proof. We have

n [ <7 )(1_ J41—A n ri
A=]]|(mi+pB) [T0m;+B)
i=1 | =1
_ 1
n p[( ) n Pi
= (m; +B) H mj +B
i=1 [ j=1
n 1
n n A i=1 p;
:H ml+ﬁ (mj+pB)" =1
i=1 j=1
and thus (9) is valid. O

Lemma 2.2. Ifr>1, %—i—% =1,0<A <min{rs}, f > @ — %, then, for any
n € N, we have the following inequality

oo 2 A
sl ol b (n+P)> (m+P)” S o
A (n+[3)’l/’ <n;1 [max{n,m}—&-ﬁ]/l = A (10
Proof. We set f (x) := %, filx):=n+B) (x+ﬁ)% :

fr(x) = <n+ﬁ>‘<x+/3>‘ . £€ (B, we find (1)) =0
(—l)f2 (x) >0, f1 ( )—f ( ) =0(i=1,2,3,4). Using the improved
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Euler-Maclaurin’s summation formula (see Yang [11]), we obtain

n

mi;fl (m)S/I”fl (x)der%[fl(l)Jrf1 (")H%f{(@ 7

1
ng,ﬂfz (m) < /:fz (x) dx + %fz (n) — %fé (n).

Since fi (n) = fa (n), it follows that

Y A Zfl +Y fam) - fo(n)

m=1 m=n
</1 fxdx+5f1<1>—1—12f1<1>+§[f{<n>—f;<n> oan
By simple calculation, we find
fi)=(+B) (1B ()= (2=1) (4 B) 7 (1+8)7
i =(2=1)n+B) % o) == (2+1) (n+ ) 2 and

/;Of(x)dx:/lnfl (x)dx+/nwf2(x)dx
:ﬂl—(nﬂi)‘%(wﬁ)%h—

rs r

= 2= (BT (1) (12)

In view of inequality (11), it turns out that

& (n+B)° m+ﬁ)"‘

mg'l max{nm}—i—ﬁ]

= Y < 3= LB B B )
—112(1—1)<n+ﬁ>—?<1+ﬁ>?—2 + X ip)?

rs

=2 —(n+B) F(1+B) 2R, (13)

where

R:= T (145 —;(1+;3)+112<’1—1>—’1 (”*By_z.
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Inviewof}” 2<0,A <min{rs}, 1+ > ”‘ﬁ , we obtain

6R2%(1+[3)2—3(1+B)+% (i—l—l)

6r

Taepr-saap -5 (24)
26(1+[3) _3(14+B)—1>0.

By (13), we have the right-hand side of (10). On the other hand, it is obvious
that f (x) is decreasing in (—f3,00) and f (x) is strictly decreasing in (n,o0), it
follows from (12) that

Zf / flx )dx:%—%(n+ﬁ)*%(l+ﬁ)%.

Hence, the proof of the left-hand side of (10) is complete. 0

Lemma 2.3. In view of the assumption of Lemma 1, we define the weight coef-
ficients @; (m;) = @ (my;ry,-- ,ry) by

A
IT}- 1(j#i) (mj+l3)rj
o; (m;) := (m;+B)"i =
( ) m;I m,+Zl lm,le mi=1 [max1<j<n {m }—{—B}
(14)

wherei=1,---,n, then, there exists 8, > 0, such that

1 £ 1
Willri 1 0<(mn+ﬁ)5”>]

- i n_—l I’I’lj rij_l
<wn(mn):(mn+ﬁ>’% Z Z [T (m;+B)

my_1=1  m=1 [maxléjén {mj} +ﬁ]l

1 n
< Fnri. (15)
i=1

Moreover, for any i € {1,--- ,n}, it follows that

1 n
< Wuri. (16)

Proof. We prove (15) by mathematical induction. For n = 2, we set r = r; and
s = ry satisfying % +% = 1. Puttingm =my, & = i > 0, we have

5 (mi + )1 (ma+ ) _y mp) ) m+p)

(Dz(mZ) my=1 [max1<J<2{m]}+[3] m=1 max{mz,m}—i-ﬁ]
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Using inequality (10) shows that (15) is true.
We assume that, for n(> 2), (15) is valid, then, for n+ 1, setting mj, =

—1
maxy< j<p+1 {mj} (>mpy1), 51 = <1 — %) , by (10), we have the following

A A_
"l o ! & (miy+ BT (mi+B)T sy
B vy | T
(mj,+B) my=1 [max{mjo,rm}—l-ﬁ]
Setting ’i — %1’ frvj = r{:lrl, I;Iv”lj =mjy1 (_]: 17 7n), we find Zj 1~ = 1,

A< minj<;<, {7;}. In view of (17) and the assumption of induction, it follows
that

o e T
)M 3
mp=1  m=1 [maX1§j§n{mj}+B]
A A _
o (mj+B)* (mi4p)n
mi=1 [max{mj'oﬂnl}'i‘ﬁ])L
- ( +ﬁ)l/rj—l 7151
<(+B)E Y - Z i
my_1=1 = l[max1<1<n{m1}+[ﬂ
n n+1

H~ o =il

Sl

Wp41 (mn+1) (mn +B)

Anl

‘”\M

Ly e B s
my= 7 A

1 [maX1<]<n {m]} +[3]

1
1-0; <(mj0 +ﬁ)k/r|>

IS oo l/r,—l
F oy e

my—1=1  m=1 [maxlgjgn {”71]} +[3]

n+1 . 1 risi
1-0; <W>] BREERE (19)

W1 (Myy1) > (M + )
my_1=1

>

1
>ﬁl—ll"l‘

i=1
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where gn > 0 and

S}

" Y

mnll

- ﬂ,/rj—l
‘ Z IT}- 1 (mj+B) _ 0, (1/1)
=1 [max1<J<,, {mj}—i-ﬁ] (Muy1+B)n

1 'ﬁ ~ 1
< A1 7’,‘01 -
spAn-! i=2 (mn+1+3)l/rl

Setting 8,11 = min {gn, %1} > 0, and using (19), we obtain

1

Hence, (15) is valid by (18) and (20) and the mathematical induction.

SR

n+1
W41 mn+1 l" Hrz

Setting mj =mj, rj=r;(j=1,--,i—1), mj=mj,
ri="rjt1 (]:la 7n_1)’ My = mj, Iy = ri, we obtain

; (ml) - w(ﬁin;7l>"' a?n) <

1 lllN 1 lil
e B KA. ri.
A" 1i:l A" 11’:1

Thus, inequality (16) follows. 0

3. Main results

Theorem 3.1. Suppose that n € N\ {1}, p;, r; > 1(i=1,---,n), ¥, + =

= lpl
=1 l=1- L 0<d Sminggen {n}, B> V3 -3 =-0.27", ) >
0(m; €N), such that
> (1-2)_ A\ Pi
o<y (mi+ By (%) l(aﬁ,;})p <o (i=1,--,1), @)

mi=1
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then, the following equivalent inequalities hold:

1
1 [max<jcn {m;} + B]

LI

1 mi

p) ga’(’?

=1 ri{ Y (m+py () (af,’;?)pi}m, 22)
mi=1

S - H’ 1 ml

m,,;:l mlz::1 [max;<j<, {m;} + B]

q’l qin
A’ }
1

n—1 o0 . | P
< ;LZH_1 Hri{ Z (mi—i‘B)pi(li%")il (al(vzt))p } . (23)

J= { Y (mt )

Proof. Since ﬁ + q‘—n =1, we use (9) and Holder’s inequality (see Kuang [14])
to find

qn

[)i i 11 aj,

[max1<1<n {mJ} + B]

= & 1
{mnzl'— mlzzl [maxi << {m;} +l3]l
n—l )L 1 ”i"
(m,,-i—ﬁ a (mj+pB)"
j=1

i=1 J=10j#i)

1 dn
n—1 n pi .
T |+ U070 ] <mj+ﬁ>31] “}

qn oo = 1

= {(Dn (ma) (my+ B)"( ,7)—1}"" mn;:1...m§1 [max < j<u {m; } +B]*

<o G0 (m,-+ﬁ>ff‘1] ()"
=1 J=1(j#i)

[T i\ _lm 1
<(B=1)" o MDY

m,_1=1 my= 1[rnﬂxlgjgn{’ﬂj}"1'13])L

)"

1|7

(m+ )T (B
J=1(j#i)
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Thus,

r<(Tr)fE §

my=1m,_1=1

n—1

<11

i=1

(mi + ﬁ) (%*1>(1*Pi)

oo

n

J=10#)

[T (mj+p)

mF1MMMQ9{m&+BV

an

1] b (aﬁ,ﬁ?) n

_ H?_lr")pl" >y (o +£)
( Al {mnzl_] mél [mn_l [maxlﬁjﬁ'? {mj}—i_ﬁ]l‘

- 4n

n—1 n—1 pi
X

1

i+ )"0 8)

1

(24)

For n > 3, since Y/, ! q': = 1, by Holder’s inequality again in (24), it follows
that

()T £ 5 5

i=1 \my_1=1 my=1m,=1

(m+ )7 !
[max1<]<n {m;} +B]

1

(mj+B)" ] (aﬁn?)pl}

() £ om0 )| s
i=1

When n = 2, we directly get (25) from (24). Hence, (23) is valid by (25) and
(16).
Since an + i =1, by Holder’s inequality once again, it follows that

n—1

[1

J=10j#)

i+ B ) ()

oo

-y

my,=1

oo oo H:l;l (@)
Z Z 1

my_1=1  m=1 [maxlgjgn {m,} +B]l

x [+ B)oe 7 )|

€

<o £ st i)}

m,=1

(1 + B)

(26)

Using (23) gives (22).
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On the other hand, assuming that (22) is valid and setting

gn—1

a,%)—(mn+ﬁ)w1[ i i Hz 1am1

my_1=1 my=1 [maxlgjﬁn {m/}—i_ﬁ]l

it turns out that

J:{ Y (mt (1)1 (aﬁ,i’,,))p"} s 27)

It follows from (22) that J < oo, If J = 0, then (23) is naturally valid. Suppose
that J > 0, by (22) we find

0< ¥ (ms (0 (af)" <<

my=1

Aln 11’”1 H{ Y (mi+B)" (1’%)71 (a%?)pi}m < oo, (28)

mi=1

Dividing by J » in both sides of (28), we obtain

" (4 B)P (1)1 (g -
[ moarttay]
—J< ;fnllrln{z (mi+ By (1-5) 1 (afé?)pi}pi.

m;=1

Thus, (23) is valid, which is equivalent to (22). ]

Theorem 3.2. Using the assumption of Theorem 1, the same constant factor
N g, (22) and (23) is the best possible.

An—1
Proof. In view of (15) and
A
N N [T (mj+B)T
Alllm(anrﬁ) Z Z J—l( J ﬁ) l:wn(mn)’
e my_1=1 my=1 [maxlgjgn {m]}—i—ﬁ]

there exists Ny € N, such that when N > N,

A N N rg—l m; rij_]
o+ p)h Y ey, Ll

=1 my=1 [maX1<j<n {mj} +m

A’n An—1 Hr’

1
=0 ——— ||,
((mn+l3)5”>]
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where 8, > 0. We next set

. e
g =) (mi+B)s ", m<N (i=1,---,n), (29)
0, m; >N

1
1 [maX1<j<n {mj}—’_ﬁ])L H "
Y M S AN ¥ (mﬁ-ﬁ)%"il
Z mn-i-ﬁ mn;zl my=1 [Inaxl<j§”{mj}—i_ﬁ])t

~1

I
s
r

S

=
[

3
[

my,=1
> i ! Hr 1-0 L
b= my+ B /I" An-td (my+B)
- l”_lgrlx m§1 m,+ B

N 1 -1 N 1
1— _— . 30
% (m;mﬁﬁ) m;10<( n+ﬁ>n“> .

If there exists a constant k < ﬁ [T, ri, such that (22) is still valid if we replace
# [T\, ri by k, then, in particular, we have

RS T
I<kH{Z (m;+B)"" "i“(af,i,?)p} kY 1+B' (31)
1

mi= m,=1 My,

In view of (30) and (31), it follows that

1 v\ X 1
rd1l— ol —— <k.
An—1 lI:Il m,,Z:I mn+ﬁ mgl (mn +B)6n+]

For N — o, we have M =1 e ri < k. Hence k= M -1 [ 1= 7i is the best value of
(22). We confirm that the constant factor M* -1 [ I1= ri in (23) is the best possible,
otherwise we can get a contradiction by (26) that the constant factor in (22) is
not the best possible. UJ

Remark 3.3. Whenn=2,r =gq, r» = p, p1 = p, p2 = q, setting L = 1, (22)
and (23) reduce to (7) and (8) respectively. Moreover, setting § = 0, we obtain
(5) and (6).



104 QILIANG HUANG - BICHENG YANG - LOKENATH DEBNATH

Acknowledgements

This work is supported by the Emphases Natural Science Foundation of Guang-
dong Institution, Higher Learning, College and University (No.05Z026), and
Guangdong Natural Science Foundation (No. 7004344).

REFERENCES

[11 H. Weyl, Singulare Integral Gleichungen Mit Besonderer Berucksichtigung des
Fourierschen Integral Theorems, Gottingen, Inaugural-Dissertation, 1908.

[2] G.H. Hardy, Note on a theorem of Hilbert concerning series of positive term,
Proceedings of the London Mathematical Society 23 (1925) 45-46.

[3] G.H. Hardy - J. E. Littlewood - G. Pélya, Inequalities, Cambridge University
Press, 1934.

[4] Q.L. Huang, On a Multiple Hilbert’s inequality with parameters, Journal of In-
equalities and Applications 2010 (2010) Article ID 309319, 12 pages.

[5] B.C. Yang, A new Hardy-Hilbert’s type inequality and applications, Acta Mathe-
matica Sinica, Chinese Series, 46 (6) (2003) 1079-1086 (Chinese).

[6] B.C. Yang, On a new Hardy-Hilbert’s type inequality, Math. Ineq. Appl. 7 (3)
(2004) 355-363.

[7] B.C. Yang, On best extensions of Hard-Hilbert’s inequality with two parameters,
Journal of Inequalities in Pure and Applied Mathematics 6 (3) (2005), 1-15.

[8] W. H. Wang - B.C. Yang, A strengthened Hardy-Hilbert’s type Inequality, The
Australian Journal of Mathematical Analysis and Applications 3 (2) (2006), 1-7.

[9] B.C. Yang, On a new Hardy-Hilbert’s type inequality with a parameter, Int. Jour-
nal of Math. Analysis 1 (3) (2007), 123-131.

[10] B.C. Yang, On a more accurate Hilbert’s type inequality, International Mathe-
matical Forum 2 (37) (2007), 1831-1837.

[11] B.C. Yang, The norm of operator and Hilbert-type inequalities, Science Press,
Beijin, China, 2009.

[12] B.C. Yang, Hilbert-type integral inequalities, Bentham Science Publishers, 2009.

[13] D.S. Mitrinovi¢ - J. E. Pecari¢ - A. M. Fink, Inequalities involving functions and
their integrals and derivatives, Kluwer Acaremic Publishers, Boston, 1991.

[14] J.C. Kuang, Applied inequalities, Shangdong Science Technical Press, Jinan,
China, 2004.

[15] S.L. Kalla - Alka Rao, On Gruss type inequality for fractional integrals, Le
Matematiche 66 (1) (2011), 57-64.



A MULTIPLE MORE ACCURATE HARDY-LITTLEWOOD-POLYA INEQUALITY 105

QILIANG HUANG

Department of Mathematics

Guangdong University of Education Guangzhou
Guangdong 510303, P. R. China

e-mail: qlhuang@yeah.net

BICHENG YANG

Department of Mathematics

Guangdong University of Education Guangzhou
Guangdong 510303, P. R. China

e-mail: bcyang@gdei.edu.cn

LOKENATH DEBNATH
Department of Mathematics,
University of Texas - Pan American,
Edinburg, Texas 78539, U.S.A.
e-mail: debnathl@utpa.edu



